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Preface to the Second Edition 


The first edition of Marek Kuczma’s book An Introduction to the Theory of Func- 
tional Equations and Inequalities was published more than 20 years ago. Since then 
it has been considered as one of the most important monographs on functional equa- 
tions, inequalities and related topics. As Janos Aczél wrote in Mathematical Reviews 
“|... this is a very useful book and a primary reference not only for those working in 
functional equations, but mainly for those in other fields of mathematics and its appli- 
cations who look for a result on the Cauchy equation and/or the Jensen inequality.” 


Based on the considerably high demand for the book, which has even increased 
after the first edition was sold out several years ago, we have decided to prepare its 
second edition. It corresponds to the first one and keeps its structure and organization 
almost everywhere. The few changes which were made are always marked by footnotes. 


Several colleagues helped us in the preparation of the second edition. We cor- 
dially thank Roman Ger for his advice and help during the whole publication process, 
Karol Baron and Zoltan Boros for their conscientious proofreading, and Szabolcs 
Bajak for typing and continuously correcting the manuscript. We are grateful to 
Eszter Gselmann, Fruzsina Mészaros, Gyongyvér Péter and Pal Burai for typesetting 
several chapters, and we would like to thank the publisher, Birkhauser, for undertak- 
ing and helping with the publication. 


The new edition of Marek Kuczma’s book is paying tribute to the memory 
of the highly respected teacher, the excellent mathematician and one of the most 
outstanding researchers of functional equations and inequalities. 


Debrecen, October 2008 
Attila Gildnyi 
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Introduction 


The present book is based on the course given by the author at the Silesian University 
in the academic year 1974/75, entitled Additive Functions and Convex Functions. 
Writing it, we have used excellent notes taken by Professor K. Baron. 

It may be objected whether an exposition devoted entirely to a single equation 
(Cauchy’s Functional Equation) and a single inequality (Jensen’s Inequality) deserves 
the name An introduction to the Theory of Functional Equations and Inequalities. 
However, the Cauchy equation plays such a prominent role in the theory of functional 
equations that the title seemed appropriate. Every adept of the theory of functional 
equations should be acquainted with the theory of the Cauchy equation. And a sys- 
tematic exposition of the latter is still lacking in the mathematical literature, the 
results being scattered over particular papers and books. We hope that the present 
book will fill this gap. 

The properties of convex functions (i.e., functions fulfilling the Jensen inequality) 
resemble so closely those of additive functions (i.e., functions satisfying the Cauchy 
equation) that it seemed quite appropriate to speak about the two classes of functions 
together. 

Even in such a large book it was impossible to cover the whole material pertinent 
to the theory of the Cauchy equation and Jensen’s inequality. The exercises at the 
end of each chapter and various bibliographical hints will help the reader to pursue 
further his studies of the subject if he feels interested in further developments of 
the theory. In the theory of convex functions we have concentrated ourselves rather 
on this part of the theory which does not require regularity assumptions about the 
functions considered. Continuous convex functions are only discussed very briefly in 
Chapter 7. 

The emphasis in the book lies on the theory. There are essentially no examples 
or applications. We hope that the importance and usefulness of convex functions 
and additive functions is clear to everybody and requires no advertising. However, 
many examples of applications of the Cauchy equation may be found, in particular, in 
books Aczél [5] and Dhombres [68]. Concerning convex functions, numerous examples 
are scattered throughout almost the whole literature on mathematical analysis, but 
especially the reader is referred to special books on convex functions quoted in 5.3. 

We have restricted ourselves to consider additive functions and convex functions 
defined in (the whole or subregions of) N-dimensional euclidean space R%. This gives 
the exposition greater uniformity. However, considerable parts of the theory presented 
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can be extended to more general spaces (Banach spaces, topological linear spaces). 
Such an approach may be found in some other books (Dhombres [68], Roberts-Varberg 
[267]). Only occasionally we consider some functional equations on groups or related 
algebraic structures. 

We assume that the reader has a basic knowledge of the calculus, theory of 
Lebesgue’s measure and integral, algebra, topology and set theory. However, for the 
convenience of the reader, in the first part of the book we present such fragments of 
those theories which are often left out from the university courses devoted to them. 
Also, some parts which are usually included in the university courses of these subjects 
are also very shortly treated here in order to fix the notation and terminology. 

In the notation we have tried to follow what is generally used in the mathematical 
literature’. The cardinality of a set A is denoted by card A. The word countable or 
denumerable refers to sets whose cardinality is exactly Xo. The topological closure and 
interior of A are denoted by cl A and int A. Some special letters are used to denote 
particular sets of numbers. And so N denotes the set of positive integers, whereas 
Z denotes the set of all integers. Q stands for the set of all rational numbers, R for 
the set of all real numbers, and C for the set of all complex numbers. The letter 
N is reserved to denote the dimension of the underlying space. The end of every 
proof is marked by the sign O. Other symbols are introduced in the text, and for the 
convenience of the reader they are gathered in an index at the end of the volume. 

The book is divided in chapters, every chapter is divided into sections. When 
referring to an earlier formula, we use a three digit notation: (X.Y.Z) means formula 
Z in section Y in Chapter X. The same rule applies also to the numbering of theorems 
and lemmas. When quoting a section, we use a two digit notation: X.Y means section 
Y in Chapter X. The same rule applies also to exercises at the end of each chapter. The 
book is also divided in three parts, but this fact has no reflection in the numeration. 

Many colleagues from Poland and abroad have helped us with bibliographical 
hints and otherwise. We do not endeavour to mention all their names, but nonetheless 
we would like to thank them sincerely at this place. But at least two names must be 
mentioned: Professor R. Ger, and above all, Professor K. Baron, whose help was 
especially substantial, and to whom our debt of gratitude is particularly great. We 
thank also the authorities of the Silesian University in Katowice, which agreed to 
publish this book. We hope that the mathematical community of the world will find 
it useful. 


Katowice, July 1979 
Marek Kuczma 


1The notation in the second edition has been slightly changed. The following sentences are modified 
accordingly. 
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Chapter 1 


Set Theory 


1.1 Axioms of Set Theory 


The present book is based on the Zermelo-Fraenkel system of axioms of the Set 
Theory augmented by the axiom of choice. The axiom of choice plays a fundamental 
role in the entire book. The mere existence of discontinuous additive functions and 
discontinuous convex functions depends on that axiom!. Therefore the axiom of choice 
will equally be treated with the remaining axioms of the set theory and no special 
mention will be made whenever it is used. 

The primitive notions of the set theory are: set, belongs to (€), and being a 
relation type (rT) [av(A, R) means a is a relation type of (A, R); cf. Axiom 8]. The 
eight axioms read as follows. 


Axiom 1.1.1. Axiom of Extension. Two sets are equal if and only if they have the 
same elements: 


A=B if and only if (a € A) & (a € B). 


Axiom 1.1.2. Axiom of Empty Set. There exists a set @ which does not contain any 
element: 
For every x, « ¢ ©. 


Axiom 1.1.3. Axiom of Unions. For every collection” A of sets there exists a set JA 
which contains exactly those elements that belong to at least one set from A: 


(x JA) < (there exists an A € A such that x € A). 


Axiom 1.1.4. Axiom of Powers. For every set A there exists a collection P(A) of sets 
which consists exactly of all the subsets of A: 


(Be P(A)) o (BCA). 


1 R. M. Solovay has shown (Solovay [292]) that a model of mathematics (without axiom of choice) 
is possible in which all subsets of R (and consequently also all functions f : R — R) are Lebesgue 
measurable. 

2 The word collection is, of course, a synonym of set. 
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Axiom 1.1.5. Axiom of Infinity. There exists a collection A of sets which contains the 
empty set @ and for every X € A there exists a Y € A consisting of all the elements 
of X and X itself: 


@€A and for every X € A there exists a Y € A such that 


(cx EY) (a € X) or (4 =X). 


Axiom 1.1.6. Axiom of Choice. The cartesian product of a non-empty family of non- 
empty sets 1s non-empty: 


If AF @ and for every AG A, AAG, then Ps ace 
€ 


Axiom 1.1.7. Axiom of Replacement. Let y)(x,y) be a two-place propositional formula 
such that, for every x, there exists exactly one y such that w(a,y) holds. Then for 
every set A there exists a set B which contains those and only those y for which 
W(a,y), EA: 

If for every « there exists a z such that w(2,y) = y = z, then for every set A 
there exists a set B such that 


(y € B) © there exists an x € A such that W(a,y). 


Roughly speaking, if to every « there corresponds (according to w) a unique y, 
and if x runs over a set, then the corresponding y’s run over a set. 

Before stating the last axiom, we must introduce certain notions. Let A be a 
set and R Cc A? a relation in A. A couple (A, R) is called a relation system. Two 
relation systems (A, R) and (B,S) are said to be isomorphic iff there exists a one-to- 
one function f from A onto B (a bijection) such that for every a,b € A we have aRb 
if and only if f(a)S f(b). 


Axiom 1.1.8. Axiom of Relation Types. To every relation system (A 
sponds an object a such that at(A, R) and if ar(A, R) and Br(B,S 
and only if (A, R) and (B,S) are isomorphic. 


, R) there corre- 
), then a = 6 if 


The Axiom of Replacement implies the following statement. 


Axiom of Specification. For every set A and for every propositional formula ®(x) 
there exists the set {x € A| ®(x)} consisting of exactly those x € A for which ®(x) 
holds true: 

xe{xEA| O(r)} Sr EAA Ga). 


It is enough to take (zr, y) & ®(7) Ay=a. 
The Axiom of Empty Set can be replaced by the weaker 
Axiom of Existence. There exists a set. 


The empty set can be defined as (A being an existing set) 


G@={xeAl|«cF xz}. 
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If we take into account the definition of the cartesian product of an arbitrary 
collection of sets, we can reformulate the Axiom of Choice as follows: 

For every non-empty collection A of non-empty sets there exists a function w : 
A — UA (the choice function) such that w(A) € A for every AE A. 

The Axiom of Choice is usually used in this form. 

The Axiom of Extension implies the uniqueness of sets whose existence is guar- 
anteed by the remaining Axioms 2-7. 

The Axiom of Relation Types can be omitted. The whole set theory can be built 
without a use of this axiom. The ordinal numbers (as well as cardinal numbers) must 
then be defined otherwise. (Cf., e.g., Halmos [130]). 

From the Axioms 1.1.1-1.1.8 all the set theory can be built (cf. Kuratowski- 
Mostovski [198], Halmos [130], Rasiowa [262]). We assume that the reader is familiar 
with it. However, in the sequel we outline the theory of ordinal numbers, as the latter 
is often omitted in the university courses of the set theory. 


1.2 Ordered sets 


Let A be aset, and < C A? arelation which is reflexive, antisymmetric and transitive: 
(i) a<a, 
(it) (a<b)A(b< a) > (a=D), 
(iti) (a< b)A(b<c)S (acc). 
Such a relation < is called an order? in A and the couple (A, <) is called an ordered 
set. Clearly, every ordered set is a relation system in the sense of 1.1. 
The strict relation < is defined as 


(a<b)S(a<b)A(aFb). 


Instead of a < b, a < b, we shall often write b > a, b> a. 
If, besides (i), (i7) and (22), also the trichotomy law holds: 
(iv) For every a,b € A, we have either a < b, or b < a or a = b, then the set A is 
called linearly ordered or a chain. 
Let (A, <) be an ordered set. An element a € A is called maximal [minimal] iff 
there is no b € A strictly greater [smaller] than a. In other words, a is maximal iff 


(b€ A)A(a<b) > (b=a). 


[a is minimal iff 


(be A) A(b< a) > (b= a). 


3 In earlier texts order is often called a partial order, the word order being reserved for what is here 
called a linear order. This is due to the fact that, for arbitrary a,b € A, we are often unable to 
decide whether a < b or b <a. An illustrative example is the power set P(A) of a set A with the 
order relation defined as the inclusion: 


ax<beacb. 
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One ordered set may have several (or none) maximal [minimal] elements. If 
a € Ais a maximal [minimal] element, then there may exist in A elements 6 which 
are not comparable with a, i.e., for which neither a < b, nor b < a holds. 

An element a € A is called the greatest [smallest] (or the last [least|) element iff 
x <a [a < 2} holds for every x € A. The last [least] element, if it exists, is unique. 

An element a € A is called the upper bound of a set E C A iff x < a holds for 
every x € E. It is not required that a € E, but it is possible. There may exist several 
(or none) upper bounds of a set EC A. 

If (B, x) is another ordered set, then we say that (A, <) and (B, =) are similar 
(and write (A, <) ~ (B, ~<)) iff there exists a one-to-one order-preserving mapping 
f from A onto B. The relation of similarity is an isomorphism of relation systems 
(A, <) and (B, =) as defined in 1.1: 


(a < b) = (f(a) = F(0)) 


An ordered set, every non-empty subset of which has the smallest element, is 
called a well-ordered set, and the corresponding order is called a well-order. We have 
the following 


Theorem 1.2.1. Every well-ordered set is linearly ordered. 


Proof. This follows from the fact that for any a,b € A, the pair {a,b} C A has the 
smallest element. 


Any finite linearly ordered set is well ordered and two such sets are similar if and 
only if they have the same number of elements. (The proof of these facts is left to the 
reader.) The set (N, <), where < stands for the usual inequality between numbers, 
is well ordered. 


1.3. Ordinal numbers 


Let (A, <) be a well-ordered set. Any set P C A such that if 7 € P and y < a, then 
y € P, is called an initial segment of A. 


Theorem 1.3.1. Jf P is an initial segment of a well-ordered set A+, and P # A, then 
there exists in A an x such that 


P=P(2)={yeAly<az}. 


Proof. The set A\ P 4 @ has the smallest element x. We will show that P = P(z). 

Let y € P. If we had x < y, then we would have x € P, which contradicts the 
condition « € A\ P. Thus y < x and y € P(x). Consequently P C P(z). 

If y € P(x), then y < 2, and since x is smallest in A \ P, we must have y € P. 
Consequently P(x) C P. 

Thus P and P(x) have the same elements, and so they are equal: P = P(x). 


4 Instead of saying: A is the first component of the ordered set (A, <), we often say simply: A is an 
ordered set. 
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The formulas, valid for arbitrary a,b € A, are left to the reader as exercises: 
1. (a<b) & (P(a) C P(d)), 
2. (a # b)  (P(a) ¥ P(b)), 
3. For arbitrary well-ordered set (A, <) put P = {P(x) | « € A}. The ordered set 

(P, C) is well ordered and is similar to (A, <). 

The relation types of well-ordered sets are called the ordinal numbers. If (A, <) 
is a well-ordered set and if a7(A, <), then we write a = A. The N is denoted by w. 
If (A, <) is a finite (well-ordered) set consisting of n € N elements, then we assume 
A =n. In particular, 3 = 0. 

If (A, <) is a well-ordered set, then, by the Axiom of Infinity there exists a 
set B which contains all the elements of A and A itself. We order B by assuming 
additionally that A > a for any a € A. The ordinal number B is denoted by A+ 1. If 
an ordinal number cannot be written as a +1 with another ordinal number a, then 
it is called a limit number. An example of a limit number is w. 

If a and @ are ordinal numbers, say a = A and 6 = B, then we say that a < 8 
iff the set A is similar to an initial segment of B different from B. 


Theorem 1.3.2. For any ordinal number a, it is not true that a <a. 


Proof. For an indirect proof, suppose that a < a, ie., A is similar to its initial 
segment different from A. Let f be a similarity function. Put 


B={xEA| f(x) <a}. 


By Theorem 1.3.1 there exist an a € A such that A ~ P(a). Hence f(a) < a, ie., 
aé€é B. 80 B# 2, and B C A, and hence there exists the smallest element, say b, in 
B. Then 


f(b) <b, (1.3.1) 


and since f is order-preserving, f(f(b)) < f(b). This means that f(b) € B, which, by 
(1.3.1) contradicts the condition that b is smallest in B. 


Theorem 1.3.3. Ifa < 8 and B<vy, thena <7. 


Proof. Let A, B, C be well ordered sets such that A = a, B = 6 and C = ¥. Moreover, 
let b€ Band ce€C be such that A ~ P(b) and B ~ P(c), the similarity functions 
being f and g, respectively. Then it is easily checked that go f is a one-to-one, 
order-preserving mapping of A onto an initial segment of C, different from C. 


Theorem 1.3.4. If a < 2, then it is not true that B <a. 


Proof. This follows from Theorems 1.3.3 and 1.3.2. 


Theorems 1.3.2 and 1.3.3 imply that the inequality < defined for ordinal numbers 
as follows: a < ( iff either a < (2, or a = #, is an order in the sense of 1.2. 
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1.4 Sets of ordinal numbers 
We start with a lemma. 


Lemma 1.4.1. [f (A, <) and(B, <) are similar well-ordered sets? and f is a similarity 
function, then f maps initial segments of A onto initial segments of B. 


Proof. Let f be a one-to-one order preserving mapping of A onto B. Then f~! isa 
one-to-one order preserving mapping of B onto A. Let P be an initial segment of A. 
The thing to prove is that f(P) is an initial segment of B. 

Suppose that there exist bi < bz, be € f(P) and b; ¢ f(P). Put a; = f~+(b:), 
t= 1,2. Then a, < ag, ag € P and a; ¢ P, which is impossible since P is an initial 
segment of A. 


Corollary 1.4.1. No two different initial segments of a well-ordered set are similar to 
each other. 


Proof. Let (A, <) be a well-ordered set, and P; # P initial segments of A, P, ~ Py. 
Since P, # Po, at least one of these segments, say P,, must be different from A, and 
hence of the form P(a) with an a € A. If a € Py, then P, is an initial segment of 
(P2, <). Indeed, if « € P, and y < 2, then y < a and hence y € P(a) = Py. And if 
a ¢ Po, then P» is an initial segment of (P,, <). Indeed, then P, 4 A and hence of 
the form P(b) with abe A. If a € Pp and y < xz, then y < band y € Py. 

Thus one of the sets P,, P) is similar to its initial segment different from this 
set, which contradicts Theorem 1.3.2. 


Theorem 1.4.1. Of any two well-ordered sets, one is similar to an initial segment of 
the other. 


Proof. Let (A, <) and (B, <) be two well-ordered sets. Define the set Z, 
Z ={x € A| there exists a y € B such that P(x) ~ P(y)}. 


By Corollary 1.4.1, such a y is unique. Thus we may define a function f : Z — B by 
putting f(x) = y iff P(x) ~ P(y). Again by Corollary 1.4.1 f is one-to-one. 

The set Z is an initial segment of A. For if x € Z, then P(x) ~ P(y) for a 
ye B.lfa’ <a, then P(2’) C P(x). Let g, mapping P(x) onto P(y), be a similarity 
function. Then g maps P(2’) onto an initial segment P of P(y) and hence P is an 
initial segment of B. Since y ¢ P(y), also y ¢ P, and thus P ¥ B. So there exists a 
y’ € Bsuch that P = P(y’). Hence g establishes a similarity between P(x’) and P(y’). 
Thus 2’ € Z and P(y’) = P(f(2’)) is an initial segment of P(y) = P(f(x)), whence 
f(a’) < f(x). So as a by-product we have obtained the fact that f is order-preserving. 

Similarly, f(Z) is an initial segment of B. For if y € f(Z), then P(y) ~ P(x) 
for an x € Z. Let h be a similarity mapping. If y’ < y, then h maps P(y’) onto an 
initial segment P(x’) of P(x), whence y/ = f(#’), x € Z and y’ € f(Z). 


5 It would be enough to postulate that one of these sets is well ordered. It follows then by the 
similarity that the other is well ordered, too. (Cf. Exercise 1.6) 
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We have already shown that Z ~ f(Z). To complete the proof it is enough to 
show that either Z = A or f(Z) = B. Suppose that Z # A and f(Z) # B. Then 
there exist a € A and b€ B such that Z = P(a) and f(Z) = P(b). Thus P(a) ~ P(b) 
and a € Z, which is incompatible with Z = P(a). 


Theorem 1.4.1 implies the trichotomy law for ordinal numbers: 
For any ordinal numbers a, (3 


either a < 8, or 8B <a, ora= 8. 


Let us note also the following 


Theorem 1.4.2. For every ordinal number a, there exists the set T(a) of all ordinal 
numbers 3 <a. 


Proof. Let (A, <) be a well-ordered set such that A = a. Let for x € A, o(a, y) be 
the propositional formula y7 P(x), i.e., y= P(x). By the Axiom of Replacement there 
exists a set B such that y € B © there exists an x € A such that yrP(x). But this, 
in turn, is equivalent to the fact that y < a. Thus B is the required set. 


Once we know that I(a) is a set, the formula y = P(x) for « € A defines a 
function from A onto I'(a). This function clearly is one-to-one and order-preserving. 
It follows that [(a) ~ A and consequently I'(a@) is well ordered and 


I(a@) =a. (1.4.1) 


Actually, the fact that I'(q@) is well ordered is a particular case of the following 
statement. 


Theorem 1.4.3. Any set of ordinal numbers is well ordered by the inequality <. 


Proof. The thing to prove is that if A # @ is a set of ordinal numbers, then there 
exists the smallest element in A. Take an a € A. If a is smallest in A, there is nothing 
more to prove. If not, the set ANT (a) C T(a) 4 S. Since ['(a) is well ordered, there 
exists the smallest element 6 in AMT(a). For an arbitrary y € A we have either 
y >a, or y < a. In the first case, since G € T(a), we have 8 <a < y, whence 6 < 4. 
In the other case y € [(a)N A, so B < y. Thus f is the smallest element in A. 


Next we have 
Lemma 1.4.2. For every ordinal number a we havea<a-+l. 


Proof. Let a = A. Then a+1 = A’, where A* is the set consisting of all the elements 
of A and A itself ordered so that A > a for all a € A. Hence P(A) = A in A*. The 
function f : A — A* defined as f(a) = a for a € A establishes the similarity of A 
with P(A) in A*. Thus A is similar to an initial segment of A* different from A%, i.e., 
A<A. 


Theorem 1.4.4. For every set of ordinal numbers there exists an ordinal number 
strictly greater than any number from the given set. 
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Proof. Let A be a set of ordinal numbers. By the Axiom of Replacement there exists 
the collection of sets {['(3)},¢4, and by the Axiom of Unions there exists the set 


B= |) TQ): 


BEA 


Then, for every 3 € A, the set [(@) clearly is an initial segment of B. Hence B> 
T(8) = @ (cf. (1.4.1)). In view of Lemma 1.4.2 the ordinal number B + 1 has the 
desired property. 


Corollary 1.4.2. There does not exist the set of all ordinal numbers. 


Corollary 1.4.3. For every set of ordinal numbers there exists the smallest ordinal 
number which does not belong to the given set. 


Proof. Let A be a set of ordinal numbers and let a be a number greater than any 
3 € A. If ais not the smallest number with this property, then the set [(a)\A Cc I'(a) 
is non-empty, and consequently it has the smallest element y. It is already seen that 
y is the smallest ordinal number which does not belong to A. 


1.5 Cardinality of ordinal numbers 


If @ is an ordinal number, then by definition any two well-ordered sets of type a are 
similar, i.e., there exists a one-to-one mapping from one set onto the other. Conse- 
quently these sets have the same cardinality. Consequently to any ordinal number a 
we may assign a cardinal number, the common cardinality of all well-ordered sets of 
type a. This cardinal number is called the cardinality of a and is denoted by @. In 
particular we have (cf. (1.4.1) 


@ = cardI(a). 
It is easy to check that for arbitrary ordinal numbers a, 3 we have 
ax<P>a<B, (2.5.1) 


Lemma 1.5.1. There exists the set A which contains all ordinal numbers a with 
@< No. 


Proof. If @ < No for an ordinal number a, then there exists a one-to-one mapping 
f:T(a) +N. If for a,b € f(T(a)) we put 


(axb)e (f(a) <f-'(b)), 


the set (f(I'(a)),<) will become a well-ordered set similar to T'(a) (f being the 


similarity function), and hence (f(I'(a@)),<) = a. Thus for any ordinal number a 
with @ < No there exists a well-ordered set (B, <) such that B C N, and B =a. The 
converse is also true. If (B, =) is a well-ordered set of a type a, and B CN, then 
@ < No. Consequently we may describe ordinal numbers a such that @ < No as order 
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types of well-ordered subsets of N. (However, the order in these sets may be different 
from the natural order in N.) 

Let P be the power set of N (Axiom 4) and, for P € P, let Rp be the power set 
of P x P. Every element R of Rp is a relation in P. There exists the set (Axiom of 
Specification) 

B={(P, R)|PeEP,RERpP} 


and the set 
C= {(P, R) € B| Ris a well order}. 


By the Axiom of Replacement there exists the set of the types of all (P, R) € C. This 
is the desired set. 


The same argument shows that for any cardinal number m there exists the set 
of all ordinal numbers a such that @ < m. This set is denoted in the sequel by M(m). 


Lemma 1.5.2. For every cardinal number m, we have 
M(m) =T(M(m)). (1.53) 


Proof. There exists an ordinal number ( which is greater than any a € M(m). First 
we show that M(m) is an initial segment of I'({). 

Let y € M(m) and € < y. Then by (1.5.1) €< 7 <M, ie, € € M(m). So either 
M(m) = T({8), or there exists an 7 € T'(3) such that 


M(m) = {€ €T(8) | € <n} =T(n). 


At any case M(m) = [(q) for an ordinal number a. Since a = T'(a) = M(m), we 
obtain hence (1.5.2). 


Theorem 1.5.1. For every cardinal number m, we have 


card M(m) > m. (1.5.3) 


Proof. Put a = M(m) so that M(m) = ['(a). Suppose that (1.5.3) does not hold, 
ie., @<m. This means that a € M(m), ie., a € F(a), which is impossible. 


Remark 1.5.1. Here we have made use of the trichotomy law for the cardinals, which, 
however, cannot be proved at this stage. What we actually prove here is that the 
inequality @ < m is impossible. This is sufficient to prove the remaining theorems 
of the present chapter, and then the trichotomy law for the cardinals follows from 
Theorem 1.4.1 and 1.7.1, and hence also condition (1.5.3). 


We define 2 to be the order type of the set M(No), and &1 to be the cardinality 
of M(No). Thus 


Q = M(No), NX, =Q =card M(No). 
By Theorem 1.5.1 8%; > No. Moreover 
Theorem 1.5.2. There is no cardinal number strictly between No and Xj. 


In other words, Xj; is the next cardinal number after No. 
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Proof. The thing to show is that if for a cardinal number m we have m < Nj, then 
m < No. Let m < &; and let X be a set such that card _X = m. Since card X =m < 
Ni =card M(No), there exists a subset Y of M(No) with the same cardinality as X: 


there exists Y C M(No): card Y = card X =m. 


Let a= Y. Thus Y ~T(a), and m = cardI (a). Of course, a < Q, for otherwise we 
would have @ > 0, i.c., m > Ni. Thus a € T (Q) = M(No) (cf. (1.5.2)), which means 
that m= @ < No. 


On the basis of Axioms 1-8 it is impossible to compare &; with the power of 
continuum c. The conjecture that Xi = c is the contents of the celebrated 

Continuum hypothesis: Xi = c¢. 

P. J. Cohen [48] showed that the continuum hypothesis is independent of Axioms 
1-8. In the present book, unless explicitely stated otherwise, we do not assume the 
continuum hypothesis. 

Note that, as a result of (1.5.2), T (Q) = M(%o). Consequently, for every ordinal 
number a@ < 2 we have @ < No. 


1.6 Transfinite induction 


If @ is an ordinal number, then any function defined on the set ['(a) is called a 
transfinite sequence of type a. The values of this function are denoted by xg (the 
value at the point @ € I'\(a)) and the sequence itself by {@8} g<a° 


Theorem 1.6.1. Let X be a set, {08} <0 a transfinite sequence containing all the 
elements of X, ® a propositional formula defined for x € X, and a an ordinal number. 
If the following conditions are fulfilled 

(i) ® (xo); 

(it) If B=y+1<a and G(x,), then & (xg); 
(itt) If B< a is a limit number and ®(x,) for every y < GB, then (xg); 
then ® (x) for every x € X®. 


Proof. Let E = {6 €T (a) | &(xg)}, and let € be the smallest ordinal number in T (a) 
which does not belong to E. By (i) € > 0. If€ = y+1, then y € LE, and consequently 
(xy) holds. Then by (iz) ®(xe). If € is a limit number, then @(zx,) holds for every 
y < 8, whence by (iit) @(ax¢). In both cases we arrive at € € E. The contradiction 
obtained shows that there is not such a € in (qa), or, in other words, E = I'(a). 
Thus @ (xg) for all @ < a, and since the sequence {xg}, —, contains all the elements 
of X, we have @() for all a € X. 


Theorem 1.6.1 extends the well-known induction principle for N. The next the- 
orem, known as definitions by transfinite induction, also is an extension of the corre- 
sponding theorem for natural numbers. 

6 Condition (4) could be omitted, as it is contained in (iii), where 3 need not be a limit number. 


Similarly (¢). Thus (¢)—(¢ii) jointly can be replaced by 
(iv) If 8 < a, and @ (a+) for every 7 < B, then # (zg). 
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Let F (a, X), where a is an ordinal number and X is a set, be the collection of 
all transfinite sequences of types @ < a and with values in X: 


fEeFl(a,X)s f:T (8) — xX for some B <a. 


Theorem 1.6.2. For every ordinal number a, for every set X, and for every function 
h:F(a,X) > X, there exists exactly one transfinite sequence f : (a) > X such 
that 


f (8) =h(F |T(8)) for B <a. 


The symbol f | T'(@) denotes the restriction of f to the set T ((). 


Proof. First we prove the uniqueness. Suppose that there exist two such functions 
f,g. Let & be the propositional formula for @ € T (a) 


For @ = 0 we have f (0) =h(f | @) =h(g| 2) = g(0), so (0) holds true. Let (7) 
for 7 be less than a 8 < a. Then f(8) = h(f | T(B)) = h(g | T(8)) = 9 (9), ie., 
(3). By Theorem 1.6.1 @(() for all 6 ET (a), ie, f =. 


To prove the existence, consider the set F of all those 3 < a for which there exists 
a transfinite sequence (by the first part of the proof necessarily unique) fg :T (8) — X 
such that fg (y) = h(fg | P(y)) for all y < B. If 6 < 7, 6,7 € E, then the sequence 


fy | T(6) fulfils for € < 6 fy | TP (5) (€) = fy (€) = ACF, | T(E) = (Fy | P(8) [P()) 
so that, by the uniqueness, f, | (6) = fs. Suppose that there exists a B < a, 
3 ¢ E. We may assume that ( is the smallest such number, i.e., y € E for y < 6 
(for otherwise we could choose the smallest such number in I’ (8)). Let @ be a limit 
number. Then for every € < 3 we have +1 < @. Put for € < 6 


Ff (€) = fesi (€)- 


Then f :T (3) > X is a transfinite sequence of type @ and for € < 8 we have 


Ff (€) = fes1 (6) = (fear |P(O) = ACF | PO). 


And if 6 = y+ 1, then we put for < 7 


Ff (€) = fess (€) 


and 


f(y) =ACF TO). (1.6.1) 


Then we have f (€) = h(f | P'(€)) for € < 7 as in the preceding case and f (7) = h(f 
I'(y)) by (1.6.1). Thus 6 € E, which shows that all @ < a belong to E. 
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1.7 The Zermelo theorem 
We start with a lemma. 


Lemma 1.7.1. Let X be a set. If there exists a transfinite sequence f :T (a) > X (of 
a certain type a) such that X = f(L(a)), then the set X can be well ordered. 


Proof. For « € X put 
A; = {8 €T (a) | f (8) = x} 
and let €, be the smallest element in A,. Define the order in X 


(eX y) > Ex < by). 


Relation = is a well-order in X. 


Theorem 1.7.1. [Zermelo [326]] Every set can be well ordered. 


Proof. It is enough to show that there exists a transfinite sequence whose range is 
X. Let w: (P(X) \@) — X be a choice function (cf. 1.1). Let card X = m and 


a = M (m). Define the transfinite sequence f :T (a) > X by 


f(B)=w(X\UUM}), <a 


1<6 


By Theorem 1.6.2 the sequence {rg},~, is unambiguously defined. It remains to 
show that the range of f is X. Put 


B= |) {f(O}. 


Bel (a) 


Clearly B Cc X. Moreover card B = cardI' (a) = @ Hence m = card X > card B = 

@ = card M (m). This shows that f cannot be defined for all G € T'(a), ie., for a 

certain 6 < awe must have X\ (U f(y) = 2. Thus f is of type 6 and its range 
yer(B) 


is X. 


In this proof of Zermelo theorem we have used the Axiom of Choice. This could 
not be avoided, the Axiom of Choice had to be used in the proof. Actually the Zermelo 
theorem is equivalent to the Axiom of Choice, as results from the following 


Theorem 1.7.2. If every set can be well ordered, then for every set there exists a choice 
function. 


Proof. Let X be an arbitrary set, and let < be a relation which well orders X. Put 
for every AC X, AA @ 


w (A) = the smallest element in A. 


Then w : (P(X) \ @) > X is a choice function. 
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1.8 Lemma of Kuratowski-Zorn 


In applications the Axiom of Choice is usually used in one of its equivalent forms. 
We have encountered one of such forms in the preceding section. It was the Zermelo 
theorem. But perhaps the most famous statement equivalent to the Axiom of Choice 
is the following 


Theorem 1.8.1. [Lemma of Kuratowski-Zorn’] Let (X, <) be an ordered set, X # 2, 
in which every chain has an upper bound. Then for every xo € X there exists in X a 
maximal element © such that © > xo. 


Proof. Let card X = m, M(m) = a. For an indirect proof suppose that for every 
y 2 xo the set {z € X | z > y} is non-empty. Define the transfinite sequence {ya}, -4 


as 
if it exists, 


__ f the upper bound of {ly}, <6 ‘ 
ae { xo otherwise , (18-1) 
and define the transfinite sequence {xg} p<o PY 
tg = w({zeE X | z> yp}), (1.8.2) 


where w: (P(X)\@) — X is a choice function. Clearly, by (1.8.1), yg > xo for every 
8 <a so that the set occurring in (1.8.2) is non-empty. So the sequence {rg},—, is 
well defined. 

This sequence is increasing. To show this consider the propositional formula 
(8) (G < a) meaning: 


“For 6B <a, ify <€ < @, then x, < xg”. 


If &(y) for y < 8, then {ts} 5g is a chain, and consequently yg > x5, 6 < 8. Hence 
also 7g > x5 for 6 < f, ie., (6) holds. By Theorem 1.6.1 we have &((3) for all G < a. 
Now put 


Bac toak 


B<a 


We have B C X, whence card B < card X = m, whereas 
card B = cardT (a) = @ = card M (m) > m. 


This shows that for some @ < a@ we must have {z€ X|z> ye} = @, ie, yg isa 
maximal element in X, and clearly yg > Zo. 


Theorem 1.8.2. The Lemma of Kuratowski-Zorn implies the Axiom of Choice. 


Proof. Let A be any collection of non-empty sets, and put B = UA. Let X be the 
family of those sets F C B for which the intersection FM A contains at most one 
point for every A € A. (X, C) is an ordered set, @ € X. If C C X is a chain, then 
Uc € X. In fact, if UCN A for an A € A contains two different elements, say zx, y, 


” Kuratowski [197], Zorn [327]. 
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then there exist sets Dz, Dy € C such that « € D, 1 A and y € D, A. But since C 
is a chain, one of the sets D;, D, is contained in the other, say Dz C Dy. But then 
x,y € Dy, and D,™ A contains more than one point. 

By the Lemma of Kuratowski-Zorn there exists in X a maximal element fo. We 
will show that Fy N A # @ for every A € A. If we had Fo M Ap = @ for an Ao € A, 
then for an zp € Ag we might define a set F* = Fy U{a,}. Clearly F* € X and F* 
is larger than Fo, which is impossible, since Fo is maximal in X. Thus Fy NA isa 
singleton for every A € A, and we can define a function w: A — B by 


w is a choice function. 


Another equivalent formulation of the Axiom of Choice is the following one. 


Theorem 1.8.3. For every non-empty family A of disjoint non-empty sets, there exists 
a set which has exactly one element in common with every set A € A. 


Proof. Let w:A— UA be a choice function. The set w (A) has the desired proper- 
ties. 


We shall show also that Theorem 1.8.3 implies the Axiom of Choice. Let A be 
any non-empty family of non-empty sets. Consider the subsets of (LA) x A of the 
form A x {A} for A € A. Let B be the collection of all such subsets. The sets from B 
are disjoint, since for A; # Ag, we have (A x {Ai}) Nn (Az x {Ao} ) = @. Let F bea 
set that has exactly one element in common with every B € B. If BN (A x {A}) = 
(es {A}), put w(A) = x. This formula defines a choice function w: A> UA. 

P. J. Cohen [48] proved that the Axiom of Choice is independent of the remaining 
Axioms 1-8. A detailed discussion of The Axiom of Choice is found in Jech [154]. 


Exercises 


1. Prove that for any two sets A, B there exists the set AN B containing those and 
only those elements which are common to A and B. 

2. The ordered pair (a,b) is defined as {a, {a,b}}, where {a,b} is the unordered 
pair consisting of a and 6. Prove that (a,b) = (c,d) if and only if a = c and 
b=d. 

3. Prove that every ordered set (A, <) is similar to a set (C, C), where C is a 
collection of sets. 

4. Let X,Y be arbitrary sets, and let F be the family of all functions whose 
domain is contained in X and range is contained in Y. For f,g € F write f <g 
iff domain f C domain g and g | domain f = f. Prove that (F, <) is an ordered 
set in which every chain has an upper bound. 

5. Let (A, <) and (B, <) be well-ordered sets and order the cartesian product 
Ax B lexicographically. (Le., (a,b) < (c,d) iff a << bor a= band c< d.) Prove 
that (A x B, <) is well ordered. 

6. If (A, <) is well ordered, then so is also every ordered set similar to (A, <). 


1.8. 


10. 


11. 


12. 


13. 


14. 
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. Prove that if (A, <) and (B, =) are two similar well-ordered sets, then there is 


exactly one similarity function f : A — B. 


. Prove that if (X, <) is a well-ordered set, then every subset of X is similar either 


to X, or to an initial segment of X. 


. A subset A of an ordered set X is called cofinal in X iff for every x € X there 


exists an a € A with a > zx. Prove that every linearly ordered set has a cofinal 
well-ordered subset. 

Let {rg}g-, be a transfinite sequence of type a, where a is a limit ordinal 
number, whose terms are ordinal numbers. The smallest ordinal number greater 
than every rg, 3 < a, is called the limit of {€B} p<a and denoted by _ xg. If 


f and g are two increasing transfinite sequences of ordinal numbers, a is a limit 
ordinal and lim = €, then li 6) = li : 
lim f (8) =, then lim g (5) = lim g(f()) 
An ordinal number € is cofinal with a limit ordinal number a: iff there exists an 
increasing sequence {xg},—, Of ordinal numbers such that € = ee xg. Prove 
<a 


that € is cofinal with a if and only if I (€) contains a cofinal subset of type a. 
Prove the following version of the transfinite induction principle: 

Let (X, <) be a well-ordered set, xo the smallest element in X, and a 
propositional formula defined on X. If the following conditions are fulfilled 

(i) ® (20), 

(ii) If ®(y) for y € P(x), then (x), x € X, 
then @(x) for alla € X. 
Prove that if (A, <) is a well-ordered set similar to its subset Ao, then the 
similarity function f : A — Ao satisfies f(a) > x for all « € A. 
Prove that in every family € of sets there exists a maximal subfamily € of 
mutually disjoint sets. 


BIRKHAUSER 


Chapter 2 


Topology 


2.1 Category 


In 2.1-2.2 X is a topological space, so, e.g., X may be a metric space, or, in particular, 
RY. A set A C X is called nowhere dense iff intcl A= @. A set A C X is said to be 
of the first category iff A is a countable union of nowhere dense sets: 


A=(JAi, intel Aj =, iE N. (2.1.1) 
i=1 


A set A Cc X which is not of the first category is said to be of the second category. A 
set AC X is called residual iff A’ = X \ A is of the first category. 


Theorem 2.1.1. If A C X is of the first category, then there exists a set B € Fz such 
that A C B, and B is of the first category. 


Proof. A has a representation (2.1.1). Put 
i=l 


The sets cl A; are nowhere dense, just like Aj: 
intcelcl A; =intclA; =@. 


B is an F, set, being a countable union of closed sets, and B is of the first category, 
being a countable union of nowhere dense sets. Obviously A C B. 


Theorem 2.1.2. If A C X is residual, then there exists a set B € Gs such that B C A, 
and B is residual. 


Proof. There exists (by Theorem 2.1.1) a set C € F, such that A’ C C, and C is of 
the first category. The set B = C’ = X \ C has the desired properties. 
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If we assume, moreover, that the space X is complete, then we may assert that 
the set B in Theorem 2.1.2 is of the second category. Otherwise X = BUC would be! 
of the first category contrary to a celebrated Baire theorem that a complete space is 
of the second category. 


The following theorem yields a slight generalization of Theorem 2.1.2: 


Theorem 2.1.3. Jf AC HC X, H€Gs5, and H\ A is of the first category, then there 
exists a set B C A such that B € Gs and H \ B is of the first category. 


Proof. ? Put Ay = AU(X \ H). The set A; is residual? (X \ Ai C H \ A), so by 
Theorem 2.1.2 there exists a residual set By C A, , By € Gs. Put B= HM By. Since 
B, Cc AU(X\#A), we have B C HN[AU(X\ A) = (ANA)ULAN(X\A)] = HNA= A, 
and clearly B € Gs as an intersection of Gs sets. It remains to show that H \ B is of 
the first category. Now, H\ B= H\ (HN B,) =H\(XNB,) Cc X \ Bi, which isa 
set of the first category. Consequently also H \ B is of the first category. 


The following lemma will be needed later. 


Lemma 2.1.1. [f F © F, and int F = @, then F is of the first category. 


Proof. F = ( Fj, where Fj; are closed. If, for a certain i € N, we had int F; 4 ©, 


w=1 
then we would have also int F 4 ©, since int F; C int F. Consequently intcl F; = 
int F; = @ for all 7 € N, and thus the sets F; are nowhere dense. Hence F is of the 
first category. 


We say that a set A C X is of the first category at a point x € X iff there exists 
a neighbourhood U, of x (in X) such that the set ANU, is of the first category. And 
we say that a set A C X is of the second category at a point x € X iff it is not of the 
first category at x, i.e., iff AN U, is of the second category for every neighbourhood 
U, of x. Put 


D(A) = {x € X | Ais of the II category at x}. 


We have the following calculation rules for D(A): 
D(AU B) = D(A)UD(B), (2.1.2) 


AC B= D(A)C D(B). (2.1.3) 


Simple proofs of formulas (2.1.2) and (2.1.3) are left to the reader (cf. Kuratowski 
[196]). 


1 Cf. Exercise 2.4. 

? Theorem 2.1.3 follows also from Theorem 2.1.2 on replacing X by H and observing that every G5 
set in H is also a Gs set in X. 

3 Cf. Exercise 2.4. 
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Theorem 2.1.4. If the space X is separable’ and AN D(A) = @ then A is of the first 
category. 


Proof. Since X is separable, it has a countable base of neighbourhoods. Let {By }nen 
be such a base. For every x € A there exists a neighbourhood U, of x such that ANU, 
is of the first category (since AN D(A) = 9), and there exists an nz € N such that 
x € By, C Uz. The set AN Bn, C AN Uz also is of the first category. Since we have 


A=|J 4nB,,, (2.1.4) 
rEA 


and there are only at most countably many sets B,,,, the union in (2.1.4) is at most 
countable, and consequently (cf. Exercise 2.4) the set A is of the first category. 


Theorem 2.1.5. For every set AC X, the set D(A) is closed. 


Proof. We shall show that the set X \ D(A) is open. Take an x ¢ D(A). Then there 
exists an open neighbourhood U, of x such that AM Uy, is of the first category. 
Now, since U, is a neighbourhood of every point from U;, we have U,; Cc X \ D(A). 
Consequently x is an inner point of X \ D(A), which shows that X \ D(A) is open, 
and so D(A) is closed. 


Theorem 2.1.6. If the space X is separable, then for every set A C X, the set A\ D(A) 
is of the first category. 


Proof. By (2.1.3) we have 
D[A\ D(A)] c D(A), 


whence 
[A \ D(A)]N DIA \ D(A)] c [A\ D(A)] N D(A) = @. 


The theorem results now from Theorem 2.1.4. 


Now we are going to investigate category problems in product spaces. Let Y be 
an arbitrary space. For every set AC X x Y and every xp € X we write 


Alo] = {y € ¥ | (wo, y) € A}. (2.1.5) 


Lemma 2.1.2. Let Y be a separable® topological space, and let A C X xY be a nowhere 
dense set. Then there exists a set P C X of the first category, such that for every 
z€ P'=X\P the set Ala] (defined by (2.1.5)) is nowhere dense. 


4 Theorem 2.1.4 (as well as Theorem 2.1.6) is generally valid, without assuming that X is separable, 
but the proof in the general case is much more difficult (cf., e.g., Kuratowski [196]). Since in the 
sequel the results of the present chapter will be used for X = R%, which is separable, we restrict 
ourselves to separable X only. Separable means here having an at most countable neighbourhood 
base. 

5 Here, as well as in Theorems 2.1.7 and 2.1.8, the assumption that Y is separable is essential. 
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Proof. Since Y is separable, it has a countable base of neighbourhoods. Let {By }nen 
be such a base. Put 


Ey, ={x eX | {a} x B, Ccl[An ({z} x Y)]}. (2.1.6) 
Hence FE, xX Bn = U {a}x Bac U el[AN({z} x Y)] Cc U el[AN({2} x Y)] Cc 
LreEn reEn cEeX 


Cc U [dAncl({z} x Y)}=cl AN U cl({z} x Y)=clAN U Ca} x Y)= 
cEX LEX cEX 
clAN(X x Y) =clA so that 


Ey, xX By, CclA. (2.1.7) 
Since A is nowhere dense, it follows from (2.1.7) that E, x B, is nowhere dense. 


Suppose that FE, is not nowhere dense. Then there exists a non-empty open set 
U CclE,. Then (cf. Exercise 2.1) 


Ux B, CclE, x By, Cd E, x cl By, = cl(E, x Bn) 


so that U x B, C intcl(E, x B,), which is impossible, since E, x By, is nowhere 
dense. Thus, for every n € N, the set FE, is nowhere dense. 


Put wi 
P= U En. 
n=1 


The set P is of the first category (cf. Exercise 2.4). Suppose that for an « € X the 
set A[z] is not nowhere dense. Then cl A[z] contains an open set, and hence a set 
from the base. So there exists an n € N such that B, C cl Ala], whence {x} x B, C 
{x} x cl Az] = cl ({x} x A[x]) = cl[AN ({x} x Y)]. By (2.1.6) 2 € E, C P. Hence, 
for every x € P’, the set A[z] is nowhere dense. 


Theorem 2.1.7. Let Y be a separable topological space, and let AC X x Y be a set of 
the first category. Then there exists a set P C X, of the first category, such that for 
every x € P' = X \ P the set Ala] (defined by (2.1.5)) is of the first category. 

Proof. We have A = (J An, where the sets A, C X x Y are nowhere dense. By 


n=1 
Lemma 2.1.2, for every n € N, there exists a set P, C X, of the first category, such 
that for every x € P’ the set A,,[2] is nowhere dense. Put 


P= LJ Pr. 
n=1 


So P is a set of the first category, and for every x € P’ C P’ the set A,[z] is nowhere 
dense (n € N), whence 


A(z] = J Anlez] (2.1.8) 


is of the first category. To see that (2.1.8) is true observe that y € Ala] = (a, y) Ee AS 
there exists an n € N such that (#,y) € A, © there exists an n € N such that 


y € A,[z] & ye U An{al. 
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Theorem 2.1.8. Let Y be a separable topological space, and let AC X, B CY. Then 
the sett Ax BC X x Y is of the first category if and only if at least one of the sets 
A, B is of the first category. 


Proof. Suppose that A x B is of the first category, and B is of the second category. 
By Theorem 2.1.7 there exists a set P C X, of the first category, such that for every 
x € P’ the set (Ax B)[z] is of the first category. But for x € A the set (Ax B)[z] = B 
is of the second category. Hence A C P, and thus A is of the first category. 


To prove the converse implication, we first prove that if A is nowhere dense in 
X, then Ax Y is nowhere dense in X x Y. We have cl(Ax Y) =clAxclY =clAxY, 
whence int cl(A x Y) = int(cl A x Y) =intclA x intY = @x Y=. Thus Ax Y is 
nowhere dense. 

Now suppose that the set A is of the first category. Then A= (J An, where A, 


n=1 


are nowhere dense, whence Ax BC Ax Y=(U An) x Y= U (An x Y). Every 


n=1 


n=1 
Co 

set A, x Y, n € N, is nowhere dense, whence (J (Ay x Y) is of the first category, 
n=1 

and so is also A x B. 


If the set B is of the first category, then so is A x B. The proof is similar. 


2.2 Baire property 
A set AC X is said to have the Baire property iff 

A=(GUP)\R, (2.2.1) 
where the set G is open, and the sets P, R are of the first category. It follows directly 


from the definition that every open set and every set of the first category have the 
Baire property. 


Theorem 2.2.1. The family of the sets with the Baire property is a o-algebra. 


Proof. If An, n € N, are sets with the Baire property, then there exist open sets 
Gn, n EN, and sets of the first category P,, Rn, n € N, such that 


Ay = (GrU Pn) \ Rn, NEN. 
Then 
LJ 4n.c UG,.U Pa 
n=1 n=1 n=1 
and 


Ciokee wil Jie ey Agee | ee 
n=1 n=1 n=1 n=1 


24 Chapter 2. Topology 


which shows that 
LJ 4n=(U Ga UL Pa) \ [CL Ga ¥ LU Pa) \ LU An] 
n=1 n=1 n=1 n=1 n=1 n=1 


lo) 
and |) A, is a set with the Baire property. 

n=1 

Now suppose that A, with a representation (2.2.1), is a set with the Baire prop- 
erty. Then 


Ar (Gr iP ye 
Put H =intG’, C= RU(G’\ H),D=P\R. Then 

A’ =(HUC)\D. (2.2.2) 
In fact, 

(HUC)\D=[HURU(G'\ A) N(PORY =[HU RU(G'NA’)|N(P' UR) 
=(HURUG)N(HURVUAN(P'UR). 

Now, HU RUA’ =X, and HURUG = RUG", since H = int G’ c G’. Hence 
(HUC)\ D = (RUG')N(P’UR) = (RNP’)URU(G'NP’)U(G'NR) = (G’NP’)UR = A’ 


since RNP’ C Rand G’N RC R. This proves (2.2.2). 

Now, the set H is open, D C P is of the first category, and G’ \ H is a closed 
set without inner points, and so it is nowhere dense, and hence of the first category. 
Thus C also is of the first category, and it follows from (2.2.2) that A’ has the Baire 
property. 


Theorem 2.2.2. If the space X is separable®, then for every set A C X there exists 
a set B with the Baire property such that A C B and for every set Z with the Baire 
property containing A the set B\ Z is of the first category. 


Proof. By Theorem 2.1.6 the set A \ D(A) is of the first category, so there exists 
(Theorem 2.1.1) a set C € Fo, of the first category such that A \ D(A) Cc C. Put 
B= D(A)UC. The set B has the Baire property, since both, D(A) (being closed; cf. 
Theorems 2.1.5 and 2.3.1) and C (being of the first category) have the Baire property 
(now use Theorem 2.2.1), and evidently A = (AND(A))U(A\D(A)) C D(A)UC = B. 
Let Z > A be an arbitrary set with the Baire property. Then (cf. (2.1.3)) 


B\ Z= (D(A) \ Z)U(C\ Z) Cc (D(Z)\ Z) U(C\ Z) C (D(Z)\ Z) UC 


is of the first category (cf. Exercise 2.5). 


6 The assumption that X is separable is not essential and can be omitted. Cf. the footnote 4 on 
pe2l 
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Now let Y be a separable topological space. We preserve notation (2.1.5). 


Theorem 2.2.3. Let Y be a separable topological space. If the set AC X x Y has the 
Baire property, then there exists a set Q C X, of the first category, such that for every 
x € Q! = X\Q the set Ala] has the Baire property. 


Proof. We have A = (GU P)\ R, where G is open, and P, R are of the first category. 
By Theorem 2.1.7 there exist sets Qi C X and Q2 Cc X such that for every x € Q4 
the set P[z] is of the first category, and for every x € Q$ the set R[x] is of the first 
category. Put Q = Q1 U Qs». For x € Q’ the sets P[x] and R[2] both are of the first 
category (in Y), and Q itself is of the first category (in X). Now, we have 


Ale] = (Gla] U P[e}) \ Riz]. 


For every x € X the set G[a] is open (in Y), therefore for every x € Q’ the set 
Al[z] has the Baire property. 


There are far reaching analogies between the sets of the first category and the 
sets of Lebesgue measure zero (cf. Oxtoby [250]). In this context the sets with the 
Baire property play the role of measurable sets. These analogies will become even 
more evident in the sequel of this book. 


2.3. Borel sets 


Let B(X) be the family of all Borel sets in a metric space X, i.e., the smallest o- 
algebra of subsets of X containing the open sets. 


Theorem 2.3.1. Every Borel set has the Baire property. 


Proof. By Theorem 2.2.1 the family of all sets (in X) with the Baire property is a 
o-algebra, and it contains the open sets, so it must contain the smallest o-algebra 
containing the open sets, i.e., B(X). 


Now we describe a construction of B(X). Let G(X) and F(X) be the families 
of all open and all closed sets in X, respectively. We define (cf. Theorem 1.6.2) two 
transfinite sequences {Ag}a<q and {Ma}acg of set classes in X. We put 


Ap = G(X), Mo = F(X), 


Ao = (LU Me), : M1 || Ag) 3, a<Q, 

&<a E<a 
where, for any collection ¢ of sets, ¢, denotes the collection of all the countable unions 
of sets from ¢, and ¢s denotes the collection of all the countable intersections of sets 
from ¢. So Ay =F, M1 =G5. 
Lemma 2.3.1. For every ordinal number B<a<Q 

(i) AgUMg Cc Aan Ma; 

(it) if Z © Ag, then Z' € Ma, and conversely; 
(iti) Ag UMe C B(X). 
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Proof. (i) The proof will be by transfinite induction (Theorem 1.6.1) with respect to 
a. The smallest possible value of a is a = 1, because for a = 0 there is no @ < a. If 
a =1, then the only 8 <a is 8 = 0, and (i) becomes 


G(X) U F(X) C Fo Gs, 


which is known to be true. 
Now take arbitrary ordinal numbers 6 < a < (2. We must distinguish two cases. 
1.a@=6+4+1. Then 


Mp Cc (Ma)o C (LJ Me), = Ae: 


E<a 
Further, 
U Aé Cc U Ae, 
€<p <a 
whence also 
Ms =(U Aes ¢ CU Ae)s = Ma: 
E<B é<a 


Hence Mg C Aa Mea. Similarly it is proved that Ag C AgM Ma. Thus (2) holds. 
2.a> (+1. For the inductive proof assume that 
(*) for every y < a, ifn < 7, then A, UM, C A, NM y. 

Put y= 6+1. Then 8 <7 <a. By (x) 


AgUMsg Cc A,NM,. 
Hence 
ApUMe c(U Ad a(U Me) c (U 4d59(U Me), = Man Aa- 
<a E<a E<a E<a 


Thus (7) holds in this case, too. 

(ti) The proof is again by transfinite induction with respect to a. For a = 0 (ii) 
is true in virtue of the well-known property of the open and closed sets. Suppose that 
for all G < a < 2 we have 

(x*) if Z € Ag, then Z’ € Mag, and conversely. 

Take a Z € Ag. Then 
Z=\|J Fr, 
n=1 


where, for every n CN, E, © U Me, ie., for every n € N there exists a & < a such 
E<a 
that E, € Me¢,. Hence, by (**), E}, € Ae, , n € N, and 
lo) 
Z= () Be (U Ads = Ma- 
n=1 E<a 


The proof of the converse implication is analogous. 
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(iit) This results from the fact that B(X) is a o-algebra (again a proof by 
transfinite induction is necessary, which is left to the reader). 


Theorem 2.3.2. We have 


LJ 4.= LU Ma = B(x 


a<Q a<Q 


Proof. For every a < Q we have a+1 < Q, whence by Lemma 2.3.1 (i) Aa C 
Mati C U Ma, and YU, An C. yas Similarly, for every a < Q we have 


a<Q a<Q 
Ma C Aati © Y, Aas aaa U Mac U Aa. Consequently 
a<Q 
U Aa= U Me. 
a<Q a<Q 


and by Lemma 2.3.1 (iti) U Aa = U Ma C B(X). So it is enough to show that 
a<Q a<Q 


U Aq is a o-algebra, for then it must contain the smallest o-algebra containing 
a<Q 
G(X) = Apo, ie., it must contain B(X). 
Take a sequence of sets A, € LJ Ag. Then, for every n € N, there exists an 
a<Q 
Qn <Q such that A, € Aa,,. By Theorem 1.4.4 there exists an ordinal number a 


greater than every number ay. This has been constructed as a = B+ 1, where, in 
the present case B= |) I'(a,,). We have for every n EN, T'(an) = an < 2, whence 
n=1 
card’ (Qn) = @ < No. Hence also card B < No, and consequently @ < No. Therefore 
a € M(No) = T(Q), ie, a < Q. Thus we have an < a < © for every n € N. By 
Lemma 2.3.1 (i) Aa, C Ma for every n € N, whence A, € Mg for every n € N. 
Hence Uy An € (Majo C( U Me), =Agiae (Aas 
n=l é<a+1 a<Q 


Now take aset AG LU Ag. Then A € Ag for a certain 6 <9. By Lemma 2.3.1 
a<Q 
(it) ASE Mpc U Ma= U Aa. Consequently LU Ag is a o-algebra. 
a<Q a<Q a<Q 


Theorem 2.3.3. B(X) is the smallest class K of subsets of X with the properties: 
(i) F(X) CK, 
(it) if An EK forneN, then U Ar EK and (\ A, EK. 


n=1 = 


Proof. Clearly B(X) has properties (i) and (zi), so 
Kc BX). 
To prove the converse inclusion, we will show that for every a < Q 


AgUMae CK. (O35) 
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For a = 0 (2.3.1) is true by () and by the fact that G(X) C F, Cc K. Assume that 
for a certain a < Q we have Ag M¢ C K for every € < a. Then also 


(U Ad) UCU Me) CK, 


E<a E<a 
and by (iz) 


(U Ad) ,U(U Me), CK. 


E<a E<a 


Thus (2.3.1) holds. 
The inclusion B(X) C K results now from (2.3.1) in view of Theorem 2.3.2. 


Theorem 2.3.4. If the space X is separable, then card B(X) < c. 


Proof. In a separable space X we have card G(X) < ¢ (since every open set may be 
represented as a union of base neighbourhoods, and there exists a countable base), 
and hence also card F(X) < c. An easy proof by transfinite induction shows that for 
every a < 2 we have 


cardAyg <c and cardM, <c. 


In the union (J Ag we have X; < ¢ summands, so card [J Ag < ¢. The theorem 
a<Q 


a<Q 
results now from Theorem 2.3.2. 


As an easy consequence of Theorem 2.3.4 we obtain that in R there are sets with 
the Baire property which are not Borel sets. Take a first category set C C R with 
card C = c (for instance the Cantor set). Then all subsets of C are of the first category, 
and consequently they have the Baire property, whereas card P(C) > card C = ¢, so 
among subsets of C’ there must exist some which are not Borel sets, as card B(R) = c. 


2.4 The space 3 
Let X; (with metrics 0;, respectively), 7 ¢ N, be metric spaces and put 
co 


X= xX Xj. 
i=1 


7 


Thus the elements of X are infinite sequences {x;}, with x; € X;, 1 N. 
Define the metric o in X putting for «= {a;}, y={yit, eye X, 


Co 


A= >. ape AE (2.4.1) 


j=1 a 1+ oi(@, y) 
Lemma 2.4.1. If tn, = {ani} eX, nEN, then the sequence {x,} converges: 


lim ty, = 2% = {xoi} EX (2.4.2) 


n—-Co 


if and only if lim tpi = Xo; for everyi EN. 
n—Cco 
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Proof. If (2.4.2) holds, then 
lim 0(%n,%) =0. (2.4.3) 


1 a:(Xni, Loi) 


By (2.4.1) o(@n, 20) = = , whence 


for every 1 EN. 
Conversely, suppose that (2.4.4) holds for every i € N. We have 


CO 


(Xn, £0) <d 4 Oi (Lni, Loi) +> a a> wa 01 (Uni, Loi) ate a 


j=l 1+ 0i(Eni, ro) j=m41 1+ 0i(Zni, Loi) 


for every m EN. By (2.4.4) we get hence lim sup o(an, 20) < 27”, whence, on letting 


n—oCo 


m — oo, we obtain (2.4.3). 


Theorem 2.4.1. If all spaces X; are separable, then so is also X. 


Proof. For every i € N there exists a countable set Y; C X;, dense in X;. Fix an 
@ = {%j} € X and consider the set Y C X consisting of the points 


{Y1, £2, 3, a s} ’ 
{Y1; Y2, ©3, os th ’ (2.4.5) 
{Y1, Y2,Y3, oe } > 


yi € Y;. The cardinality of Y equals that of U x Y;, and thus Y is countable. Take 
n=11=1 

an x = {a;} © X. For every i € N there exists a sequence {Yyn;} C Y; of points of Y; 

such that 


lim Yni = %. (2.4.6) 


Replacing in (2.4.5) in the n-th row y; by yn; we obtain a sequence of points y, € Y 
and it follows from (2.4.6) and Lemma 2.4.1 that 


lim y,=2. 


noo 


Thus Y is dense in X, and consequently X is separable. 


Theorem 2.4.2. If all spaces X; are complete, then so is also X. 


Proof. Let {an} CX, tn = {@ni}, be an arbitrary Cauchy sequence in X. By (2.4.1) 


1 0i(Lni, In+k, i) 


In, 2 
o( - nek) 2 Qi 1+ 0i(Lni, In+k, i) 
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for alln,k,i € N, whence it follows that for every i € N the sequence {xy;} C X; is 
a Cauchy sequence in X;. Since X; is complete, there exists an x; € X; such that 
lim ¢y; = Xj. 
n—co 
Hence, by Lemma 2.4.1, 


lim t, =2, 
n—- co 


where x = {x;} € X. Thus the space X is complete. 


Now take every X; to be N with the metric 9;(n,k) = |n — k|. In the sequel the 
resulting product space X will be always denoted by 3. Since the space N is separable 
(being countable; N itself is a countable and dense subset of N) and complete (there 
are no Cauchy sequences in N besides stationary ones), from Theorems 2.4.1 and 2.4.2 
results 


Theorem 2.4.3. The space 3 is complete and separable. 

The generality of the space 3 may be seen from the following 
Theorem 2.4.4. Every complete and separable metric space X is a continuous im- 
age of 3. 


Proof. Let X be a complete and separable metric space. Then 
1 
X= K (« 5) ; (2.4.7) 


where K(z,r) is the open ball centered at x with the radius r. Denoting by d(A) the 
diameter of the set A C X, we have d(K(a,4)) <1 for every x € X. 

Since X is separable, by the Lindelof theorem we can choose from (2.4.7) a 
countable cover: 


x= UK, aK) <1, 


n=1 
and also a 
X= | JelKO, d(a KY) <1. 
n=1 
We construct a family of sets {Dn,.n,,}, ™, M1,---,%m € N, as follows. We put 


D,, = cl KO). If we have already defined the sets Dy, ...n,, for all m1,...,%m € N and 
for a certain m € N, we have 


1 
Dinrrore.. *|l.4 K(x =) , (2.4.8) 
®EDny...2m 

Again we choose from (2.4.8) a countable cover 


1 


Dis intac © | JB AIG) Se 
n=1 


2.4. The space 3 31 


and we put 
Dny...nmrm41 = iba ae a el. K&™) Nm+1 E N. 


Nm+1? 


Thus we have defined inductively a family of sets {Dn,.n,,}, M,71,---,%m EN, 
with the properties 


(z) Every set Dy,...n,, is closed; 
e 1 
(a) (Dry ..-rm) < 3m—1" 
(000) De cae teen 2 pe I TO iy vn nay Nig ee 


Now take a z = {n;} € 3 and put 
Fe real) Ds thea (2.4.9) 
m=1 


By Cantor’s theorem (2.4.9) represents a single point in X, consequently formula 
(2.4.9) defines a function f : 3 — X. For every m € N the sets Dn,.n,,,1---Mm EN, 
form a cover of X. Consequently for every « € X and for every m € N there exists a 
set Dy,..n,, Such that x € Dn, ..n,,. The sequence {n;} represents a point z € 3 and 
we have f(z) = x. Thus f is onto: 


It remains to show that f is continuous. Fix an ¢ > 0 and choose a p € N so that 


1 
<e. Put d= See Take 2’, 2” €3, 2’ = {ni}, 2” = {ni}. o(2’, 2”) < 6 means 


Dp=1 
1 nin’! 1 
= ———  < — .. 2.4.10 
Dy Tefal = al] < Ber ane 


H / Mu . - / ihs 4 
Since nj, and n,’ are integers, ni 4 nj implies 


Im —m] 


1+ |nji — ni - 


Thus it follows from (2.4.10) that ni =n’ =n; fori =1,...,p. But 
F(z’) = () Dy nt; f(z") _ () Dyy nt, 
m=1 


and by (iit) above f(z’), f(z") © Dny..n,- By (i) this last set has the diameter at 


most => < €, so the distance between f(z’) and f(z”) is less than ¢. This proves 


that f is uniformly continuous in 3. 
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2.5 Analytic sets 


Let X be a separable and complete metric space. A set A C X is called analytic iff 
there exists a continuous function f : 3 > X such that f(3) = A. Moreover, we assume 
that the empty set is analytic. (It is of the form f(3) with the empty function /.) 
The class of all analytic sets in X is denoted by A(X). 


Theorem 2.5.1. Every closed set in X is analytic, t.e., F(X) C A(X). 


Proof. If F Cc X is a closed set, then F’ considered as a metric space (with the same 
metric as in X) is separable, since the separability is a hereditary property. F is also 
complete. In fact let x, € F be a Cauchy sequence. Then {x,,} converges in X, since 
X is complete: 

lim gv, =xEX. 


noo 


But then x € F, since F is closed. Thus {x,,} converges in F’: 


lim ¢g, =2€ F. 


n—cCo 


The theorem results now from Theorem 2.4.4. 


Theorem 2.5.2. Let X, Y be separable and complete metric spaces, AC X an analytic 
set, andg: AY a continuous function. Then the set g(A) C Y also is analytic. 


Proof. There exists a continuous function f : 3 > X such that f(3) = A. The function 
h=go f (the composite of g and f) is continuous, h: 3 — Y, and h(3) = g(A). 


Theorem 2.5.3. The cartesian product of a finite or countable number of analytic sets 
is an analytic set. 


Proof. Let A;,i € I, where I = {1,...,n} or J = N, be in A(X;), where X; are 


separable complete spaces. Then x A; C = X;, and = Xj; is separable and complete. 
tel 


(If I = N, this follows from Theorems 2. 1 i and 2.4. 2, ona if I is finite, the proof is 
similar). Thus there exist continuous functions f; : 3 > X; such that fi (3 ) =A,,i€ I. 
The function f : 3 — i X; defined as f = (fi, fo...) is continuous (if J = N, this 


follows from Lemma 2. A ‘1, and if I is finite, the proof is similar) and f(3) = x Aj. 
i€l 
Thus x A; € A( x Xj). 
iel iel 


Theorem 2.5.4. The union of a finite or countable number of analytic sets is an 
analytic set. 


Proof. We need only consider countable unions, since a finite union can always be 
written as a countable one. Let X be a separable and complete metric space, and 
A; C X, i €N, analytic sets. So there exist continuous functions f; : 3 > X such 
that fi(3) = Ai, 7 © N. We define f : 3 x N — X putting f(z,n) = f(z). The 
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function f is continuous. To see this, take a sequence yp = (2h,n~) €3 XN, KEN, 
convergent to a yo = (z0,0) € 3 x N: 


lim yr = Yo- 
k-o0o 
Then lim zz = zp and jim Nk = No, Le., Ne = No for k sufficiently large. For such k 
— CO 


— CO 


we have 
F (Ye) = F (2k, M0) = fro(Zk) > Fro (20) = F(Z0, 70) = F(yo) , 
since fp, is continuous. Now, 3 x N is complete and separable, being a product of com- 


plete and separable spaces, and hence, by Theorem 2.4.4 is an analytic set. Moreover 
we have 


f(3xN)= Ua. 
In fact, if « € f(3 x N), then «= f(z, n) for certain z € 3, néN,ie, x = fr(z), 


whence x € fn(3) = An and x € U A;. And if x € U A;, then there exists ann € N 


=1 
such that z € A, = fn(3), ie, ‘tier exists a z € . such that z = fr(z) = f(z,n) € 
f(3 x N). The theorem results now from Theorem 2.5.2. 


Theorem 2.5.5. The intersection of a finite or countable number of analytic sets is 
an analytic set. 


Proof. Again we need only consider countable intersections, and we may assume that 
the intersection in question is non-empty, for the empty set is always analytic. Let X 
be a separable and complete metric space, and A; C X , i € N, analytic sets. So there 


exist continuous functions f; : 3 — X such that f;(3) = A;, 7¢ N. Put Z = x Zi, 


where Z; = 3 for every 1 € N. By Theorems 2.4.1, 2.4.2 and 2.4.3 Z isa separable 
and complete space. Further define Q C Z as 


Q = {z= {z} © Z | fi(z) is independent of i} 


(the sequence f;(z;) is a constant). First we show that @ is a closed subset of Z, and 
hence, by Theorem 2.5.1, . analytic. 


Take a sequence 2“ € Q, im 2) = 2, Let 2 = {2}, 2 = {2}, 


zh") € 3 for k = 0,1,2,.... By ‘dana 2.4.1 lim 2) = 2°) for every 7 € N. Thus 
fi(ze) = lim fi(zo”) is independent of 7, since every sequence f;(z; a my is constant. 
Hence 2 €Q. 

We define a function f :Q— X as f(z) = fi(z;) (mdependent of 7!) for z € Q. 
Take again sequence 2‘) € Q converging to 2 € Q, as above. Then f(z) = 
fiz ) = filz (Oy = f(z), since the functions f; are continuous. 

Now 

=()A.- 
i=1 


3 
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For, if « € f(Q), then c= filzi) for a z a Z and alli € N, and hence x € f;(3) = A; 
for allt EN, ie., 7 € 0 A;. And if x € A A;, then x € A; = fi(3) for alli EN, ie., 


there exist z; € 3, 2 e N, such that x = Ee. i é€N. Putting z = {z;} € Q we get 
= f(z) € f(Q). 


The theorem results now from Theorem 2.5.2. 


Theorem 2.5.6. If X is a complete and separable metric space, then B(X) C A(X), 
i.e., every Borel set is analytic. 


Proof. The class A(X) fulfils conditions (i) and (ii) of Theorem 2.3.3. ((i) results 
from Theorem 2.5.1, and (é) from Theorems 2.5.4 and 2.5.5), and so it must contain 
the smallest class fulfilling these conditions, i.e., B(X). 


Finally we give here two characterizations of the class A(X). The first of them 
will not be proved (cf., e.g., Kuratowski [196], where the condition is taken as the 
definition of the analytic sets.) 


Theorem 2.5.7. Let X be a complete and separable metric space. A set A C X is 
analytic if and only if there exist a Borel set B C X and a continuous function 
f:B—X such that f(B) = A. 


Let us note that the sufficiency results easily from Theorems 2.5.6 and 2.5.2. 


Theorem 2.5.8. Let X be a complete and separable metric space. The family A(X) is 
the smallest class Z of subsets of X which fulfils the following three conditions 


(i) F(X) CZ; 
(it) If A; € Z fori EN, then also UA and qr) A; € Z; 


i=1 
(iit) If ZE€ Z, and f: 73> X isa ere function, then f(Z) € Z. 


Proof. The class A(X) fulfils conditions (i)—(¢i7) in virtue of Theorems 2.5.1, 2.5.4, 
2.5.5 and 2.5.2. So Z Cc A(X). Conversely, let Z C P(X) be a collection of sets such 
that conditions (i)—(iz) are fulfilled. By Theorem 2.3.3 B(X) C Z and hence, by 
(iii), Z contains also all the continuous images of the Borel subsets of X. But by 
Theorem 2.5.7 this is exactly the class of analytic subsets of X. So A(X) Cc Z. 


However, the class A(X) is not a o-algebra. The complement of an analytic set 
need not be analytict. It can be generally proved that if A and A’ both are analytic, 
then A is a Borel set?. 

The notion of an analytic set is due to M. Souslin and N. Lusin (cf. Lusin [210]). 
Expositions of the theory of analytic sets may be found, e.g., in Kuratowski [196], 
Kuratowski-Mostowski [198], Naimark [236], Sierpitiski [284]. 


TSouslin [293], Lusin-Sierpiriski [212], Hurewicz [149]. Cf. also Kuratowski-Mostowski [198], p. 443, 
Kuratowski [196], p. 408. 

? Souslin [293], Cf. also Kuratowski-Mostowski [198], p. 440, Kuratowski [196] p. 395. Cf. also Exercise 
E2.10. 
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2.6 Operation A 


Let S = {Sy,..n,,}, ™,71,---,%m €N, be a family of sets. (To every z = {ni} € 3 
there corresponds a sequence Sz = {Sn,,Snino,Snineng,---} of elements of S, and 


S = U S.). We define the operation A (cf. Lusin-Souslin [213]) for such a family as 
Z2E3 
(LJ denotes the union extended over all z = {ni} € 3) 


z 


As=|J q cee ee 


z m=1 
If, for every m,71,---,%m;Mm+1 © N, we have 
OAT aaiadd Cc Onde. criks ? 
the family S is called a regular system. If S is any family as described above, then 
putting 


m 
* 
Sleasths ves = () Sry ..ni » M,N1,--++,Mm © N, 
t=1 


we obtain a regular system S* = {SF }, ™M,M1,--.,%m EN, such that 
AS* =AS. 


So when studying the operation A we may always assume, without a loss of generality, 
that the system S in question is regular. 


Theorem 2.6.1. Every analytic set is the result of the operation A performed on a 
regular system of closed sets. 


Proof. Let X be a separable and complete metric space and A C X an analytic set. 
Thus there exists a continuous function f : 3 — X such that A = f(3). 
Define the sets 3n,..n,, C3 by 


3nr.rm = 12 = {ki} €3| ki = 11,...,km =m}, mM,7N1,...,2m EN. 
It follows from Lemma 2.4.1 that the sets 3n,..n_,, ™%,M1,---,%m €N, are closed, 
and clearly 
3n1...Nm,Mm41 = 3n1...Mm > MM, M1,-++5%m;, Mm41 € N. (2.6.1) 
Now put 
Oris aie. = cl f (3ny..-rm ) » M,N1,..-,Nm E N. 


The family S = {Spon}, ™,M1,-..,Mm €N, is, by (2.6.1), a regular system of 
closed sets. 

If z = {n;} € 3 is fixed, then, for every m EN, z © 3n,...n,,, whence, for every 
mEN, f(z) € Sni...nm 80 that 


FET | Grsatee: (2.6.2) 
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1 
om whence, by the continuity of f, 


lim d(Sp,..n,) = lim d[cl f(3n1..n,,)] =0- 


m—- co m—co 


But the diameter d(3n,...n,,) < 


So the intersection in (2.6.2), as an intersection of a descending sequence of closed sets 
with diameters tending to zero in a complete space, represents, by Cantor’s theorem, 
a single point. Thus 


Hence 


Theorem 2.6.2. The result of the operation A performed on a family of analytic sets 
is an analytic set. 


Proof. Let X be a separable and complete metric space and An, n,, CX, ™m,M1,..., 

Mm © N analytic sets. The sets 3n,..nm >. ™7,11,---,%m © N, defined in the proof of 

Theorem 2.6.1, are analytic in virtue of Theorem 2.5.1. Hence also, by Theorem 2.5.3, 

the sets An,...nm X3n1...nm are analytic subsets of X x3, and consequently, by Theorem 
co 


2.5.4, so are also the sets (for every fixed m € N) U (Ais gin OX Shiri) 
1 


and the set (cf. Theorem 2.5.5) {() U (Any...nim X 3nt...nm). The projection 
m=1 nj,..., Rral 


pix x3z7KX 
P(x, z) == 
is a continuous function, so by Theorem 2.5.2 p( () U (Aveda oan) 


m=1 n4,...,;%m=l 
is an analytic set. But 


p( () U - [Any...tm x eae) = U () Aigictiues = A{An,...n,,} : (2.6.3) 


Co Co 


To prove (2.6.3), take an x € p( () U [An,..nm X Becsuel)s Then there exists 
=1 


a z= {ki} €3 such that (az, z) € U [An,...nm X 3n1...nm] for every m € N. This 
N1y.--5Nm=l 
means that x € An,.n,, for all m € N, where n; = k; for i € N and consequently 


CO Co 
£ZE () Akg ...kem C U () Any...nm - 
m=1 


z m=1 


This proves an inclusion in (2.6.3). The proof of the converse inclusion is analogous. 
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2.7 Theorem of Marczewski 


The theorem of Marczewski (Marczewski [219]) assures that some important regular- 
ity properties of sets are preserved by the operation A. We start with two lemmas. 


Lemma 2.7.1. If {Sn,.n,,}, mM, M1,---;Mm EN, is a regular system, then for every 
Kiitcas ky EN 


Co Co Co 
U U () Sky ...bjlny tin = U () Sky .bj Na. * 
l=1 


z m=1 zZ mal 


The easy proof of Lemma 2.7.1 is left to the reader. 


Lemma 2.7.2. If {Sn,.n,,},™,11,---,%m €N, is a regular system, then for every 
set A 
co co lo) 
A\U () Ori ns Cc U U (Saris, \ U Sette) ; 
Zz m=1 z m=0 l=1 


where form =0 we assume Sy,..n, = A. 


[oe 
Proof. For an indirect proof suppose that there exists an «7 € A\U (1) Sny.nm 


Z-m=1 
such that x €U U (Siete \U Graces) . This means that for every z € 3 and 
z m=0 l=1 
meéNU {0}: 


if e€ Sy,..n,,, then there exists an 1 € N such that 7 € Sp, n,w- (*) 


We have x € A, so using (*) for m = 0 we infer that there exists an 1; € N such that 

x € $),. Using (*) for m = 1 and n; = |, we infer that there exists an lg € N such 

that x € Sj,1,. Proceeding so further we get the existence of a zo = {I;} € 3 such 
co 

that, for every mE N, x € Sj,..1,,. Hence x € U () Sny...n,,, which contradicts our 


zZm=l1 


supposition. 


A family © of subsets of a set (space) X is called an M-algebra (Marczewski 
algebra) iff it is a c-algebra and for every set A C X there exists aset BE ©, ACB, 
such that if Z € © and A C Z, then every set Y Cc B\ Z belongs to ©. By Theorems 
2.2.1 and 2.2.2 the class of the sets with the Baire property (in separable metric 
space X) is an M-algebra. Similarly, as will be shown later, the class of all Lebesgue 
measurable sets in R’ is an M-algebra. 


Theorem 2.7.1 (Theorem of Marczewski). If © is an M-algebra, then the result of 
the operation A performed on a regular system of sets from % belongs to X. 


Proof. Let Sr,..nm € U,M,N1,---;%m EN, form a regular system, and put 


A= A{Sns rm } : 
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For the set A choose a set B € © such that AC B and if AC Z € &, then every 
Y Cc B\ Z belongs to &. Similarly, to every set U (1) Sky...kjni..imm »K1s++-5kj EN, 


25m=) 
choose a set Bx,...4; € 4: according to the same pattern. We may assume that 


Bny.nm Cc oem Ee 915-645 Mm EN, (2.7.1) 


for otherwise we could replace Bn, .n,, DY Bny..nm AUSnz...nm Which would not spoil 
the remaining properties of Bn,..n,,- 
By Lemma 2.7.2 we have 


B\A=B\\J q) Sra BY a Bice Ul Bend) Braet 


zZ m=1 Zz m=1 l=1 


where for m = 0 we put By,..n,, = B. Now, by Lemma 2.7.1, 


U () Sky ..kj  Nietm = UU q Sky .kjlny.tm C UB. kyl ED, 


zZ m=1 l=1 z m=1 


since & is a o-algebra. Hence, by the choice of Bx,._.x;, 


(B\ A)A [Bry...ky \ UJ Bes..njl] €E- (2.7.2) 
l=1 


Since by (2.7.1) and Lemma 2.7.2 


B\A= B\U () Dyieye G B\U () Bniy..rm Cc U U Brececil's) Bi cweal ’ 
l=1 


zZ m=1 zZ m=1 z m=0 


we have 


l=1 


z m=0 


Let [...] stand for (B\ A)N Pigceies \U Basinectlt Then 
l=1 


PAA ies Rat U eae 


z m=0 m=0 2z m=0 n1...%m=1 


The last union contains only countably many summands, therefore, since U is a o- 
algebra, we get by (2.7.2) B\ Ae X. Since A C B, we have A= B\(B\ A) €%. 


From Theorem 2.7.1, Theorem 2.6.1 and the fact that the class of all sets with 
the Baire property is an M-algebra, we obtain 


Theorem 2.7.2. Every analytic set has the Baire property. 


In Part II of the present book we will encounter many sets without the Baire 
property, and hence non-analytic. 
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2.8 Cantor-Bendixson theorem 


The Cantor-Bendixson theorem belongs to standard part of any university course on 
the topology of metric spaces. But we prove it here because of its application in the 
theory of analytic sets. 

Let X be a metric space and A Cc X. A point x € X is called a point of 
accumulation of A iff for every neighbourhood U of x we have card(UM A) > 1. The 
set of all the accumulation points of A is denoted by A%. A point x € A is called a point 
of condensation of A iff for every neighbourhood U of a we have card(UM A) > No. 
The set of all the condensation points of A is denoted by A®. A set A C X is called 
perfect iff A= A%. 

The reader will easily verify the following properties of the operations * and ?@: 


Ae cAtcdlA, 
(AU B)* = A°UB*, 
ACBSA°cCB*, 
A®°=clA®, 


for every set collection K , U AVE ( U AS, 
AEK AEK 


(AU B)? = ACUB?, 
Fae b 
clA=AUA?. 
Theorem 2.8.1. If X is a separable metric space, then for every set A, 


card (A \ A®) < No. 


Proof. There exists a countable base of neighbourhoods {G,,}nen in X. Take an 
x € A\ A®. Then there exists a neighbourhood U of x such that card(UM A) < 
No. Further, there exists an nz € N such that « € G,, C U, and clearly we have 
card (Gyn, MA) < No. Now we have 


A\A°C [J (Gn, NA). (2.8.1) 
xe A\A® 


The union in (2.8.1) is at most countable, since there are at most countably many 


distinct sets Gy, and hence the set (J) (Gy, A), and so also A\ A®, is at most 
we A\ Ae 


countable. 


Corollary 2.8.1. If X is a separable metric space and AC X, then (A\ A®)® = @. 
Corollary 2.8.2. If X is a separable metric space and A Cc X, then A®*® = A®. 


Proof. We have, since A® is closed 


A®* cclA®P =A’. 
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On the other hand A c A® U(A \ A®), whence 


A® c A**U(A\ Ae)? = A. 


Theorem 2.8.2 (Theorem of Cantor-Bendixson). If X is a separable metric space, 
then X = AUB, where A= A®@ and card B < No. 


Proof. Let 
RaSCECK|CECt 


and put A=UK, B=X\A. Then Ac A‘, whence A? = AU A? =clA and 
(cl A)? = ATU A%4 = AP =c1A. 


Thus clA € K and clA C A. This means that AU A? C A, ie., A? C A. Since 
AC A®, we obtain hence 
A=A?, 
i.e., A is perfect. 
Now, B* = B** c B*4,i.c., B® € K and B® C A. By the definition of B we have 
BOB* = @ and B = B\B?°. Hence by Theorem 2.8.1 card B = card(B\B*) < Xo. 


Any subset D of X may be considered as a space, so. D = AUB with A = A? and 
card B < No. But in the formula A = A? the accumulation points of A are taken with 
respect to the relative topology of D. (These are points x such that card (DNUNA) > 1 
for every neighbourhood U of x). But since every accumulation point of A in D is an 
accumulation point of Ain X (card(DNUN A) > 1 implies card(UN A) > 1), A? in 
D is contained in A? in X. Consequently D = AU B with A C A®% and card B < No. 


Theorem 2.8.3. If X is a complete and separable metric space and A € A(X), then 
either card A < No, or card A= c. 


Remark. Theorem 2.8.3 says that the analytic sets realize the continuum hypothesis. 
Every uncountable analytic set has the power of continuum. 


Proof. Let A € A(X) and card A > No. There exists a continuous function f :3— X 

such that A = f(3). Consider the family of sets f~'({y}) for y € A. These sets clearly 

are non-empty and disjoint. By the Axiom of Choice (cf. Theorem 1.8.3) there exists 

a set Z C 3 which has exactly one point in common with every set f~'({y}) for y € A. 

Consequently there is a one-to-one correspondence between the points of A and the 

points of Z. Thus card Z > card A > No. Moreover, the function f | Z is one-to-one. 
By Theorem 2.8.2 Z = DUB with 


Dc D%and card B < Xo. (2.8.2) 


It follows that card D > No and the function f | D is one-to-one. 
Take 20,t%2 € D, xo 4 Xo. There exist open balls Ko, Ke C 3 such that x; € 


Ki, d(Ki) < 5? i = 0,2, and f(cl Ko) N f(cl Ke) = 2, since f is continuous. Let T 
be the family of all sequences I = {i,}, in = 0,2. For every I = {i,} € T we shall 
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define a sequence of points {%j,,2i,i,,---Liz..i,;---$ and a sequence of open balls 
{Ki,, Kiyig,... KG ...} in such a manner that 


qentnd 


Li1...an € Kin. cin $ Li ...an € D, (2.8.3) 
1 
UKiy..in) < SR (2.8.4) 
f(d Ki,..i,) a) f(cl Kj,..5,) = for (44, eaey in) # (1, es san) ; (2.8.5) 


where j, = 0,2. Suppose that we have already defined points x;,..;,, and balls Kj, i, 
for a certain n € N, so that conditions (2.8.3), (2.8.4), (2.8.5) are fulfilled. Since every 
neighbourhood U of any x € D contains points of D different from a (cf. (2.8.2)), 
we may find points 2;,...;,9 and 2;,..;,2 in D, different from 2;,..;,, and open balls 
Kix ..cind and Kinin? such that (tn4i1 = 0, 2) 


Wis iviti CAG iti: Cinniningy © 2s 
1 
UKiy..inings) < FapT 


f(d Kiy.in0) A f(A Ki,.i,2) = @. 


Moreover, we may choose the balls Ki,.i,i,4, C Ki,...i,. In this manner we have 
inductively defined, for every I = {i,} € Z, a sequence of points {x;,..i, }nen and a 
sequence of balls {K;,..i,, }nen so that conditions (2.8.3), (2.8.4), (2.8.5) are fulfilled 
and 


Kg i eoig CAG ds 3 (2.8.6) 


Thus, by (2.8.4), lim d(cl K;,..;,,) = 0, moreover, (2.8.6) implies that also 


cl Ky,, Cel Ki,..i, - 


bad 


Co 
By Cantor’s theorem the set () cl K;j,...;,, consists exactly of a single point 


n 


n=1 

[oe) 

() cl Ki,i, = tr, [= {in}. 

n=1 
Put 

E=|J {ar}. 
IeL 

For 1, 4 In, I, lp € T, we have x;, # 27,, since if it = 7?,...,i3_, = 72_,,i) 4 # for 


ann €N (hh = {in}, Io = {i2}), then by (2.8.5) f(d Kya Of (d Ky.,.i2) = @, and 
also f(Kjy. i) 1 f(Kiz...2) = ©, whence f(x7,) 4 f(xz,). Thus f | E is one-to-one, 
and since card Z = ¢, also card E = ¢ and card f(F) = c. 

Since E C3, f(E) C f(3) = A. Thus card A > c. On the other hand card A = 
card f(3) < card3 = c. So necessarily card A = c. 
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We may assign to every f(ar) € f(E), I = {in}, the point \> a of the 
n=1 


Cantor set (cf. Exercise 2.11), and the correspondence is one-to-one. Actually it can 
be shown that every uncountable analytic set contains topologically the Cantor set 
(i.e., contains a subset homeomorphic with the Cantor set). Cf. Exercise 2.12. 


2.9 Theorem of S. Piccard 


In the year 1942 S. Piccard published a theorem to the effect that if A, B C R are 
sets of the second category with the Baire property, then the algebraic sum A+ B 
of A and B contains an interval (cf. [256]?). This theorem was later generalized in 
various ways (cf., e.g., Kominek [172], Orlicz-Ciesielski [247], Sander [273] and also 
Smital-Snoha [291]) Some of these generalizations exceed the scope of this book. Here 
we will present one of such generalizations based on Dubikajits-Ferens-Ger-Kuczma 
72). 

Let X be a topological group (not necessary commutative), i.e., a set X endowed 
with a topology (e.g., a metric space) and with a binary operation + (i.e., + is a 
function + : X? > X) such that 


xt+(yt+z)=(r4+y)+z (2.9.1) 


for arbitrary x,y,z © X, there exists an element 0 € X such that 
ze+0=a, (2.9.2) 

and for every x € X there exists an element (—x) € X such that 

x+(-«#) =0. (2.9.3) 
x + (—y) is usually written as x — y. The commutativity of the operation +: 

ety=yta2 (2.9.4) 
is, in general, not assumed. Moreover, the functions f; : X? — X and fg: X — X 
filt,y)=ae+y, folx) =—«, 


are continuous. Then obviously, for every a € X, the functions T, : X — X and 
Sy:X ~~ xX 
Ta(z) =a+2, Sg(x) =x+a (2.9.5) 


are homeomorphisms. For any two sets A, BC X we write 
A+B={xc=a+b|acA, beEB}, 
and for a set A C X and an element b € X we write 
A+b={x=a+b|ace A}, b+ A={r=b+alacA}. 


Theorem 2.9.1. Let (X,+) be a topological group, and A, B Cc X two sets of the 
second category with the Baire property. Then 


int (A+B) 4@. (2.9.6) 


3 Added in the 2"4 edition by K. Baron. 
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Proof. X itself is of the second category, since it contains sets of the second category. 
Then every non-empty open subset of X is of the second category. In fact, suppose 
that G C X is non-empty, open and of the first category. Fix an a € G. Then, for 
every « € X, the set G—a+-2 is of the first category and open (since functions 
(2.9.5) are homeomorphisms) and « € G—a+z. Thus X is of the first category at 
every point x € X. By Theorem 2.1.4 X is of the first category, which is impossible. 

The sets A, B have the Baire property, i.e., there exist non-empty open sets 
G, H (if G, H were empty, the sets A, B would be of the first category) and first 
category sets P, Q, R, S such that 


A=(GUP)\R, B=(HUQ)\S. 
Hence it follows that the sets G\ AC Rand B\ H Cc S are of the first category. Fix 
elements g € Gandh € H and put Gp = -g+G, Ho = H-h, Apg=-g+A, Bo= 
B—h. Then (since (2.9.5) are homeomorphisms) the set 
Go \ Ao = (—9 + G) \ (-g + A) = -9 + (G\ A) 


is of the first category, and similarly the set Ho \ Bo = (H \ B) — h is of the first 
category. Put 
U=Gon Ao. 


U is open, since so are Gp and Ho, and non-empty, since 0 € U. Consequently U is 
of the second category. For every t € U write 


U,=UN(t-U). 
U; is open and non-empty (t € U;) for every t € U. The set (for every t € U) 
U; \ Ag CU \ Ap C Go \ Ao 
is of the first category. Similarly the set 
Uz \ (t — Bo) c (t- U) \ (t— Bo) =t — (U \ Bo) C t — (Ao \ Bo) 
is of the first category. Since 
Uz © [Ao (t — Bo)| U (Uz \ Ao) U [Ue \ (t — Bo)] , 


the set Ag M(t — Bo) is of the second category (for otherwise U; would be of the first 
category) and hence non-empty. So, for every t € U, there exists an a, € AgM(t— Bo), 
ie., ag € Ap and t — a € Bo. This means that there exists a b; € Bo such that 
at + by = t, i.€., te Ao + Bo. Now, 


Ag + By = (—g + A) + (BA), 
so 
Uc(-g+A)+(B-h), 


and 
gtU+hCcAs+B. 


Thus the set A+ B contains a non-empty open set g + U +h, i.e., (2.9.6) holds. 
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Exercises 

1. Let X, Y be topological spaces. Let A C X and B CY be arbitrary sets. Prove 
that cl(A x B) =clA x cl B and int (A x B) = int A x int B 

2. Let X, Y be topological spaces, and f : X — Y a homeomorphism. Prove that 
for any AC X 

cl f(A) = f(cl A), int f(A) = f(int A), 
and hence the sets A and f(A) are both of the same category. 

3. Let X, Y be topological spaces, X compact, and let f : X — Y be a one-to-one 
continuous function. Prove that f is a homeomorphism. 

4. Prove that any subset of a first category set is of the first category, and the union 
of a finite or countable collection of first category sets is of the first category. 

5. Let X be a separable* topological space. Prove that each of the following pro- 
perties is equivalent to the fact that AC X has the Baire property: 

(i) there exists a residual set B such that A is both open and closed in B; 
(ii) there exist sets B € Gs and R of the first category such that A= BU R; 
(tit) there exist sets C € F, and Q of the first category such that A = C \ Q; 
(iv) the set D(A) M D(A’) is nowhere dense; 

(v) the set D(A) \ A is of the first category. 

6. Prove that every set F with the Baire property has a decomposition £ = AUB, 
where A is of the first category, and B is a Borel set. 

7. Let X, Y be topological spaces, Y separable. Prove that if a set AC X x Y is 
residual (with respect to X x Y), then there exists a residual set C C X such 
that for every x € C the set Al[z] is residual. 

8. Let X be a topological space. We say that sets A, B C X are Borel separable iff 
there exists a set D € B(X) such that AC DC B’. Let Ph, Qn CX, nEN, 
be arbitrary sets, P= U Pr, Q= U Qn. Show that if for every n, m € N the 

n=1 n=1 
sets P,, and @, are Borel separable, then so are also P and Q. 
[Hint: Choose Dnm € B(X) such that P, C Dam C Qi,,. The set 
D= U.N Dam € BX) 
n=1m=1 
separates P and Q.] 
9. Let X be a separable complete metric space, and let A, B C X be disjoint 


analytic sets. Then A, B are Borel separable. (Lusin separation theorem; Lusin 
(211]). 

{Hint: Choose continuous functions f , g: 3 — X such that A = f(3), B= (3). 
For every m1,...,m,; € N put 


3rmy..m, = {z= {ni} €3| m1 =m,...,n7 =m}, GEN. 


4 The assumption that X is separable is not essential, and can be omitted. 


2.9. 


10. 


11. 


12. 


13. 
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Suppose that A, B are not Borel separable, and, using Exercise 2.8, find m; € 
N, 7 €N, such that f(3m,..m,) and g(3m,...m,;) are not Borel separable, j € 
N. Put z = {mi} € 3. Then o(f(z),9(z)) > 0 (@ being the distance in X), 
and d| FGriinmy)| + OG mccieny)| < o( f(z), 9(2)) for every 7 € N. Hence 
cl f(3mi...m;) A 9(3m,...m;) = @ so that f(3m,..m;) and g(3mj,...m;) are Borel 
separable. ] 


Let X be a separable complete metric space and A C X an analytic set. Prove 
that if A’ is analytic, then A € B(X). 

(Hint: Use Lusin separation theorem for A and B = A’|| 

The Cantor set C C R [Cantor discontinuum] is the set 


c= {reo Je= SoS. in = 0,2; nen}. 
n=1 


Prove that C is a nowhere dense perfect set. 

Let X be a separable complete metric space, and Ac X an uncountable analytic 

set. Put for€ = > a € C h(E) = f(xr), where I = {i,} (cf. the proof of 
n=1 

Theorem 2.8.3) and f : 3 — X is a continuous function such that f(3) = A. 

Prove that h: C — A is a homeomorphism. 


Prove that C + C = (0, 2]. 
{[Hint: Consider the set 
D=irE[01]|c#=) =, jn =0,1; nEN 
{2 [0, 1] | # Dd 3n j n 


and show that D+ D = [0,1]. 


BIRKHAUSER 


Chapter 3 


Measure Theory 


3.1 Outer and inner measure 


We assume that the reader is acquainted with the theory of Lebesgue measure and 
integral. We consider sets situated in R% with a fixed positive integer N. The Lebesgue 
measure in R% is denoted by m. The o-algebra of all Lebesgue measurable subsets of 
RY is denoted by L. 

There are various possible approaches to the theory of Lebesgue measure (cf., 
e.g., Halmos [129], Riesz [266], Natanson [237], Carathéodory [40], Lojasiewicz [208], 
Hartman-Mikusitiski [138], etc.). We do not presuppose any of those approaches. At 
any case the reader should be familiar with the following theorem, which we quote 
here without proof. 


Theorem 3.1.1. For any set A CRW the following conditions are equivalent: 
(i) AEL. 
(it) For every ¢ > 0 there exist open sets G and U such that 


ACG, G\ACU, m(U) <e. 
(itt) There exist sets H € Gs and B € L such that 
ACH, A=H\B, m(B)=0. 
(iv) For every € >0 there exist a closed set F and an open set V such that 
FCA, A\FCYV, m(V) <e. 
(v) There exist sets E € Fz and C € L such that 
ECA, A=EUC, m(C)=0. 


Theorem 3.1.1 will be our main tool in the sequel of this chapter. 
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Let AC R% be an arbitrary set. We define the outer measure! and the inner 
measure of A (denoted in the sequel by m_-(A) and m;(A), respectively) as 


me(A) = inf m(G), m;(A)= sup m(F). (3.1.1) 
GDA FCA 
G open F closed 


The outer and inner measure are defined for all sets A C R%. It follows directly from 
definition (3.1.1) that 
m-(S) = m;(S) =0. 


The connection between the outer measure, inner measure and the measure is ex- 
pressed by the following theorems: 


Theorem 3.1.2. [f A € L, then 
me(A) = m;(A) = m(A). (3.1.2) 


Proof. If A € £, then by Theorem 3.1.1 there exist, for every « > 0, a closed set F’ 
and open sets G, U, V such that 


FCACG,G\ACU,A\FCV, 
m(U) <e, m(V) <e. 


Hence G = AU(G\ A) and A = FU(A\ F), and since G\ AE L, A\ Fe 
L, m(G\ A)<m(U) <e, m(A\ F) < m(V) < «, we have 


m(G) <m(A)+e, m(A) < m(F) +e, 


m(G)—e<m(A)<m(F) +e. (3.1.3) 
Since ¢ > 0 has been arbitrary, relation (3.1.3) shows that 
m(A) = dnt, mG)= sup m(F). 


G open F closed 


which in view of (3.1.1) is equivalent to (3.1.2). 
Theorem 3.1.3. If 


mi(A) = me(A) < 00, (3.1.4) 
then A € £ and (3.1.2) holds. 


Proof. Relation (3.1.4) implies that there exist, for every ¢ > 0, a closed set F’ and 
an open set G such that F Cc AC G and 


m(G) — ; < me(A) = m;(A) < m(F) + 5 
Hence m(G \ F) = m(G) — m(F) < «, and clearly the set G\ F is open, G\ A Cc 
G\ F, A\ F Cc G\ F. Now the theorem follows from Theorem 3.1.1 if we take 
U=V=G\F. Relation (3.1.2) is a consequence of Theorem 3.1.2. 


1 Tf the Lebesgue measure is introduced via an outer measure, then the reader will easily verify that 
me defined by (3.1.1) coincides with the previous notion. 
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The next four theorems give the relation between the outer [inner] measure of 
the union of a countable collection of sets and those of particular sets. 


co 
Theorem 3.1.4. Jf A, CRY , n€N, are arbitrary sets, and AC (J An, then 


n=1 
me(A) < S- me(An)- (3.1.5) 
n=1 
In particular 
me( LJ An) < 2 me(An)- (3.1.6) 
n=1 n=1 


Proof. Fix an ¢ > 0. According to definition (3.1.1), for every n € N we can find an 
open set G,, such that 


An © Gn, M(Gn) < mMe(An) + = (3.1.7) 


Co 
U Gp also is an open set, and hence measurable. For measurable sets (and with m- 
n=1 


replaced by m) formulas (3.1.5) and (3.1.6) are true. Since AC [J Gn, we have by 
1 


n= 


(3.1.1) me(A) <m( LU G,), and hence 
n=1 


Co 


me(A) < m( LJ Gn) < $5 m(Gn) < So me(An) +8; (3.1.8) 


=1 n=1 


by (3.1.7). Letting in (3.1.8) ¢ — 0 we obtain (3.1.5). (3.1.6) is a particular case of 
(3.1.5). 


Relations (3.1.5) and (3.1.6) (as well as similar relations occurring in Theorems 
3.1.5-3.1.7) are true also for finite unions. It is enough to put A, = @ for n > m. 
Taking, in particular, m = 1 and A; = B, we obtain from (3.1.5) the monotonicity 
of the outer measure: If A Cc B, then 


me(A) < m-(B). 
The Lebesgue measure, as is well known, is o-additive: if A, € £L, n € N, are 


pairwise disjoint: 
AjN A; = for EP jr, igjEN, 


then 2 re 
m/( U An) a > m(An) . 


For the outer measure we have the following weaker version of this fact. 
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Theorem 3.1.5. If A, € L, n€N, are pairwise disjoint measurable sets, and A C RN 
is arbitrary, then 


me(AN U An) = 5 eet An). (3.1.9) 


Proof. Fix an ¢ > 0. We can find an open set G such that AN LU An C G and 
1 


m(G) —e <me(AN [J An). (3.1.10) 
n=1 
The sets GN A, , n € N, are pairwise disjoint measurable sets, AN A, C AN An N 


U A; C GN Ay, whence by Theorems 3.1.4 and 3.1.2 
i=1 


i= 


Me(AN An) < Me(GN An) =mM(GN Ap). (3.1.11) 
Since U (GN An) =GN U An C G, we get by (3.1.10) and (3.1.11) 
n=1 n=1 
me(AN |) An) > m(G) -€ > m( (J (GN An)) -€ 
n=1 n=1 
= JS) m(GN An)—€> So me(AN An) —€. (3.1.12) 
n=1 n=1 


When ¢ —> 0 we obtain (3.1.9) from (3.1.12) and Theorem 3.1.4. 


For Aj = Ai = R \ A,, An = @ for n > 3, we obtain from Theorem 3.1.5 the 
so-called Carathéodory condition 


me(A) =m-(AN A1)+m-(AN A}) for all ACR, 


which is equivalent to the measurability of the set Ai, and in the Carathéodory theory 
of the Lebesgue measure is even taken as the definition of the measurability of Aj. 

The following Theorems 3.1.6 and 3.1.7 are counterparts of Theorems 3.1.4 and 
3.1.5 for inner measure. 


Theorem 3.1.6. Jf A, C RY, n €N, are pairwise disjoint, and A C RX is an 
lo) 
arbitrary set such that U An C A, then 


m;(A) > Sa: (3.1.13) 


In particular, 


mi( (J An) = $5 mi(An)- (3.1.14) 
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Proof. For every n € N take a real number a, < m;(A,) and a closed set Fy, C An 
such that 


m(Fn) > an. (3.1.15) 
k k 
Take an arbitrary k € N. The set U F, is closed and L) F, C A. By the definition 
n=1 n=1 
of the inner measure we have 
k k k 
wi |.) Pe) Sem) SY, aa (3.1.16) 
n=1 n=1 n=1 
since the sets F,, are disjoint, just like A,,. Now let a; — m;(A1),...,a@~% 3 mi(Ag). 


Thus we get from (3.1.16) 


k 
A)2 So mi(A ) 


n=1 


Letting k — oo we obtain hence (3.1.13). (3.1.14) is a particular case of (3.1.13). 


Taking in (3.1.13) A; = B, A, = @ for n > 2, we obtain the monotonicity of 
the inner measure: If B Cc A, then 


m;(B) < m,(A). 


Theorem 3.1.7. Jf A, C RY, n EN, are pairwise disjoint measurable sets, and A C 
RY is arbitrary, then 


mi(An U Ay) = Saute An). (3.1.17) 


Proof. Fix areal number a < m,;(AN LJ Ap). We can find a closed set F C AN U An 
n=1 n=1 


such that 
a<mF). (3.1.18) 


co 
The sets FN A, n €N, are pairwise disjoint measurable sets. Since F C LU An, also 


n=1 
FCFOA YU An= U (FNAn). Moreover, we have FN A, C AN An, n € N. Hence 


n=1 n=1 
by the monotonicity of the inner measure 


mF) < acl It FO Ay) )= Som (FA An) = Som FM Ay) <dom (AM An) 


Relations (3.1.18) and (3.1.19) imply 


Peer Ge OE 


n=1 
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Letting a m;(AN U A,), we obtain 
1 


n= 


Mj (40 U 4] < Sania 
n=1 n=1 


which together with Theorem 3.1.6 yields equality (3.1.17). 


Before proceeding further let us note that for an arbitrary set A C R% we have 
m;(A) < m_(A). (3.1.20) 


This follows directly from definition (3.1.1), but one can also argue as follows: For an 
arbitrary ¢ > 0 there exists a closed set FC A such that 


mi(A) < m(F) +e. 
By the monotonicity of the outer measure we have 
m(F’) = me(F) < me(A). 
Hence m;(A) < m-(A) + ¢, and on letting ¢ — 0 we obtain (3.1.20). 
No we prove 


Lemma 3.1.1. For every set A C R% there exists a measurable set B such that AC B 
and m;(B\ A) =0. 


Proof. Consider first the case where m-(A) < oo. For every n € N there exists an 
open set G,, such that A C G, and 


m(Gn) <me(A) + —. (3.1.21) 


Put - 
Ba (\Gs (3709) 
n=1 


For an indirect proof suppose that m;(B\ A) = 27 > 0. Then there exists a closed set 
F Cc B\ Asuch that m(F’) > 7. For every n € N the set G,, \ F is open, AC G,, \ F, 
whence 

me(A) < m(Gp \ F) = m(Gr) — m(F) < m(G,) — 7. 


Hence, by (3.1.21), 


1 
M(Gn) < m(Gn) + an 1, 
or 1 
aa 20, 
gn" 


whence, on letting n — oo, we obtain a contradiction. 
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Now let m,-(A) be arbitrary. Put Ay = K(0,1), A, = K(0,n) \ K(0,n — 1) 
for n = 2,3,4,..., where K(0,n) is the open ball centered at the origin and with 


co 
radius n. The sets A, are measurable, pairwise disjoint, and (J) An = R. Moreover, 


n=1 
m(Apn) < oo for n € N, whence also me(ANM An) < m(A,y) < co for n € N. By the 
first part of the proof we can find, for every n € N, a measurable set B, such that 
AN Ay C By and m; [Bn \ (AN An)] = 0. Put B= U (B,NA,). Then BEL, A= 


n=1 


ANRY = An U A U (An An yc U (Ba Ag) = B. Moreover, 
n=1 


n=1 


B\ A= (J(BrM An) \A= LU [Bn An) \ 4]. 


n=1 n=1 


Now, (BnNAn)\A = (BnNAn)\(ANAn) C Bn\(ANAn), whence m; [(BnM An) \ A] < 
mi [Bn \(ANAp)| = 0, and ultimately m,;[(B,M A,) \ A] = 0, n € N. The sets 
B, © An are measurable and pairwise disjoint (since A, are pairwise disjoint). By 
Theorem 3.1.7 


m(B\ A) = mil LJ (Ba An) mil U (Bat Any) 


= mil (Br O An) 9 A’) = an By An) \ A] =0. 
n=1 n=1 


So the set B has the required properties. 


Lemma 3.1.2. For every set A C R™ there exists a measurable set B such that A C B 
and m(B) = me(A) 


Proof. For every n € N there exists an open set G,, such that A C Gp, and (3.1.21) 
holds. Define B by (3.1.22). Then B C G,,n € N, whence by (3.1.21) m(B) < 
m(Gn) < me(A) + gn ME N. As n > ov, we obtain hence m(B) < m,(A). On the 
other hand, A Cc B, whence m,(A) < m-(B) = m(B). 


Lemma 3.1.3. For every set A C RN there exists a measurable set B such that AC B 
and for every measurable set Z such that A C Z we have m(B \ Z) =0. 


Proof. Let B be the set occurring in Lemma 3.1.1. For every Z € £L, A C Z, we have 
B\ ZC B\ A, whence by Lemma 3.1.1 m;(B \ Z) = 0. Since B \ Z is measurable, 
this implies in virtue of Theorem 3.1.2 m(B \ Z) =0. 


The Lebesgue measure is complete, i.e., if Y C B\Z, then Y € Land m(Y) = 0. 
Thus Lemma 3.1.3 together with Theorems 2.7.1 and 2.6.1 imply the following 


Theorem 3.1.8. Every analytic set is Lebesgue measurable. 
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3.2 Linear transforms 


As is well known, the Lebesgue measure in R% is invariant under translations. We are 
going to show that this important property of m is shared also by the outer and inner 
measure. More exactly, we are going to prove the following (cf. Lojasiewicz [208]) 


Theorem 3.2.1. Let f : RNY — RY be linear transform 
f(z) =La+b, ceR’, (3.2.1) 


where L is an N x N non-singular square matrix, and b € R“. Then, for every set 
ACRY, we have 


me(f(A)) = |det L| me(A), mi(f(A)) = [det Z| mi(A). (3.2.2) 


Proof. First suppose that the set A is closed”. Function (3.2.1) is a homeomorphism, 
so f(A) also is closed, and thus both A and f(A), are measurable. For such an A 
formula (3.2.2) takes the form 


m(f(A)) = |det L|m(A). (3.2.3) 
Let ya be the characteristic function of the set A: 


(x) 1 if@eA, 
2 \— 
ne 0 ifa¢A. 


Then x40 f = xf-1(a) (0 denotes the functional composition). Hence, by the known 
rules of the integral calculus, 


m(A) = [ xaax a [oan |det L| dx = [xrw |det L| dx 


RN RN RN 


= |det L| f Xf-1(A) dx = |det L\m(f7"(A)) 5 
RN 
whence (3.2.3) follows on replacing A by f(A). 

Now let A C R% be arbitrary. Take an arbitrary closed set F C A. Then 
f(F) Cc f(A), whence mi(f(F)) < mi(f(A)). By (3.2.3) mi(f(F)) = m(f(F)) = 
|\det L| m(F’), whence 

|det L| m(F) < mi(f(A)) . (3.2.4) 
Taking in (3.2.4) the supremum over all closed sets F' C A, we obtain according to 
(3.1.1) 

|det L| m;(A) < mi(f(A)) . (3:2.5) 

Now take an arbitrary closed set Fy C f(A). Then the set F = f~'(Fo) is also 
closed, and we have f(F’) = Fo. By (3.1.3) 


m(Fp) = |det L| m(F), 


? The same argument applies also if A is open. 
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and m(F’) < m,(A), since FC A. Thus 
m(Fo) < |det L| m;(A). (3.2.6) 
Taking in (3.2.6) the supremum over all closed sets Fo C f(A), we obtain 
mi (f(A) < |det LE] mi(A), 


which together with (3.2.5) proves the second relation in (3.2.2). The proof of the 
first relation in (3.2.2) is analogous. 


Let us note that formulas (3.2.2) remain valid also for singular matrices L. 
Then the set f(A) is contained in an (N — 1)-dimensional subspace of R% , whence 
mi(f(A)) = me(f(A)) = 0. 

Taking in Theorem 3.2.1 L = E, the unit matrix of order N, we obtain the 
invariance of m,. and m; under translations. 


Corollary 3.2.1. Let f : RN — R™ be transform (3.2.1), where L is an N x N non- 
singular square matriz, and b € RN. If a set AC RN is measurable, then also f(A) 
is measurable, and relation (3.2.3) holds. 


Proof. Consider first the case where m(A) < co. By Theorem 3.1.2 m-(A) = m;(A) = 
m(A), whence by Theorem 3.2.1 


me(f(A)) = |det L] m(A), mj(f(A)) = [det L] m(A) (3.2.7) 


so that me(f(A)) = mi(f(A)) < 00. By Theorem 3.1.3 f(A) € L, and (3.2.3) results 
from (3.2.7). 
If m(A) = oo, then there exist pairwise disjoint measurable sets A, such that 


A= U An,m(An) < co, n € N (cf. the proof of Lemma 3.1.1). Then f(A) = 


Ui f(An), and f(An) € £, n EN, by the first part of the proof. Hence also f(A) € L, 
ond by Theorem 3.2.1 
m(f(A)) = mi(f(A)) = [det L] mi(A) = [det L| m(A). 
Thus (3.2.3) holds. 
Corollary 3.2.2. Let f : RN > RY be the transform 
f(z) =ar+b, ceR*, (3.2.8) 
where a € R\ {0}, bE RX. Then, for every set ACR, we have 
me(f(A)) = me(aA + b) = al” me(A), 
mi(f(A)) = mi(aA + 5) = [al mi(A), 
and, if A€ L, then also f(A) € L, and 
( 


m(f(A)) = m(aA +b) = |al® m(A). 
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Proof. Take L = aE, the diagonal matrix with all the elements of the main diagonal 
equal a. Then det L = aX # 0, and function (3.2.1) reduces to (3.2.8). Now the 
corollary results from Theorem 3.2.1 and Corollary 3.2.1. 


3.3 Saturated non-measurable sets 
A set AC RN is called saturated non-measurable (Halperin [132]) iff 


m;(A) = m;,(A’) = 0. (3.3.1) 


It follows directly from definition (3.3.1) that if a set A is saturated non-measurable, 
then so is also its complement A’. 

To justify the attribute non-measurable, let us note that a saturated non-measur- 
able set actually is not Lebesgue measurable. Supposing the contrary, we would get 
by (3.3.1) m(A) = m(A’) = 0, whence m(R") = m(AU A’) = m(A) + m(A’) = 0, a 
contradiction. 

An insight into the structure of saturated non-measurable sets may be gained 
from the following 


Theorem 3.3.1. Let A C R™ be an arbitrary set. Then the following conditions are 
equivalent: 
(2) m,(A’) = 0; 
(ii) for every measurable set E of positive measure we have AN E # @; 
(iit) for every measurable set E we have m-(AN E) = m(E); 
(iv) for every open interva® IC RN we have me(AN I) = m(I). 


Proof. First we prove that condition (i) implies (ii). Let a set A C R% fulfil (i), and 
let FE € £ be an arbitrary set such that m(F) > 0. If we had ANE = @, then Ec A’, 
whence 

m(A’) > m(F£)=m(E)>0, 
which is incompatible with (7). 

Now assume that A Cc RN fulfils (ii). Let E C R% be an arbitrary measurable 

set. Clearly 

m(ANE) <m(E) = m(E£). 


It remains to exclude the strict inequality. For an indirect proof suppose that for a 
certain E € £L we have 
m(AN BE) < m(E). 


By Lemma 3.1.2 there exists a set B € £ such that AN E C B and m(B) = 
me(AN E) < m(£). Hence also 


mBOE) <m(B) < m(E£). (3.3.2) 
Now, by (3.3.2) m(BM E) < ov, whence, again by (3.3.2) 
m[(E\ (BN E)| =m(£)-m(BN E)>0. 


3 An open interval in RN is a cartesian product of N one-dimensional open intervals. 
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Since AN E C BN E, we have E\ (BN E) Cc E\ (ANE) c A’. Thus we have 
constructed a measurable set of positive measure (viz. E \ (BN E)) disjoint with A. 
This contradicts (i). 

Condition (tv) is a particular case of condition (diz), so (iti) > (iv). It remains 
to show that (v) => (i). 

Let condition (iv) be fulfilled, and put J, = (—n,n)% , n © N. Thus J, Cc RY 


are finite intervals, Jn C Jnsi, n © N, U Jn = RY. Suppose that m;(A’) > 0. 
n=1 
Then there exists a closed set F C A’ such that m(F) > 0. We have 


F=FORN=Fn Ua = Ujena), 
n=1 n=1 


whence 
mF) = lim m(FN In). 


Thus m(f'N J,) > 0 for n sufficiently large. Let J denote an arbitrary interval from 
the sequence {J,} such that m(F'N J) > 0. We have 


ANJ=(ANINF)UV(ANINE)=ANINF CINF', 
since AN JN F = ©. Hence by (iv) 


m(J)=m(ANJ) <m(JN F’) =m(JN F’) 
=m[J\(JNF) =m(J)-m(JNF) <m(J), 


a contradiction. 


It is clear from the proof that in condition (tv) open intervals may be replaced 
by closed intervals. 

Let us note that conditions of Theorem 3.3.1 do not imply that the set A is non- 
measurable. They are fulfilled, e.g., for A = R%. But for saturated non-measurable 
sets we can derive from Theorem 3.3.1 the following result, which to a certain extent 
justifies the attribute saturated. 


Theorem 3.3.2. Let A C R% be a saturated non-measurable set. Then, for every 
measurable set B of positive measure, the set AN B is non-measurable. 


Proof. We have AN B Cc A, whence m;(AN B) < m;(A) = 0. Thus m;(AN B) = 0, 
whereas by Theorem 3.3.1 m-(ANM B) = m(B) > 0. The theorem now follows from 
Theorem 3.1.2. 


We defer the construction of a saturated non-measurable set A C R to the last 
section. Many examples of saturated non-measurable sets A C R% will occur in the 
second part of this book. However, in the sequel we assume that there exist saturated 
non-measurable sets, the assumption which will be justified only later. Let us note 
that if A is a saturated non-measurable set, then by Theorem 3.3.1 


me(A) = me(AN RY) = m(RX) =. 
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Theorem 3.3.3. Every set B C R% of positive outer measure contains a non-measur- 
able set. 


Proof. If B is non-measurable, then B itself is good. Now suppose that B € L so 
that m(B) = m_.(B) > 0, and let A be a saturated non-measurable set. Then the set 
AN BC B is non-measurable in virtue of Theorem 3.3.2. 


The saturated non-measurable set A constructed in 3.8 will also have the prop- 
erty: 
(«) If B Cc Aor BC A’, and B has the Baire property, then B is of the first category. 
Property (*) is a topological analogue of the saturated non-measurability 
(Kuczma [189]). Making use of (*) we will prove topological analogues of Theorems 
3.3.1, 3.3.2, 3.3.3. 


Theorem 3.3.4. Jf A C R% has property (*), and B C R% is a set of the second 
category and with the Baire property, then the set AN B is of the second category and 
without the Batre property. 


Proof. B= (AN B)U(A'N B). If AN B had the Baire property, then also A’N B= 
B\ (AN B) would have the Baire property, and since A’N B C A’, we would get by 
(«) that A’ B is of the first category. Similarly, AN B C A would be of the first 
category, and hence also B would be of the first category. If AM B were of the first 
category, then it would have the Baire property, and as we have just seen, this leads 
to a contradiction. Consequently AM B is of the second category and without the 
Baire property. 


Corollary 3.3.1. If a set AC R% has property (*), then for every set B of the second 
category and with the Batre property we have ANB @. 


Theorem 3.3.5. If A Cc R% has property (*), and B C RN is of the second category 
and with the Baire property, then D(AN B) = D(B). 


Proof. The inclusion D(AN B) Cc D(B) follows from AN B C B. Now let x € D(B). 
For every open neighbourhood U of x the set UM B is of the second category. The set 
U1 B has the Baire property, since B has it, and U, being open, also has the Baire 
property. By Theorem 3.3.4 the set UN BN A is of the second category, which proves 
that « € D(AN B). Consequently D(B) Cc D(AN B), which completes the proof. 


Taking in Theorem 3.3.5 B = R%, we obtain 
Corollary 3.3.2. If a set ACR has property (*), then D(A) = RN. 


Theorem 3.3.6. Every set B C R™ of the second category contains a subset without 
the Baire property. 


Proof. If B is without the Baire property, then B itself is good. Otherwise, let A C RY 
be a set with property (*). By Theorem 3.3.4 AN B Cc B is a set without the Baire 


property. 
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3.4 Lusin sets 


An uncountable set A C R% is called a Lusin set (Lusin [210]) iff it intersects every 
nowhere dense perfect set in RN at at most countably many points. In other words, 
A is a Lusin set iff card A > No and for every nowhere dense perfect set F C RY we 
have 

card (ANF) < No. 


It follows directly from the definition that an uncountable subset of a Lusin set is 

a Lusin set. The existence of Lusin sets was shown, under the assumption of the 

continuum hypothesis, by Lusin [210]. This will follow also from theorems in 11.6. 
We will need the following 

Lemma 3.4.1. Let E C R™ be an arbitrary set, and let f: E—~R™”, MEN, bea 

continuous function. There exists a decomposition 


E=AuB, (3.4.1) 


where ANB=2@, A is of the first category, and f(B) is measurable and of measure 
zero. 


Proof. If E is finite, the lemma is obvious. So in the sequel we assume that FE is 
infinite. Let {pz }zen be a sequence of points of FE, dense in FE. By the continuity of 
f we may choose positive numbers On, n,k € N, such that for « € K(pz,dnz) (the 
open ball centered at p, and with the radius 6,,) we have 


f(z)ek (sz) (3.4.2) 


Put E, = E \ U K(DksOnk), A= U E,, B = E\ A. Then (3.4.1) holds, and 


ANB=@. Se that y € int clEy,. ‘So there exists an open ball K C R% such 
that y € K CclE,. There exists a k € N such that p, € K, since the sequence {p,} 
is dense in E. Hence K (pz, dng) NK AB. On the other hand, K (pz, dng) N En = 9, 
so K (pg, Onk) OK cannot contain any point of E,,. But this contradicts the fact that 
K Cdn. 

Thus int cl E, = 2, which means that FE, are nowhere dense, and A is of the 
first category. It remains to show that m(f(B)) = 0. 


oo. 1 
Let U, = UK (sn, x) Cc R™, and let ¢ denote the M-dimensional 
k=l 


measure of the unit ball in R™. By Corollary 3.2.2 


m( (fs) =m (see (0.1) + Fle) = GEem(KO.D) = ae 
whence by Theorem 3.1.4 
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If an a € B, then x ¢ E, forn EN, ie, x € K(pr, Ong) for a certain ky € N. Hence 
by (3.4.2) f(x) € U, for every n € N, which means that f(B) C U,, for every n € N. 
Hence 1 
c 
me(f(B)) < m(Un) < 7M 9M — 1 
for all n € N. Letting n — oo we obtain hence m.(f(B)) = 0, i-e., f(B) is measurable 
and of measure zero. 


An interesting property of Lusin sets is expressed by the following theorem of 
Sierpitiski [281]. 


Theorem 3.4.1. Jf E C R™ is a Lusin set, and f : E > R™ a continuous function, 
then f(E) is Lebesgue measurable and of measure zero. 


Proof. By Lemma 3.4.1 the set E has a decomposition (3.4.1), where A is of the first 
category, and m(f(B)) = 0. Thus A= UL Ep, where intclE, = @ for n € N. By 


Theorem 2.8.2 cl E, = F,UP,, where F,, ig pated incl E,,and card P, < No, NEN. 
But cl E,, is closed, so F;, is perfect. Moreover, F, C cl Ey, and clcl E, = cl E, so that 
intclcl FE, = intcl E, = @. This means that cl E, is nowhere dense, and hence also 
F,, is nowhere dense. Since A C E, A itself is a Lusin set*, whence card(AN F,) < Xo 
for n € N. We have 


Ac Lazy = UJ u.u Pa), 
n=1 n=1 


soA= L [((ANF,) U(AN P,)]. The sets occurring under the union sign are at most 
n=1 

countable, so also card A < No, and card f(A) < card A < No, whence m(f(A)) = 0. 

Now f(£) = f(A) U f(B), and being a union of measurable sets of measure zero, 

f(E) itself is a measurable set of measure zero. 


Taking M = N and f(x) =< for x € E, we obtain from Theorem 3.4.1 


Corollary 3.4.1. Every Lusin set is Lebesgue measurable and of measure zero. 


Theorem 3.4.1 and Corollary 3.4.1 express the fact that from the point of view 
of measure theory Lusin sets are very small. The situation is different from the point 
of view of topology (Sierpiriski [282]). 


Theorem 3.4.2. If E C RX is a Lusin set, then E is of the second category and 
without the Batre property. 

co 
Proof. Suppose that E is of the first category. Then E = [J En, where the sets FE, 


Tt 
are nowhere dense. Since E, being a Lusin set, is uncountable, at least one of the sets 
Ey, say Ej, is uncountable. By Theorem 2.8.2 E,, = AU B, where A is perfect in 


4 If A is uncountable. If card A < No, then so the more card(AN Fr) < No. 
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Ey, and card B < No. The fact that A is perfect in E,, means that every point of A 
is its accumulation point (this fact is independent of E,,), in other words 


Ac A*, (3.4.3) 


and every accumulation point of A, belonging to LE, belongs also to A: AYN Em C A. 
Put F =clA= AU A*. Hence F? = A? U A* = At, and by (3:43) .F = AU A? C 
A¢U A? = A? = F4, On the other hand, F¢ C F, since F is closed. Consequently 
F = F4, and F is perfect. 

Further, since A C E,,,, A is nowhere dense, and also F = cl A is nowhere dense. 
E, C E is a Lusin set, so card(Ey, 1 F) < Xo. Hence also card( Ey, MA) < Xo, since 
AC F, and since FE, 1 A = A, card A < No. Therefore also E,, = AU B is at most 
countable. This contradiction shows that FE cannot be of the first category. 

So F is of the second category, and suppose that FE has the Baire property: 


E=(GUP)\R, 


where G is open, and P, R are of the first category. G 4 @, since otherwise EF would 
be of the first category. By Theorem 2.1.1 there exists a set B € F,, of the first 
category, such that Rc B. Put A=G\ B. The set A is analytic, since it is a Borel 
set, and we have A C E. Clearly A is of the second category, and hence uncountable. 
There exists (cf. Exercise 2.13) a homeomorphism f : C — A, where C is the Cantor 
set. C is perfect and nowhere dense (Exercise 2.11), so also F = f(C) CAC Eis 
perfect and nowhere dense, since f is a homeomorphism. Therefore card(ENF’) < No. 
But EN F = F, so card F < No. But f, being a homeomorphism, is one-to-one, so 
card F = card f(C) = cardC = c. This contradiction shows that E cannot have the 
Baire property. 


3.5 Outer density 


Let A C RN be an arbitrary set. A point 2 € RN is called a point of outer density of 
A iff : 

fig ele) Ae) =1, 

r—0 m(Q") 
where Q” denotes the closed cube with the edge of length r centered at x: 


e N r r 
Q'= x Lj->,Xj,+> 


x 5 5 pt. = (Zijaeygew)4 


If A € £, we omit the attribute outer and say simply that x is a density point of A. 
The famous Lebesgue density theorem says that if A € £, then almost every 
point x € A is a density point of A. For an arbitrary set A, let A* denote the set 
of the points of outer density of A, which reduces to the set of density points of 
A whenever A is measurable. The Lebesgue density theorem may be expressed as 
follows: If A € £, then 
m(A \ A*) =0. (3.5.1) 
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Formula (3.5.1) can be extended to arbitrary sets A C R%. We will prove this below 
making use of the Vitali covering theorem, with which, as we assume, the reader is 
familiar. The proof given here is due to Z. Opial (cf. Lojasiewicz [208}). 


Theorem 3.5.1. Almost every point of an arbitrary set A C RN is a point of outer 
density of A. 


Proof. Let E = A\ A* be the set of those x € A which are not points of outer density 
of A. The thing to prove is that m() = 0. First assume that A is bounded. For every 
cube Q” we have AN Q” C Q’, whence m.(AN Q") < m(Q"). Thus for « € E we 


have (AnQr) 
me(ANQ" 
lim inf —~—~—— <1. 
et m(Q) 
Let H(a), a € (0,1), be the set of those 2 € A for which 
- eg M(ANQ") 
lim inf —~———— < a 
r0 -m(Q") 


oo 1 
Since E= U H(1- a) it is enough to prove that m(H(q)) = 0 for every a € (0,1). 
k=2 


Fix an a € (0,1), and write H = H(a). Take an ¢ > 0. There exists an open set 
G such that H C G and 
m(G) < me(H) +e. (3.5.2) 


Moreover, since H C A is bounded, we have me(H) < oo. 
Let Q be the family of all closed cubes Q C G such that 


me(AN Q) 
m(Q) 


By definition Q is a Vitali cover of H. By the Vitali covering theorem there exists a 
finite or countably infinite sequence of pairwise disjoint cubes Q,, € Q such that 


m(H\(J Qn) =0. (3.5.4) 


<a. (3.5.3) 


Since 


H=()(4#0Qn)U(A\U Qn) CU (AN Qn) U(H\ Qn), 
we have by (3.5.4) and by Theorem 3.1.5 


me(H) < me[|J(ANQn)] = So me(AN Qn). 


n 


But all Qn € Q, and so fulfil (3.5.3). Moreover, Q, C G, whence also UQn C G. 
Thus by (3.5.2) 


i us (Qn) =am (U2) < —— am(G) <a(m-(H) +e), 
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whence, on letting « — 0, we obtain m-(H) < am.(H), whence m-(H) = 0. In view 
of the inequalities 0 < m;(H) < m-(H) this implies by Theorem 3.1.3 that H € £ 
and m(H) = 0. 

Now let A be unbounded. Then A can be represented as a union A = U Ay of 
disjoint bounded sets. Since A, C A, we have me(An MQ") < me(AN Q” )< m(Q”) 
for every n € Nand r > 0. Thus, if an x is a point of outer density of an A, it must 


be also a point of outer density of A. In other words, A* Cc A*, n € N. Hence, for 
every nEN, A, \ A* C Ay \ A®, and 


[oe) 


E=A\A*t= (U Ar ) a UL ( An \ A*) C Ul An \ A*). (3.5.5) 


n=1 n=1 


By the first part of the proof m(A, \ A*) = 0 for n € N. Thus all the sets in (3.5.5) 
are of measure zero, and, in particular, m(E) = 0. 


The classical Lebesgue density theorem is a particular case of Theorem 3.5.1 
above. 


3.6 Some lemmas 


In this section we prove some unrelated theorems which will be useful in later parts of 
this book. Theorem 3.6.1 is known as Smital’s lemma (Kuczma-Smital [190], Kuczma 
[185]), although similar ideas are found also in earlier works (Ostrowski [248], Halmos 
[129], Erdéds [76]; R. A. Rosenbaum [269] mentions an equivalent theorem). Lemma 
3.6.1 is Zygmund’s lemma (cf. Lojasiewicz [208]). Theorem 3.6.4 is found in Borel 
[36]. 


Theorem 3.6.1. Let B, D C R™ be such that m-(B) > 0 and D is dense in RX. Put 
A=B+D. Then m,(A’‘) =0. 


Proof. By Theorem 3.5.1 there exists an xo € B which is a point of outer density of 
B. Thus, for every c € (0,1), there exists a 6 > 0 such that, if Q” is the cube centered 
at Zo and with the edge r, then r < 6 implies 


Me(BNQ") > cm(Q’). 


Put Do = to + D. Then every x € Do may be written as x = x7 + y,y € D. By 

Corollary 3.2.2 me [(BN Q")+y] = m-(BOQ") and m(Q” + y) = m(Q"). Thus 

for any « = %) + y € Do and for any cube Q centered at x and with the edge 

r <0 we have m- [((B + y) NQ] > cm(Q). Since A= B+ D= [J (B+y), we have 
yeED 

mMe(ANQ) 2 me [(B + y) 1 QI, whence 


me(ANQ) > em(Q) (3.6.1) 


for every cube Q centered at a point of Do and with the edge r < 06. 
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Take an arbitrary open interval? JC R%. Let Q be the family of cubes Q C I 
centered at points of Do and with edges less than 6. The family Q is a Vitali cover 
of I, since the set Do is, like D, dense in R%. By the Vitali covering theorem® there 
exists a (finite of infinite) sequence of pairwise disjoint cubes Q,, € Q such that 


m(I\(JQ@n) =0. (3.6.2) 


Then we have” by Theorem 3.1.5 and by (3.6.1) 
m(L) > me(LN A) = me(AN|JQn) + me[AN (L\ LJ Q@n)] 


= me(AN (J Qn) = S 7 me(AN Qn) 2 cS > m(Qn) _ em(I), 


since m(I) = m(U Qn) + mT \UQn), and by (3.6.2). Hence, letting c > 1, we get 


m(I) =m(IN A). (3.6.3) 


Relation (3.6.3) is valid for an arbitrary open interval J C R%. The theorem now 
follows from Theorem 3.3.1. 


The following theorem (Kuczma [189]) is a topological analogue of Theorem 
3.6.1. 


Theorem 3.6.2. Let X be a separeble® topological group, and let B, D C X be such 
that B is of the second category, and D is dense in X. Put A= B+D. Then the 
set A' = X \ A does not contain any subset of the second category and with the Baire 
property. 


Proof. It is enough to show that A intersects every set of the second category and 
with the Baire property in X. Let EF C X be such a set. Then E = (GUP)\ R, where 
G is open, and P, RF are of the first category. Since EF is of the second category, we 
must have GF @. 

Since B is of the second category, D(B) 4 @ by Theorem 2.1.4. Let xp € D(B). 
There exists a d € D such that x9 +d € G. Hence the set G—d is a neighbourhood of 
xo. Consequently BM (G — d) is of the second category, and so is also its translation 
[B 1 (G — d)| +d. (Translation is a homeomorphism). But [BN (G— d)] + d= (B+ 
d)NGC(B+D)NG=ANG. Thus ANG is of the second category, and so is also 
(ANG)\ R. On the other hand, (ANG)\ R = AN(G\ R) Cc AN[(GU P) \ R] = ANE. 
Consequently AM F also is of the second category, and, in particular, ANE 4 @. 


> CE. 3.3. 
6 The proof given in Kuczma-Smital [190] does not use the Vitali theorem 
7 Since Qn C I for all n, we have TIN ANU Qn = ANU Qn. 


n n 
8 The assumption that X is separable is not essential and may be omitted. 
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Now let f : (a,b) — R be a function of a single real variable, and let Dt f(z) 
denote the upper right Dini derivative of f at a: 


D* f(x) = limsup fern ie) ; 
h—0+0 


Lemma 3.6.1. Let f : (a,b) > R be a continuous function, and let Z C (a,b) be a set 
such that int f(Z) = @. If Dt f(x) > 0 for x € (a,b) \ Z, then f is increasing?. 


Proof. For an indirect proof suppose that there exist c, d € (a, b) such that c < d, 
and 


fd) < fle). 
Take an arbitrary y € (f(d), f(c)). There exist x € (c, d) such that f(a) = y. Put 


A={wxe(c,d)| fx)=y}. 


By the continuity of f the set A is closed!, and since A C (c,d), A is bounded. Thus 
A is compact. Hence 
zo =supA€ AC (c,d). 
For x € (ao, d) we have f(x) < y = f(xo). Thus for x € (20, d) 
f(x) = flo) _ F(*) 


= EY So: 
tL — XO x — XO 


Hence D* f(a) < 0, whence % € Z and y € f(Z). Since y was arbitrary in 
(f(d), f(c)) this shows that (f(d), f(c)) C f(Z), contrary to the assumption that 
int f(Z) = @. Thus f must be increasing in (a, 6). 


Theorem 3.6.3. Let f : (a, b) > R be a continuous function, and let Z C (a, b) be a 
countable set. If D* f(x) > 0 for x € (a, b) \ Z, then f is increasing. 


Proof. For every n € N put gn(x) = f(x) + “| Then 
n 


Dt gn(x) = Dt f(a) + > 0 for x € (a,b) \ Z. 


Since card g,(Z) < card Z < No, we have int g,(Z) = @ for n € N. By Lemma 3.6.1 
all functions g, are increasing, and hence also 


f(x) = lim gn(@) 


n—oo 


is increasing. 


9 In this book increasing resp. decreasing means weakly increasing resp. weakly decreasing, i.e., 


x <y implies f(x) < f(y) resp. f(x) > f(y). 
10 The set A is closed in (c,d). But since f(d) < y < f(c), 


A={wreled]| fa) =y}, 


and so A is also closed in [c,d], and hence closed. 
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Now fix integers k,p,q,p21,q¢22,0<k<q-1, and put 


0 
C={cEN|0<c<q-1, c#k}, (3.6.4) 


4p={2€(Ule= oo, co €C fori=1,...,p—l, m=k, 


i=1 


ecg i for i>p}. (3.6.5) 
Lemma 3.6.2. Set (3.6.5) is measurable and 
m(Ap) = (¢—1)?"*q°?. (3.6.6) 
Proof. For every c...,Cp—1 € C we define the interval P(ci,...,cp—1) as 
pat Ci k 7 Cj k + | 
Ze iy Bt Be if k<q-1, 
= g @ > q’ q? 
P(c, ,Cp—1) —_ 
P-le k PG ot 
ae pea if k=q-1 
= cP ae eS 
Then 
Mose a). chica Ne (3.6.7) 
C1,+,Cp—-1 EC 


The length of each interval P(ci,...,¢p—1) is q~”, their number is (q—1)?~', and the 
different intervals are disjoint. Thus (3.6.6) is a direct consequence of (3.6.7). 


Theorem 3.6.4. Let q > 3 and let 


A= feetila=S 8, vec}. 


i=1 
Then A € £ and m(A) = 0. 
Proof. Put A’ = [0,1] \ A. Then 


where A, are given by (3.6.5). The sets A, are pairwise disjoint and measurable, thus 
A’ € £ and by Lemma 3.6.2 


m(A’) = Yom(ay) = SoS =, 


p=1 p=1 


Hence also A € £ and m(A) = 1—m/(A’) = 0. 
Corollary 3.6.1. The Cantor set C (cf. Exercise 2.11) has measure zero. 
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3.7 Theorem of Steinhaus 


The celebrated theorem of Steinhaus is the measure theoretical analogue of the the- 
orem of S. Piccard (Theorem 2.9.1). Originally Steinhaus proved it (Steinhaus [297]) 
for measurable subsets of R, but then it was extended to more general settings (cf., 
e.g., Kurepa [200], Kuczma-Kuczma [194], Sander [274], M. E. Kuczma [192], [193], 
Paganoni [251]). Here we will present two different proofs of Theorem 3.7.1. The first 
one (Kuczma-Kuczma [194]) is based on an idea of H. Kestelman [169] and will use 
the following 


Lemma 3.7.1. If A, B, C C R® are measurable sets, m(A) < 00, then 

|m(AN B)—m(ANC)| <m(B+C), 
where B+ C=(B\C)U(C\ B) is the symmetric difference of the sets B and C. 
Proof. We have 
m(AN B)—m(ANC) = m(ANBNC)+m(ANBNC')—m(ANBNC)—m(ANB'NC), 
whence 


|m(AN B) —m(ANC)| < M(AN BNC’) + m(AN BNC) 


m(BNC')+m(B'NC)=m(B+C). 


< 
< 


Theorem 3.7.1 (Theorem of Steinhaus). Let A, B C R™ be arbitrary sets such that 
m;(A) > 0, m;(B) > 0. Then int(A+ B) 4 o. 


Proof. Every set A such that m;(A) > 0 contains a compact subset Ag such that 
m(Ao) > 0. So there exist compact sets Ap C A and By C B, m(Ao) > 0, m(Bo) > 0. 
Since Ap + Bo C A+B, it is enough to prove the theorem for compact A, B of positive 
measure. 


Assume that A, B C R™ are compact, m(A) > 0, m(B) > 0. For every t € RY 
put B, =t— B. We define a function w: RN > R as 


w(t) = m(AN By) = [ratore, (a) dx , (3.7.1) 
RN 


where x denotes the characteristic function (cf. 3.2). First we prove that the function 
w is continuous. 


Fix at © R% and take ane > 0. By Theorem 3.1.1 there exists an open set G; 
1 
such that B, C G; and m(G; \ Bi) < ha Thus B,M Gi, = @, and both these sets 


being closed, their distance 6 is a positive number. So for h € R* with! |h| < 6 we 
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have Byrn C Gr, whence 
m(Bitn \ Br) < m(G: \ Bi) < x 
Similarly, since By,;, = By, +h, we have by Corollary 3.2.2 m(Biin) = m( By), and 
m(Br \ Bern) < m(Gr \ Brzn) = m(Gr) — m(Br+n) 
= m(G) — m( Bz) = m(G; \ Br) < x 
Hence 
m(Bitn + Br) = m( Bern \ Bt) + m( Bi \ Bizn) <e€ for |h| <6. 
For such h we have by Lemma 3.7.1 
l(t +h) — w(t)| = |m(AN Bean) — m(AN By) < (Bun + By) <e- 


Thus w is continuous at t, and t € R™ being arbitrary, w is continuous in RY. 
Next we have by (3.7.1) 


fowar= [xf x2. at) ee [xa [ xate par) ae. 


RN RN RN RN RN 


Making in the inner integral the change of variables u = t — x, we get hence 


foat= [xa f xo au) ae 


RN RN RN 
=(f xa(uau)( f xala)ax) = m(B) m(A) > 0, 
RN RN 


This shows that w # 0 in R%, and by (3.7.1) w(t) > 0 in R%. Consequently there 
exists a to € R% such that w(to) > 0, and, by the continuity of w, there exists an open 
neighbourhood U of to such that w(t) > 0 for t € U. Thus (cf. (3.7.1)) m(AN B;) > 0 
for t € U, in particular, AN B, ~ @ for t € U. Thus for every ¢t € U there exists an 
a € Asuch that a € By, ie., a= t—bwithabe B. In other words, t=a+be€ A+B, 
whence U Cc A+ B and int(A+ B) 4 @. 


The other proof is due to J. H. B. Kemperman [165]. It is based on the following 


Lemma 3.7.2. Let A, B C R™ be measurable sets, and let A*, B* be the sets of their 
density points. Ifa € A* and b € B*, then there exist positive numbers 6 and n such 
that for x, y € RN such that |x —a| <6, |y—b| <6 we have 


m{(A-—2)N(y—- B)] =n. (3.7.2) 


N 
11 || denotes the Euclidean norm of h. If h = (hi,..., hw), then |h| = (d n?)t/2, 
i= 
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Proof. The reader will easily verify that 0 is a density point of the sets A — a and 
B-bd. Fixane, 0<e< 5 There exists a cube Q centered at the origin and such 
that 

m(C) > (1—¢)m(Q), m(D) 2 (1 — €) m(Q), (3.7.3) 


where C= QN(A-—a), D=QN(B-—b). We have CC A-—a, DC B—b, whence 
C+acA, D+bCBandC+a-2CA-x, y—(D+b) cCy-—B. Hence 


Qn(C+a-—2)N(y-D—b) c(C+a—2)N(y-D—b) Cc (A-2z)N(y- B), 


and 
m{(A—a2)N(y— B)) =>m[Qn(C+a—2)N(y—-D-—d)] . (3.7.4) 


Put 
C,=C+a-—a2x, Dy=y—-D-—b. 


Since (Cz N Dy) U Ct, U Di, = RN, we have 
m(Q) < M(QNCzN Dy) +m(QN Cz) +m(QN D,), 
and by (3.7.4) 
m[(A — 2) A(y — BY] > m(QNCzNDy) > m(Q)— m(QNCL) — m(QN D1). (3.7.5) 


Further, (QM C),) UCz = QU Cz, = QU(Q’NC;), and similarly (QM Di) U Dy = 
QU(Q’N D,), whence 


m(QNC,)+m(Cz) = mM(Q)+mM(Q'NCr), m(QND,)+m(Dy) = m(Q)+m(Q'NDy) , 


the sets in question being disjoint and measurable, whence by (3.7.3), since by Corol- 
lary 3.2.2 m(Cz) = m(C) and m(D,) = m(D), 


m(QN Ch) = m(Q) — m(Cx) + m(Q/N Cx) 

= m(Q) — m(C) + m(Q/N Cz) < em(Q) + m(Q'N Ce), 
m(QN Di) = m(Q) — m(Dy) + m(Q/ND,) 

= m(Q) — m(D) + m(Q’N Dy) < em(Q) + m(Q/N Dy). 


The cube @ is symmetric with respect to the origin, i.e., —-Q = Q. Thus we have 
CcQ,DcQ, -Dc-Qc q. Let Qz and Q, be the cubes concentric with 
Q and such that edgeQ, = edge@ + 2|a—2|, edgeQ, = edgeQ@ + 2|b—y|. Then 
Q’NCr C Qz\Q, Q'N Dy C Qy \ Q, whence m(Q’N Cz) < M(Qz \ Q) = M(Qz) — 
m(Q), m(Q'N Dy) < m(Qy \ Q) = m(Qy) — m(Q), and 


m(QNC,) < em(Q) + m(Qz) — m(Q), 
m(QN Dy) < em(Q) + m(Qy) — m(Q). 
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The functions y(x) = m(Qz) — m(Q), v(y) = m(Q,y) — m(Q) approach zero as 
xa, y— db. We have by (3.7.5) 


m[(A— 2) (y— B)] > (1 — 2e)m(Q) — g(x) — vy) - (3.7.6) 


1 1 1 
Put 7 = 51 — 2e)m(Q). There exists a 6 > 0 such that v(x) < 57 and wW(y) < 51 
whenever |x — al < 6 and |y — 6| < 6. For such 2, y (3.7.2) follows from (3.7.6). 


Theorem 3.7.2. Let A, B C R% be measurable sets of positive measure, and let A*, B* 
be sets of their density points. Then the set (ANA*)+(BOB*) is open and non-empty. 


Proof. By the Lebesgue density theorem AN A* 4 2, BN B* 4 G, so also (AN A*)+ 
(BN B*) 4 @. Take ad € (AN A*) +(BN B*). Thus d=a+b, where, in particular, 
a € A*, b € B*. Choose 7 and 6 according to Lemma 3.7.2 and take a t € R such 
that |d—t| < 6. Put 


rT=a,y=t—a. 


Then |x — a| = 0 < 6, and |y — b| = |t —a — b| = |t — d| < 6. By Lemma 3.7.2 


m[((A-a2)N(y-B)2n. (3.7.7) 


By Lebesgue density theorem the sets A and ANM A®* differ only by a set of measure 
zero, and similarly the sets B and BN B* differ only by a set of measure zero. Therefore 
also the sets AN (t— B) and (AN A*) N[t— (BN B*)] differ only by a set of measure 
zero, and hence they have equal measure. Thus (3.7.7) implies in virtue of Corollary 
3.2.2 


m((An A*) 9 [t- (BN B*)]) = m[An (t- B)] =m[(A—a)N(t- Ba) 
=m|(A-2)N(y-B)] Bn. 


Hence (AN A*)N [t — (BN B*)]| F G, i-e., there exists an a* € AM A* such that a* € 
t—(BNB*), or a* = t—b* witha b* € BN B*. Thus t = a*+0* € (AN A*)+(BNB*). 

The set 
{f£ER” | |d—t| <5} (3.7.8) 


is a neighbourhood of d. The argument presented above shows that the set (3.7.8) is 
contained in (AN A*) + (BN B*). Hence (AN A*) + (BN B*) is open. 


Theorem 3.7.1 is an easy consequence of Theorem 3.7.2. In fact, let A, B C RN 
be arbitrary sets such that m;(A) > 0, m;(B) > 0. Similarly as previously we may 
assume that A, B are measurable and of positive measure. By Theorem 3.7.2 the set 
(An A*) + (BN B*) is open and non-empty, and clearly (AN A*)+(BN B*) C A+B, 
and hence (AN A*) + (BN B*) c int(A+ B). Thus int(A + B) 4 ©. 
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3.8 Non-measurable sets 


We conclude this chapter with a construction, following P. R. Halmos [129], of an 
example of a non-measurable set and of a saturated non-measurable set. 


Lemma 3.8.1. Let € € R be an irrational number. Then the sets 
D={rER|x=p+d, p,g@EZ}, 


Di, ={xeER|x=pt+al,qeZ, pe 2Z,}, 
Dg ={xER|x=p+qE,qEZ, peE2Z+1} 


are dense in R. 


Proof. For every n € N there exists a unique p, € Z such that p, + n€ € (0,1). Fix 
a non-empty open interval J C R. There exists a k € N such that m(I) > E Choose 


k +1 distinct integers n1,...,m¢41 € N and corresponding pp,,-.-,Pny., € Z such 
that x; = pr, + ni€ € (0,1),2 = 1,...,4 +1. The points x; are distinct, since € is 
irrational. So among the points x; there are at least two, say x, and x,, such that 


|p — %6| < E Thus for some | € Z we have 


i(a,—as5) EI. 


But l(a, — 25) = U(pn, —Pn,) +U(mr — ns)§ € D. Thus DOI # @ for every non-empty 
open interval J C R, i.e., D is dense R. 

The proof for Dj, is similar. It is enough to replace the interval (0,1) by (0,2). 
The proof for Dz follows from the equality Dz = D; +1. 


Now we proceed to construct a non-measurable set. For any x, y € R we write 
a~ yiffx—y € D. The relation ~ is an equivalence relation, so R may be split into a 
family of mutually disjoint equivalence classes; two numbers x, y belong to the same 
class if and only if x ~ y. By Theorem 1.8.3 there exists a set B C R which has exactly 
one point in common with every such class. So any two different members bj, bz of B 
are in different classes, whence b; — b2 ¢ D. In other words 6; — bp € D, by, bo € B, 
means b; = bg. Hence (B — B)N D = {0}. 

Suppose that m;(B) > 0. By Corollary 3.2.2 m;(—B) = m;(B) > 0. By Theorem 
3.7.1 int(B — B) = int [B+ (—B)| # @. But then the set B — B must contain points 
of D other than 0, since by Lemma 3.7.1 D is dense in R. But as we have just seen, 
this is not the case. Consequently 


m;(B) =0. (3.8.1) 


Now suppose that m,.(B) = 0. By Corollary 3.2.2 m.(B+d) = 0 for every d € D. 
Since 0 < m;(B +d) < m.(B+ d) = 0, this actually means (cf. Theorem 3.1.3) that 
all the sets B+ d, d € D, are measurable and of measure zero. 

Every « € R belongs to an equivalence class with respect to ~. If b is the 
only element of B lying in the same class, then x ~ b, ie., d= x—b € D. Hence 
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x=b+deB8B-+d. Consequently 


LJ (B+a=R. (3.8.2) 
deD 


The union in (3.8.2) is countable (since D is countable), and thus R, as a union of 
countably many sets of measure zero, would be of measure zero, which is not the case. 
Thus we must have 


me(B) >0. (3.8.3) 


Let us note that the same argument shows that the set B cannot be of the first 
category, and consequently it is of the second category. 


By (3.8.1), (3.8.3), and Theorem 3.1.2, the set B is not Lebesgue measurable. 
Now we define a set A C R as 


A=B+D,, (3.8.4) 


where B is the non-measurable set constructed above, and D, is defined in Lemma 
3.7.1. Let x € A— A and suppose that 7 € Dg. Since x € A—A, there exist b, bg € B 
and d1, dz € D, such that x = (by + d1) = (bg + dz) = (by = be) + (dy _ dz). Obviously 
D, Cc D and D2 C D, whence d; — dz € D, and, as we have just supposed, x € Do, 
whence «2 — (d; — dz) € D and by — by = x — (d; — dg) € D. But, as pointed out above, 
this implies that b; = b2, whence x = d, — dy. Now, d, — dz € D,, whereas x € Dz, 
and evidently D, N Dz = @. This contradiction shows that 


(A-A)ND,=@. (3.8.5) 


Theorem 3.8.1. The set A defined by (3.8.4) is saturated non-measurable. 


Proof. Relation (3.8.5) and Lemma 3.8.1 imply that int(A—A) = @, whence it follows 
from Theorem 3.7.1 that m;(A) = 0. The relation m;(A’) = 0 results from Theorem 
3.6.1 in view of (3.8.3) and of Lemma 3.8.1. 


Theorem 3.8.2. The set A defined by (3.8.4) has property (*) from 3.3. 


Proof. Suppose that a set E Cc A is of the second category and with the Baire 
property. Then also —F is of the second category and with the Baire property, since 
the function f(x) = —a is a homeomorphism. We have E — E = E + (—E), and so 
by Theorem 2.9.1 int(# — FE) 4 @. Since EC A, we have EF — EF c A— A, whence 
also int(A — A) # @, which contradicts (3.8.5). Thus A cannot contain any set of the 
second category and with the Baire property. Neither A’ can contain such a set, as 
results from Theorem 3.6.2, in view of (3.8.4), of the fact that (as pointed above) B 
is of the second category, and of Lemma 3.8.1. 
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Exercises 


1. 


10. 


11. 


Show that if A Cc RY is a set such that m;(A) > 0, then there exists a compact 
set FC A such that 0 < m(F) < ow. 


. Let Ay C Ag C R®% be arbitrary sets, m;(Az) < oo. Show that there exist 


measurable sets Ky, C Ai, Ko C Ag such that Ky C Ke, m(K1) = m;(A1), 
m( Ko) = m,;(Ag). 


. Let A, C RX, n EN, be arbitrary sets such that A, C Anii, n € N. Show 


that = 
me((J SS An) = lim m.(A,). 


Nm— Ooo 


. Let An CRY, nEN, be arbitrary sets such that Anyi C An, n € N, m;(A1) < 


oo. Show that 7 
mi(() = An) = lim m,(A,). 


. Show by an example that there exist sets Aj, 4g C R% such that A; Ag = @ 


and m;(Ay1) + m,;(Ag) < m;(Ay U Ag) < mMe(Ay U Ap) < me(A1) + me(Ag). 


. For every set A Cc RY let A* denote the set of all points of outer density of 


A. Show that if A C R% is a saturated non-measurable set, and E C RN isa 
measurable set, then (HM A)* = E*. 


. Show that there exist disjoint measurable sets A, B C R% which are not Borel 


separable (cf. Exercise 2.8). 
(Hint: Take A to be a non-Borel subset of the Cantor set C , and B= C \ A]. 


. Show that there exists a decomposition RY = AUB such that A, B € L, ANB = 


@, m(A) = 0, and B is of the first category. 
[Hint: Let D be a countable dense subset of RY. Thus m(D) = 0. For every 
n € N there exists an open set G, such that D C G,, m(G,) < 27”. Take 


A= f) Gr. 


n=1 
. Show that if f : (a,b) — R is a continuous real function of a single real variable, 


and f’(x) = 0 in (a,b) except for at most countably many points, then f is 
constant in (a,b). 

Let A Cc R be symmetric with respect to zero (ie., —A = A) and such that 
A+ A= A. Show that either A = R, or A € £ and m(A) = 0, or A is saturated 
non-measurable. 

Let A be a collection of mutually disjoint measurable subsets of R% of positive 
measure. Show that card A < No. 

(Hint: Let K, = K(0,r) denote the open ball centered at the origin and with 
radius r. Given ac > 0, let A(c) = { A€ A| m(A) > c}, and let A, = {AE A| 
m(AN K,) > 0}. Consider first the case where there exists an r > 0 such that 


UAC K,. Show that, for every c>0, card A(c) < No and A= LU A(1/n). In 
n=1 


the general case show that, for every r > 0, card A; < No and A= UL A,]. 
r=1 
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Chapter 4 
Algebra 


4.1 Linear independence and dependence 


Let F bea field (cf. 4.7), and let L be a set endowed with two operations: the addition 
of elements of L, and the multiplication of elements of L by elements of F' such that 
(L,+) is a commutative group (ie., fulfils conditions (2.9.1)-(2.9.4); cf. 4.5), and 
moreover 

lt=a2 


for every x € L, 


for every a, BEF, re L, 


(a+ B)x =axn+ Bx, a(x +y)=ar+ay 


for everya, BEF, «2, ye L. 

Then the quadruple (L; F; +; -) is called a linear space over the field F’. Often 
we say that LD is a linear space (over F’), without making specific reference to the 
operations + and -. It follows from the group property of L that there exists an 
element 0 € LZ such that +0 =0+a = <2 for every x € L, and for every x € L there 
exists an element —x € LD such that (—x) + « = «+ (—2x) = 0. Instead of writing 
x+(—y), we write simply x — y. 

Elements x1,...,% € LD are called linearly dependent (over F’) iff there exist 
Q1,...,Qm € F, not all zero, such that! a,x21+-+-+an%y = 0. Elements 71,...,2% € L 
are called linearly independent (over F’) iff they are not linearly dependent, i.e., iff 
the equality a,x, +---+ Qn, = 0 implies that a, =--- =a, = 0. 

It follows that a singleton x € L is linearly dependent if and only if x = 0, and if 
a system 21,...,%, € Lis linearly dependent, then so is also every system containing 
X1,-.-,Xn. (In particular, any linearly independent system cannot contain zero.) For 
if there exist a1,...,Q@n € F, not all zero, such that 


a2] + +++ + AnTn = 9, 


1 Every expression a12%1 +---+anan, 11 € L, aj; € F,i=1,...,n, is called the linear combination 
of 71,...,%n with the coefficients a1,...,Qn. 
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then for any y1,...,yx € DL we have 


4X1 +++ + An®n + Oy1 +--+ + 0yn = 0, 


and @1,...,Qn,0,...,0 € F are not all zeros. 

This last property gives rise to the following definition. A set B C L is called 
linearly independent (over F’) iff the elements of every finite subset of B are linearly 
independent. A set B C L is called linearly dependent (over F’) iff it is not linearly 
independent, i.e., iff B contains a finite subset whose elements are linearly dependent. 

An important example of a linear space is (R“; R;+; -) with customary addition 
of elements of RN and customary multiplication of elements of RN by real numbers. 
Actually, for every field F C R, the quadruple (R%; F;+; -) is a linear space. In the 
sequel of this book an important role will be played by the linear space (R%;Q;4; -). 

If (L; F; +; -) is a linear space, and Lo C L is such that (Lo; F;+; -) (with the 
same addition and multiplication by scalars) itself is a linear space, then Lo is called 
a subspace of L. If A C L is an arbitrary non-empty set, then by E(A) we denote the 
linear subspace of L spanned by A, i.e., the set? 


E(A) ={a@e Ll x =ayay +--+ + QnGn, O1,...,Qn € Fy ai,...,an € A, n € N} 


of all the finite linear combinations of elements of A (with coefficients from F’). In 
other sources the set F(A) is also denoted by Span A, Lin A. 
The reader will easily check the following properties of the operation E. Here 
(L; F; +; -) is a linear space. 
() For every AC L we have AC E(A) CL. 
(it) If AC BCL, then E(A) Cc E(B). 
(iit) E(L) = L. 
Further properties are contained in the following lemmas. 


Lemma 4.1.1. If (L; F; +; -) is a linear space and A C L is a linearly independent 
set, then every x € E(A) has a representation, unique up to the terms with coefficients 
zero, 


T= Aya, +-+++ Anan, a, € Fy a; C A, t=1,...,n. (4.1.1) 
Proof. It follows from the definition of E(A) that every « € E(A) has a representation 
(4.1.1). Suppose that 2 has also another representation 


c= Pibi+---+Bmbm, 6 € Fy bb; € A, t1=1,...,m. (4.1.2) 


We may assume that m = n and a; = bj, 1 =1,...,n, adding in (4.1.1) and (4.1.2) 
the lacking terms with coefficients zero, and changing, if necessary, the numeration 
of a;’s and b,;’s. Hence 


141 +++ + Andy = Ba, +--+ + Bran, 


? We will write E-(A) instead of F(A) if a question may arise which field is involved. From Chapter 
5 on E(A) will always mean Eg(A). 
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or 

(ay _ Pr)ar ahaa (Qn _ Bn)an =0. (4.1.3) 
Since A is linearly independent and {a1,...,a,} C A, (4.1.3) implies that a; — 6; = 0, 
Le., Qj = B;,i=1,...,n. Thus representations (4.1.1) and (4.1.2) may differ only by 


the added terms with coefficients zero. 


Lemma 4.1.2. Let (L; F; +;-) be a linear space. If A C L is linearly independent, 
anda € L\A, then the set AU {a} is linearly independent if and only if a € L\E(A). 


Proof. Suppose that AU {a} is linearly dependent. Then there exists a finite set 
{a1,...,dn} C AU {a} and a; € F,i=1,...,n, such that 


A141 + +++ + Andy = 0. 


If we had a; € A for i =1,...,n, then A itself would be linearly dependent. So one 
of a;’s, say a1, equals a. If we had a; = 0, then we are back in the previous situation. 
So a, #0 and 


a2 An 
a= a, =—— 42 —+++— — Gn, 
ay a1 
which means that a € E(A). 
Now, if a € E(A), then 
A=aya,++::+ Anan, a, € F, a; EC A, i=1,...,Nn, 
and 
a— a1a1 —+++— Anan = 0. 


Not all coefficients in the above linear combination are zeros (the coefficient of a is 
1). Consequently the elements of the finite set {a,a1,...,@,} C AU {a} are linearly 
dependent, and hence also A U {a} is linearly dependent. 


Lemma 4.1.3. Let A C R™ be a finite or countable set. Then the set E(A) = Eo(A) 
is countable. 


Proof. For every n € N, let Hy, be the collection of all finite subsets K of A such 
that card kK = n. If n > card A, we assume H, = @. For K € H, the set E(K) 
may be identified with Q”, and hence card E(K) = No. On the other hand, we have 
cardH, < (card A)", or cardH, = 0 whenever H, = 2, so every H,, is finite or 


countable, and so is also 7 = (J Hp. For every set K € H there exists an n € N 
n=1 
such that kK € H,, whence card E(K) < No, as observed above. The reader will easily 
check the formula 
E(A)= (J E(«). (4.1.4) 
KeH 


Thus (4.1.4) is a finite or countable union of countable sets, and therefore E(A) is 
countable. 
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Let (L; F; +; -) be a linear space over a field F CR. A set C C L is called a 
cone iffa+y €C for all x,y € C, and ax € C for alla €C, a€ F, a SO. For an 
arbitrary set A C L the symbol E*(A) will denote the cone spanned by A, i.e., the 
set 


Et(A) ={2e€L|ex=a1a, +++ + Onan, Q1,...,4n € A, O1,...,0n € F, 
a; >0,...,A, > 0,n € N} 


of all the finite linear combinations of elements of A with non-negative coefficients 
from F. 


4.2 Bases 


Let (L; F; +; -) be a linear space. A set B C L is called a base of L iff 
(i) B is linearly independent; 
(ii) E(B) = L. 
Similarly, if C C L is a cone, then a set B C C is called a cone-base of C if B 
fulfils (¢) and 
(iii) E*(B)=C. 
As we shall see later, only very few cones have a base, whereas we have the 
following 


Lemma 4.2.1. Let (L; F; +; -) be a linear space, and let A C L be a linearly indepen- 
dent set. Let C C L be an arbitrary set such that A C C. Then there exists a linearly 
independent set B such that AC BCC and E(B) = E(C). 


Proof. Let R be the family of sets 
R={DcCL|ACDCC and D is linearly independent }. 


AER,s0R # G. (R, C) is an ordered set. Let Z C R be any chain, and put F =) Z. 
Then F is linearly independent. In fact, let {a1,...,@,} C E be an arbitrary finite 
set. Then, since Z is a chain, there exists a set Dp € Z such that {a1,...,an} C Do, 
and consequently a,,...,@n, are linearly independent. Clearly A C E C C so that 
EER. Thus F is an upper bound of Z in R. 

By Theorem 1.8.1 there exists in R a maximal element B. Thus B is linearly 
independent, A Cc B Cc C. Hence E(B) Cc E(C). Suppose that E(B) 4 E(C). If we 
had C Cc E(B), then E(C) C E(E(B)) = E(B), and E(C) = E(B), which we have 
supposed untrue. Consequently there exists an a € C'\ E(B) C L\ B. By Lemma 4.1.2 
the set BU {a} is linearly independent, and, since a € C, we have AC BU {a} CC. 
Thus BU {a} € R and is strictly larger than B, which contradicts the fact that B is 
maximal in R. Consequently we must have E(B) = E(C). 


Taking C = L we have hence 


Theorem 4.2.1. If (L; F; +; -) is a linear space, and A C L is a linearly independent 
set, then there exists a base B of L such that AC B. 
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Corollary 4.2.1. Every linear space L # {0} has a base. 


To see this take in Theorem 4.2.1 A = {a} with an arbitrary a € L,a #40. 
Two further important corollaries of Lemma 4.2.1 run as follows. 


Corollary 4.2.2. Let L # {0} be a linear space. Then every set C C L such that 
E(C) = L contains a base of L. 


Corollary 4.2.3. If (L; F; +; -) is a linear space, and Lo C L is a linear subspace of 
L, then for every base Bo of Lo there exists a base B of L such that Bo C B. 


In other words, every base of a subspace can be extended to a base of the entire 
space. 

In proving Lemma 4.2.1 we have used Theorem 1.8.1, and so the Axiom of 
Choice. As has been shown by J. D. Halpern [133], the statement in Lemma 4.2.1 is 
actually equivalent to the Axiom of Choice (cf. also Lauchli [205]). 

There is no uniqueness attached to bases of a linear space. One linear space has 
many different bases. But there is an important relation between all those bases. 


Theorem 4.2.2. Let (L; F;+;-) be a linear space. Then any two bases of L are 
equipollent. 


Proof. Let B Cc L and C Cc L be two bases of L. Consider the family © of all 
functions y whose domain Dy is contained in B, range Ry, is contained in C, the 
set R, U(B\ Dg) is linearly independent, and ¢ is one-to-one. For y1, ~2 € ® we 
introduce the relation < : yi < yo iff Dy, C Dy, and ye | Dy, = 1 (cf. Exercise 1.4). 
(®, <) is an ordered set. Fix an xo € B. We have C \ E(B \ {xo}) # ©. In fact, if we 
had C C E(B\ {ao}), then L = E(C) C E(E(B\{20})) = E(B\{a0}) C E(B) = L, 
whence E(B \ {xo}) = L. This implies that rp € E(B \ {xo}), whence by Lemma 
4.1.2 the set B = (B \ {ao}) U {ao} would be linearly dependent. 

Consequently there exists a yo € C \ E(B \ {xo}). We define a transform ¢ : 
{xo} — {yo} by putting y(xo) = yo. Then Dy = {xo} C B, Ry = {yo} C C, and 
RU (B\ De) = {yo} U (B \ {zo}) is linearly independent in virtue of Lemma 4.1.2. 
Clearly vy is one-to-one. Thus y € ®,i.e., 4D. 

Now let Z C ® be any chain. Put D= (J Dy and define a function yp : D — L 

pez 
by putting go(z) = v(x) if « € Dy, y ©€ Z. This definition is correct, since if 
LE Dy, ADe., 91,92 € Z, then either y1 < Ye, or Ye < 1. Let, e.g., yi < Y2. This 
means that Dz, C Dy, and v2 | Dy, = ¥1 so that yi (x) = yo(z). 

Clearly y < yo for every y € Z. Further we have R,, = U Ro. Since for 

eZ 
yp € Z we have D, C B, Ry C C, also Dy, C B, Ry, C C. We are going to show 
that the set R,, U(B \ D,,) is linearly independent. 

Supposing the contrary, let {a1,...,an} C R,,U(B\D,,) be linearly dependent. 
There exists a k, 0 < k <n, such that {a1,...,an} C Ryo, {@n41,---, An} C B\ Dyy. 
(If necessary, we may change the numeration of a1,...,@,,). Note that yi < ye implies 


3 In the present proof we understand under this fact also that Ry M(B \ Dy) = 2. 
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Ry, C Rg,. Since Z is a chain, there exists a y € Z such that aj,...,a, € Ry. 
Since Dy C Dy, we have B\ D,, C B\ Dy, and ag4i,...,dn € B\ Dy. Hence 
{a@1,..-,@n} C R,U(B\ Dy), which is incompatible with the linear independence of 
the latter. It is easy to check that yo is one-to-one. 

Consequently yo € ® and is an upper bound of Z in ®. By Theorem 1.8.1 
there exists in ® a maximal element ~. We will show that Dg = B. Suppose that 
Dg # B. If we had Rg = C, then taking an zp € B\ Dg # @ we would get that 
CU {xo} = Rg U {xo} would be linearly independent, which, according to Lemma 
4.1.2, is impossible, since zo € E(C) = L. So Rg # C. There exists a yo € C \ Ro. 
We must distinguish two cases. 

1. Yo ¢ E(Rg U (B\ Dg)). 

Take an zp € B \ Dg. Define a function ~ : Dg U {xo} — L by putting (x) = 
P(x) for « € Dg, (zo) = yo. Then Dy = Dg U {xo} C B, Ry = Rg VU {yo} CC. 
Further, since Dg C Dy, 


Ry U(B\ Dy) C Re VU {yo} U(B\ De) = [Rg U (B \ Dg)] U {yo}- 


By Lemma 4.1.2 the set [Rg U(B\ Dg)] U {yo} is linearly independent, and hence 
also its subset R,, U (B \ Dy) is linearly independent. Since yo ¢ Rg, the function 
w is one-to-one. Hence w% € ® and is strictly larger than ¢, which contradicts the 
maximality of ¢. 

2. yo € E(Rg U(B \ Dg)). 

Then yo has a representation 


k n 
yo= > ati+ D> cus: (4.2.1) 
i=1 i=k+1 
a, €F, i=1,...,n;t¢€ Rg, i=1,...,6 3, € B\ Dg, i=Kk4+1,...,n. 
If we had ag41 = ++: = Qy, = 0, then we would get by (4.2.1) 
k 
yo — _ aut; = 0, yEeEC, HER, CC, t=1,...,k, 
i=1 


i.e., C would be linearly dependent. So there must exist an 79, k+1 < i9 < n, such 
that a,, # 0. Put 2 = s, € B\ Dg, and define a function w : Dg U {zo} — L as 
above 
W(x) = P(x) for a € Dg, %(x0) = yo. 

As in case 1 Dy C B, Ry C C, v is one-to-one. Suppose that the set Ry U(B\ Dy) 
is linearly dependent. But Rg U(B\ Dy) C Rg U(B\ Dg), and since the latter set 
is linearly independent, also its subset Rg U (B \ Dy) is linearly independent. Since 
Ry = Rg U {yo}, we have 


Ry U(B\ Dy) = [Re U(B\ Dy) U {yo}, 
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whence by Lemma 4.1.2 

yo € E(RgU(B\ Dy)). (4.2.2) 
But x = sj, € Dy and zo ¢ Rg (in representation (4.2.1) only t;’s belong to Rg), 
so to ¢ Rg U(B \ Dy). By (4.2.2) yo has a representation 


Yo = Se Vidi, (4.2.3) 
i=1 


where b; € Rg U(B\ Dy), and so b; F x for i = 1,...,m. Thus the term a; 29 
occurs in representation (4.2.1), but not in representation (4.2.3), which contradicts 
Lemma 4.1.1, since a;, £ 0. 

Consequently the set Ry U(B \ Dy) is linearly independent, and since yo ¢ 
Rg, the function w is one-to-one. Hence w € © and is strictly larger that ~, which 
contradicts the maximality of ~. 

Thus we have proved that Dg = B. Thus there exists a one-to-one function 
p : B — C, which proves that card B < cardC. Since the role of B and C is 
symmetric, we have also cardC’ < card B. Hence 


card B = card C 


which means that B and C are equipollent. 


Let (L; F; +; -) be a linear space, L 4 {0}. We define the dimension of L as 
dim L = card B, (4.2.4) 


where B is an arbitrary base of L. Theorem 4.2.2 shows that definition (4.2.4) is 
correct (is independent of the choice of the base B). We assume that if L = {0}, then 
dim L = 0 (for every field F’). 


The following lemma is an analogue of Lemma 4.1.3 for sets of higher cardinality. 


Lemma 4.2.2. 4 Let A C R™ be a set such that card A > No. Then card Eg(A) = 
card A. 


Proof. Write E(A) = Eg(A), and card A =n. Let BC A be a base of E(A) so that 
E(B) = E(A) (cf. Corollary 4.2.2). Put m = card B. We have m > No, for m < No 
would imply by Lemma 4.1.3 card A < card E(A) = card E(B) = No. For every n € N 


let Hy, be the collection of all subsets K of B such that card K =n. PutH = U Hn. 
n=1 
For every n € N we have cardH, < m” = m, whence card H < Nom = m. On the 
other hand, for every K € H we have card E(K’) = No. Since 
E(B) = LU BK), 
KEH 


we have card E(B) < mNo = m, and card E(A) = card E(B) < m. Since BC AC 
E(A), we get hence m << n<m, i.e, m=n. Hence card F(A) =m=n=cardA. 


4Tarski [314] 
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We will also need the following 


Lemma 4.2.3. Let {hi,..., hn} CR be a base of the space (RY;R;+; -). Then the 
set Eg({hi,...,hn}) is dense in RX. 


Proof. Take an x € R% and an ¢ > 0. 2 may be written as 
e=aht+---+anhn, 4 €R, i=1,...,N. 

To every xj, i= 1,..., N, there exists an a; € Q such that |x; — aj| < ¢/N |hi|. Put 
y=ayhy +--+ anhy © Eg({hi,...,hw}). 


Then 


£-—Yy=(e1—-a4)hi+---+ (ey —an)hy, 


whence 


la — y| < S- |x; = ai| |h,| res 
i=1 


Thus arbitrarily close to every x € RN there is a y € Eg({hi,.-.,hw}), which means 
that the latter set is dense in RY. 


Lemma 4.2.4. Let LCR be such that (L;Q;+;-) is a linear subspace of (R% ;Q;+;-). 
If me(L) > 0, or L is of the second category, then L is dense in RN. 


Proof. Put M = Ep(L). Then m(M) > 0 or M is of the second category, since 
L Cc M. Hence M = RN, for lower dimensional subspaces of R% over R (k-dimensional 
hyperplanes, k < N) are of measure zero and nowhere dense, and hence of the first 
category. By Corollary 4.2.2 L contains a base B of RN over R. By Lemma 4.2.3 
E(B) is dense in R¥, and so is also L, since Eg(B) C Eg(L) = L. 


Every base of the space (RY; Q;+; -) will be referred to as a Hamel? basis®. 


Theorem 4.2.3. Every Hamel basis has the power of continuum. 


Proof. Let H Cc R% be a Hamel basis, and let card H = n. By Lemma 4.2.2 and 
Lemma 4.1.3 
n= card H = card Eg(H) = cardRN =c 


Thus card H = c. 


Consequently the dimension of the space (R%;Q;+; -) is c, whereas, as is well 
known, the space (R%;R;+; -) has dimension N. 


5 After G. Hamel, who in a celebrated paper Hamel [134] first proved the existence of a base of the 
space (R; Q; +; -). 

Some authors use the term Hamel basis to denote any base of a linear space, as defined above, in 
distinction from other types of bases (e.g., a Schauder basis, etc.), where topology is involved. This 
use will not be followed in the present book. 
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4.3 Homomorphisms 


Let (L; F; +; -) and (M; F; +; -) be linear spaces (over the same field F’). A mapping 
f:L— M is called a homomorphism iff 


fle+y) = fla) + fy) (4.3.1) 


for arbitrary x,y € L, and 
flax) = af(x) (4.3.2) 
for arbitrary x € L,a€ F. 
It follows from (4.3.1) by induction that 


(So vs) =o a) (4.3.3) 
i=1 i=1 
for arbitrary x; € L,i=1,...,n, andneN. 

The general construction of homomorphisms f : L — M is described by the 
following 


Theorem 4.3.1. Let (L; F; +;-) and (M; F;+; -) be linear spaces, and let B C L be 
a base of L. Then for every function g: B — M there exists a unique homomorphism 
f:L—M< such that f | B=g. 


Proof. Take an arbitrary x € L. By Lemma 4.1.1 x has a representation (unique up 
to terms with coefficients zero) 


c=) aid, a7 € Fb: € B, i=1,...,n. (4.3.4) 
t=1 
For such an x we define f(x) as” 
f(x) = > aig(bi). (4.3.5) 
i=1 


Thus the function f has been unambiguously defined in the whole of L. 
If « € B, then representation (4.3.4) takes the form 


whence by (4.3.5) 


Thus f | B=g. 
Now, besides point (4.3.4) take also a y € L. y has a representation 


y=) Bibi, BEF, i=1,...,n, (4.3.6) 


i=1 


” Note that adding in (4.3.4) terms with coefficients zero does not change 2, nor f(z). 
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because, adding in representations (4.3.4) and (4.3.6) terms with coefficients zero, we 
may assume that the number of summands is the same in (4.3.4) and (4.3.6), and 
(4.3.4) and (4.3.6) contain the same b,’s. Hence 


e+y= > (ait pb 
=I 
By (4.3.5) 


n 


f(ety) => (ai + Bidg( = Yost )+ Daal i) = f(x) + fly). 


i=1 


Thus f satisfies (4.3.1). 
Take an arbitrary a € F’. By (4.3.4) 


nm 
ax = y aa;b;, 
i=1 


where aa; € F’. According to definition (4.3.5) 


xv) = do aaig(bi) = ad aig(bi) =af(x). 


Thus f satisfies also (4.3.2) and, consequently, is a homomorphism. 
Thus the desired homomorphism exists. To prove the uniqueness, let f : L — M 
be an arbitrary homomorphism such that 


f(b) = g(b) for be B. (4.3.7) 
Take an x € L with a representation (4.3.4). We have by (4.3.3), (4.3.2) and (4.3.7) 
703 abi) = sy F (aids) = S7 aif (bi) = SF aag(bs) 
i=1 i=1 i=1 


Thus f must be given by (4.3.5), and so the function defined by (4.3.5) is the unique 
homomorphism f : £ — M such that f | B= g. 


Theorem 4.3.1 says that every function g : B — M can be extended onto L toa 
homomorphism f : L — M, and the extension is unique. We prove also the following 
theorem about the extensions of homomorphisms. 


Theorem 4.3.2. Let (L; F; +;-) and (M; F; +;-) be linear spaces, and let Lo be a 
linear subspace of L. Then every homomorphism fo : Lo — M can be extended onto 
L to a homomorphism f:L— M. 
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Proof. Let fo : Lo — M be a homomorphism, and let Bo C Lo be a base of Lo. By 
Corollary 4.2.3 there exists a base B of LD such that Bo C B. Put 


g() = fo(®) for b € Bo, (4.3.8) 


and define the function g : B > M arbitrarily on B \ Bo. By Theorem 4.3.1 g can 
be extended onto L to a homomorphism f : L — M. Take an x € Lo. Then x has a 
representation 


C= Saudi, a,€e F, b; € Bo. 


i=l 


We get by (4.3.8), since f and fp are homomorphisms, 


f(z) =F(d abi) =D aif (bi) =) cabs) => 2% folti) = fo() Jaibi) = fo(2). 


Thus f | Lo = fo, i-e., f is an extension of fo. 


The next theorem is slightly more sophisticated. If f : L — M is a homomor- 
phism, the kernel of f is defined as 


Ker f = f-1(0) ={€L| f(x) =0}. 


Lemma 4.3.1. Let (L; F; +;-) and (M; F; +; -) be linear spaces, and let f : L + M 
be a homomorphism. Then Ker f is a linear subspace of L. 


Proof. The thing to show is that for x,y € Ker f and a,@ € F' we have ax + By € 
Ker f. Now, x,y € Ker f means f(x) = f(y) = 0, whence by (4.3.1) and (4.3.2) 


f(ax + By) = flax) + f(Gy) = af(x) + Bfly) = 0, 


i.e., ax + By € Ker f. 


Theorem 4.3.3. Let (L; F; +;-) and (M;F;+;-) be linear spaces, and let Lo be a 
linear subspace of L. Let Bo be a base of Lo and B a base of L such that Bo C B. 
If dim M > card(B \ Bo), then there exists a homomorphism f : L — M such that 
Ker f = Lo. 


Proof. Let C C M be a base of M. We have 
card(B \ Bo) < dim M = cardC, 
so there exists a one-to-one mapping g: B \ Bp > C. Put 
g(b) = 0 for b € Bo. (4.3.9) 


Thus g is a mapping from B into M, and by Theorem 4.3.1 there exists a homomor- 
phism f : Z— M such that f | B= g. 
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Now take an x € Ker f C L,ie., f(x) =0. Let x have a representation 


k n 
C= bay at; + S- Qi Sj, (4.3.10) 
w=1 


i=k+1 
where a; € F,i=1,...,n;t; € Bo, i=1,...,k3 5; € B\ Bo, t=kK4+1,...,n. Then 


n 


k 
0= f(x) = > aig(ti) + D> aug(si)- 


i=k+1 


By (4.3.9) 


n 


S~ aig(si) = 0. (4.3.11) 


i=k+1 


But since g | B\ Bo is one-to-one, g(s;) are different members of C, and since the latter 
is linearly independent, elements g(sx41),---,g9(Sn) also are linearly independent. 
Thus (4.3.11) implies 

a; = 0, t=k-+1,...,n, 


whence (4.3.10) reduces to 


k 
t=) ati, a € F, t} € Bo, i=1,...,k. (4.3.12) 
i=1 
Hence x € E(Bo) = Lo, ie., Ker f C Lo. 
On the other hand, let x € Lo, and let x have a representation (4.3.12). Then 


k k 
f(a) = = aif (ti) = 2 aig(ti) = 0 


by (4.3.9). Thus « € Ker f, whence Lo C Ker f. Consequently Lo = Ker f. 


Theorem 4.3.4. Let (L; F; +;-) and (M;F;+;.-) be linear spaces, and let Lo be a 
linear subspace of L. Let Bo be a base of Lo and B a base of L such that Bo C B. 
If dim M = card(B \ Bo), then there exists a homomorphism f : L — M such that 
Ker f = Lo, f(L) = M. 


Proof. We argue as in the proof of Theorem 4.3.3. Let C C M be a base of M. 
Because of the equality 


card(B \ Bo) = dim M =cardC 


we may find a g: B \ Bo > C which is one-to-one and onto. If we define g on Bo by 
(4.3.9), then we can extend it onto L to a homomorphism f : L > M. 
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The relation Ker f = Lo is shown in the proof of Theorem 4.3.3. Clearly f(L) C 
M. Now take a y € M. It has a representation 


y=) Bici, Bi EF, GEC, i=1,...,n. (4.3.13) 


i=1 
Since g | B \ Bo is onto C, there exist b; € B\ Bo, i=1,...,n, such that 
g(bi) = ci, 1=1,..., 0. (4.3.14) 


Put 


«=~ Bib; € E(B \ Bo) C E(B) =L. 
i=1 
Then by (4.3.14) and (4.3.13), since f is a homomorphism, 


f(x) = Oe Bibi) = > Gif (bs) - > Big(bi) = > Bies = y. 


Thus y € f(L), whence M c f(L), and ultimately f(L) = M. Thus f has the desired 
properties. 


4.4 Cones 


Let (L; F; +;-) and (M; F;+;-) be linear spaces (over the same field F C R), 
and let C Cc L be a cone. Let a function f : C — M fulfil condition (4.3.1) for 
arbitrary x,y € C (and hence also (4.3.3) for arbitrary x1,...,2%, € C) and (4.3.2) 
for arbitrary « € C, a € F, a > 0. Such a function is called additive and positively 
homogenous. In the present section we are going to investigate the possibility of 
extending an additive and positively homogenous function onto L to a homomorphism 
from L into M (Kuczma [179}). 


Lemma 4.4.1. Let (L; F; +;-) and (M; F; +; -) be linear spaces over a field F CR, 
and let C C L be a cone such that 


E(C)=L. (4.4.1) 
Further, let B C C be a base of L. Then any two additive and positively homogenous 


functions from C into M which coincide on B are identical on C. 


Proof. Let f : C — M and g:C — M be additive and positively homogenous 
functions such that 
f(b) = g(b) for bE B. (4.4.2) 


Take an arbitrary x € C. Then x has a representation 


c= 5 abi, 1 € Fb € B, i=1,...,n. (4.4.3) 


i=1 
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Setting in (4.3.1) « = y = 0 we get f(0) = 2f(0), whence f(0) = 0, and similarly 
g(0) = 0. So f(0) = g(0). If x £ 0, then some a;,’s in (4.4.3) must be different from 
zero, and hence ao = max|a;| > 0. We put @ = 1/2a9. Then 1+ oa; € F and 


1+ ea; > 0 fori =1,...,n, and consequently 


n 


S- b; + 0x = Sod + 00%) b; e C, 
oak 


i=l 
since b; € C,i=1,...,n. Further 
f (> ve or) 25) $0) 20r@ (4.4.4) 
i=l i=l 
s(oa x oa) = (1 + om) f(b). (4.4.5) 
i=l i=l 


Relations (4.4.4) and (4.4.5) imply 
f(z) = 0 os f(bi). 
i=1 


Similarly, 
g(x) = >) aig(bi). 
i=1 


Condition (4.4.2) now implies that f(x) = g(z). 


Theorem 4.4.1. Let (L; F; +; -) and(M; F; +; -) be linear spaces over a field F C R, 
and let C C L be a cone fulfilling condition (4.4.1). Then every additive and positively 
homogenous function f : C — M can be uniquely extended onto L to a homomorphism 
fo: LM. 


Proof. In virtue of Corollary 4.2.2 and of condition (4.4.1) there exists a base B of 
L such that B c C. By Theorem 4.3.1 the function f | B can be uniquely extended 
onto L to a homomorphism fo : L > M. Since f and fo | C both are additive and 
positively homogenous, and they coincide on B, we have fo | C = f by Lemma 4.4.1. 
The uniqueness of the extension also results from Lemma 4.4.1. 


Condition (4.4.1) can be released, if we renounce from the uniqueness of the 
extension. 


Theorem 4.4.2. Let (L; F; +; -) and(M; F; +; -) be linear spaces over a field F CR, 
and let C C L be a cone. Then every additive and positively homogenous function 
f:C—M can be extended onto L to a homomorphism fo: L— M. 


Proof. By Theorem 4.4.1 there exists a unique homomorphism f; : E(C’) — M such 
that fi | C = f. By Theorem 4.3.2 f; can be extended onto L to a homomorphism 
fo: L— M. fo is the required extension of f. 
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4.5 Groups and semigroups 


As was pointed out in 2.9, a group (G, +) is a non-empty set G endowed with a 
binary inner operation® + satisfying condition (2.9.1), (2.9.2) and (2.9.3). If, moreover, 
(G, +) satisfies also condition (2.9.4), then it is said to be commutative, or abelian. 
A semigroup (5, +) is a non-empty set S endowed with a binary inner operation + 
satisfying conditions (2.9.1). Of course, every group is, in particular, a semigroup. If 
(G, +) is a group, and @ # H C G, and if (H, +) (with the same operation +) 
is a group resp. semigroup, then (H, +) is called a subgroup resp. subsemigroup of 
(G, +). If (G, +) is a group resp. semigroup, then the n-fold sum (n € N) +---+a 
is usually denoted by na. Often, when speaking about a group (G, +), we omit the 
reference to the operation in G, and say simply: the group G. 


Lemma 4.5.1. Let (G, +) be a group, and @ # H C G. In order that (H, +) be a 
group (a subgroup of G) it is necessary and sufficient that 


t—yeH (4.5.1) 
for every x,y © H. 


Proof. Suppose that condition (4.5.1) is satisfied for every x,y € H. The associativity 
of the operation + in H (i.e., condition (2.9.1) for all x,y, z € H) results from H C G 
and from the fact that (2.9.1) holds for all z, y, z € G. Taking an a € H and y = x, we 
get from (4.5.1) 0 € H, ie., (2.9.2) is fulfilled in H. Finally, taking in (4.5.1) « = 0, 
we obtain that —y € H for every y € H. This means that every x € H has in H the 
inverse element —2, i.e., condition (2.9.3) is fulfilled, too. Now, for arbitrary u,v € H, 
also —v € H, as has been just pointed out, and taking in (4.5.1) « = u, y = —v, we 
obtain u+v € H, which means that + restricted to H is an inner operation. 
Conversely, if (H, +) is a subgroup of (G, +), then (4.5.1) results from (2.9.3) 
and from the fact that + is an inner operation in H. 


Lemma 4.5.2. Let (G, +) be a semigroup, and @ £ S CG. In order that (S, +) be 
a semigroup (a subsemigroup of G) it is necessary and sufficient that® 


ze+yes (4.5.2) 
for every x,yES. 


Proof. Condition (4.5.2) guarantees that + is an inner operation in S. The associa- 
tivity of + in S results from that in G, as in the proof of Lemma 4.5.1. Conversely, if 
(S, +) is a semigroup, then (4.5.2) results from the fact that + is an inner operation 
in S. 


8 Usually the operation in a group G is denoted by + only in the case of commutative groups. For 
non-commutative groups the multiplicative notation is employed. However, because of the connection 
with additive functions, in the present book we use the additive notation also in non-commutative 
cases. 

An operation in a set A is called binary iff it is defined for pairs of elements from A, and a binary 
operation in a set A is called inner, if the result of the operation performed on two elements from A 
is again an element of A. 

® Condition (4.5.2) can equivalently be written as S+ 5 CS. 
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Lemma 4.5.3. Let (G, +) be a group, and (H, +) a subgroup of (G, +). Then (H' = 
G\ H) 
PS Se eee = ee 


Proof. The relation H = —H results from the fact that (H, +) is a group. Take 
an « € H’. If we had —x € H, then we would have x = —(—x) € -—H = H,a 
contradiction. Thus —x € H’ and —H’ Cc H’. Hence H’ = —(—H’) c —H' and so 
—H'=H"'. 

If « € H and y € H’, then x+y € A’, since otherwise we would have y = 
(-2)+(@+y) € -H+H=H+H = H. Similarly, y+ x € H’, since otherwise 
we would have y = (y+ a2) -uw%€ H-H=H+H =H. Thus H+ 4H’ Cc H’ and 
H'+H C H', whence’? HW’ Cc -H+ H'=H-+H' and H' Cc H'’—-H=H'+H. So 
H+H'=H'+H=H8H'. 


Let (G, +) be an arbitrary group, and (H, +) a subgroup of (G, +), H#G. 
We say that the index of H is 2 iff ~—y € H for every x,y € H’ (ie., iff H’—H’ Cc H). 


Lemma 4.5.4. Let (G, +) be a group, and (H, +) a subgroup of (G, +), H # G. 
Then the index of H is 2 if and only if 


H'+H' CH. (4.5.3) 


Proof. Let the index of H be 2. Take arbitrary x, y € H’, and suppose that x+y € H’. 
Then « = («+ y) —y € H’ — H’ C A, since the index of H is 2. This contradiction 
shows that «+ y € H, i.e., (4.5.3) holds. 

Now assume that (4.5.3) holds. By Lemma 4.5.3 —H’ = H’ so that by (4.5.3) 
A! — H! = H'+ 4H’ C H’ and the index of H is 2. 


Corollary 4.5.1. Let (G, +) be a group, and (H, +) a subgroup of (G, +), HAG. 
Then the index of H is 2 if and only if H’ + H' = H. 


Proof. By Lemma 4.5.3, H + H'’ C H’', whence H Cc H’— H' = H’+ H’. Hence 
A’ + H’' = H’ if and only if (4.5.3) holds. 


As an example we mention the additive groups of integers (Z, +) and of even 
integers (2Z, +), where + denotes the usual addition of numbers. (2Z, +) is a sub- 
group of (Z, +), and its index is 2. On the other hand, (Q, +) and (R, +) have no 
subgroups of index 2 (cf. Corollary 4.5.2 below). 

Let (G, +) be a group, and n € N. We say that the division by n is performable 
in G iff for every y € G there exists a unique x € G such that nx = y. In such a case 
this unique x is denoted by y/n. 

If the division by n is performable in G for every n € N, then the group (G, +) 
is called divisible. The additive groups (Q, +), (R, +), (C, +), (RY, +) (where + 
denotes the usual addition, as defined in the corresponding sets) are all divisible. 


10 If A, B,C C G are arbitrary sets such that A+ BC C,then AC A+0C A+B-—BCC-B, 
and, similarly, BC 0+ BC —-A+A+BC —A+C. On the other hand, in general it is not true 
that if A+ B=C,then A=C-— B. 
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Lemma 4.5.5. Let (G, +) be a group in which the division by 2 is performable. Then 
G has no subgroup of index 2. 


Proof. Every x« € G can be written as x = 2(x%/2) € 2G. So G C 2G. The converse 
inclusion is evident so that G = 2G. 

Now suppose that H # G is a subgroup of index 2. Then 2H C H, since (H, +) 
is a group, and 2H’ C H’+ H’ C H by (4.5.3). Now, 


G=2G =2(H UH’) =2HU2H' CH, 


whereas H C G, since (H, +) is a subgroup of (G, +). Thus H = G, contrary to the 
supposition. 


Corollary 4.5.2. No divisible group has a subgroup of index 2. 
Corollary 4.5.3. The group (RX, +) has no subgroup of index 2. 


Let (G, +) be a group, and (H, +) a subgroup of (G, +). We say that the 
subgroup (H, +) of (G, +) is normal iff —y+a+ye€H for every «EH, yEG, ie., iff 


-y+H+yCH (4.5.4) 
for every y € G. Condition (4.5.4) can also be formulated as 
y+tHt+y=H (4.5.5) 


for every y € G. In fact, since in (4.5.4) y € G is arbitrary, we may replace y by —y, 
arriving aty+H—-—yCH,ie, HC -y+H-+y (for every y in G), which together 
with (4.5.4) yields (4.5.5). 

Let (H, +) be a group, and S Cc H an arbitrary set. We say that a subgroup 
(G, +) of (H, +) is generated by S' iff (G, +) is the smallest subgroup of (H, +) 
containing S,, i.e., for every subgroup (K, +) of (H, +) such that S Cc K we have 


GeK. (4.5.6) 


(In this connection cf. Exercise 4.8.) Note that a set S C H can generate only one 
subgroup of (H, +). If (G, +) is another subgroup of (H, +) generated by S, then 
we must have, according to (4.5.6), GC G and G C G, which yields G = G. 


Theorem 4.5.1. Let (H, +) be a commutative group, and (S, +) a subsemigroup of 
(H, +). Then the group G generated by S is 


G=S-S. (4.5.7) 


Proof. Suppose that (4.5.7) holds. For every x,y € G there exist u,v,w,z € S such 
that «= u—v, y= w — z. Hence, since S C H, and (H, +) is commutative 


z-—y=(u-—v)—-(w-z)=(ut+z)-(v+u) €S-S=G, 


since by Lemma 4.5.2 u+ z€S,uvu+w€S. It follows by Lemma 4.5.1 that (G, + ) 
is a subgroup of (H, +). Now take an arbitrary x € S. By Lemma 4.5.2 2x € S, and 
hence, by (4.5.7), 

e=e-xLxES-S=G. 
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Thus SC G. Let (K, +) be an arbitrary subgroup of (H, +) such that S C K. For 
every 7,y € S we havex—ye K,ie., S— SC K. By (4.5.7) we get hence (4.5.6). 
Consequently (G, +) is the group generated by S. 


Lemma 4.5.6. Let (G, +) be a group, and let (S,+) be a subsemigroup of (G, +) 
such that for every x € G, x #0, either x € S, or —x € S (or both). Then S generates 
G and (4.5.7) holds. 


Proof. Take an arbitrary « € G, x #0. If x € S, then also 2x € S (since S isa 
semigroup), and 
e=2e-xEeS—S. (4.5.8) 


If x ¢ S, then —x € S and —2x = 2(—2x) € S. Hence 


v= (-a2)-—(-22) 6 S—S. (4.5.9) 
Finally, with an arbitrary y € S 
O=y-yEeS-—S. (4.5.10) 


Relations (4.5.8)—(4.5.10) imply that G Cc S—S. On the other hand S—S' C G, since 
S Cc G and (G, +) is a group. Hence we get (4.5.7). 

If (K, +) is an arbitrary subgroup of (H, +) such that S Cc K, then G = 
S—S CK. Thus S generates G. 


Let (5, +) be a semigroup. We say that the left cancellation law holds in S$ iff 
z+x2=2+y implies t=y 
for arbitrary x,y,z € S. We say that the right cancellation law holds in S iff 
r+z=y+z implies 7 = y 


for arbitrary x,y,z € S. We say that S is cancellative iff both, left and right cancel- 
lation laws hold in S. We say that S is left reversible iff 


(t+ S)\N(y+S)4@ 


for arbitrary x,y € S. 
We quote here without proof the following Theorem of Ore [246] (cf. also Rees 
[265], Dubreil [73], and also Clifford-Preston [47]). 


Theorem 4.5.2. Let (S, +) be a semigroup. There exists a group (G, +) such that 
(S, +) is a subsemigroup of (G, +), S generates G, and (4.5.7) holds, if and only if 
S is left reversible and cancellative. 


Let (G, +) be a group, and let (H,+) be a subgroup of (G,+). We may 
introduce in G the equivalence relation!! 


o~yiff —x+yeH. (4.5.11) 


11 The verification of the fact that (4.5.11) actually is an equivalence relation is left to the reader. 
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The equivalence classes with respect to relation (4.5.11) are called the left cosets!” 
with respect to H, and the coset generated by an x € G is denoted by [2]: 


It]J={yeGlary}={yeG|-r+yeH}={yeGlyer+HA}=ct+H. 
(4.5.12) 

In particular, we have 
[0] = H. (4.5.13) 


The set of all left cosets in G with respect to H will be denoted by G/H. 
If (H, +) is a normal subgroup of (G, +), then in the set G/H we may define 
a binary operation as follows: 


[x] + [y] = [x+y]. (4.5.14) 


We must show that definition (4.5.14) does not depend on the choice of x and y, i.e., 
that if [a] = [u] and [y] = [vu], then [x+y] = [u+ v]. But [2] = [u] and [y] = [v] means 
rrvuandy~wv,ie, -—c+tu€e A,-y+ve dH. Puta=—-x+ue H. Thusu=a+z, 
and —(x+y)+(ut+v) =—-y-a2t+utv=—ytatyt(-yt+v) ytH+y+H = 
H+H CH. This means that «+ y~ ut v, ie., [x + y] = [ut v], which was to be 
shown. 


Theorem 4.5.3. Let (G, +) be a group, and (H, +) a normal subgroup of (G, +). 
With the operation + defined by (4.5.14), (G/H, +) is a group. 


Proof. If a,b,c € G/H, then there exist x,y, z € G such that a = [2], b = [y], c= [z]. 
Then 


(a+b) +e= ([e] + [y]) + [24] = [e+ 9) + [2] = [e+ y) + 2] 
= [e+ (y+ 2) = [2] + lyt+ 2] = fe] + (yl + |) =e + +0). 


Consequently condition (2.9.1) is satisfied. 
Let a € G/H be arbitrary, and x € G be such that a = [a]. Then 


a+t [0] = [z] + [0] = [x + 0] = [2] =a. 


Thus [0] = H (cf. (4.5.13)) is the neutral element of (G/H, +), which shows that 
condition (2.9.2) is satisfied. 


Finally, for every a € G/H, we have (with x € G such that a = [2}) 
a+ [-a] = [2] + [-2] = [2 — 2] = [0], 


which shows that —a = [—2] is the inverse element to a. Consequently, also condition 
(2.9.3) is satisfied. 


12 The right cosets are the equivalence classes with respect to the relation 
er yiffe—yedH. 


The left cosets and right cosets coincide if and only if the subgroup H is normal. 
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Let (G, +) and (H, +) be two arbitrary groups.’ A mapping f : G — H is 
called a homomorphism" iff 


fle+y) = f(a) + fy) (4.5.15) 
holds for all x,y € G. The set 
Ker f = f-(0) = {x €G| f(x) =0} 
is called the kernel of f . 


Lemma 4.5.7. Let (G, +) and (H, +) be groups, and let f : G— H be a homomor- 
phism. Put K = Ker f. Then (K, +) is a normal subgroup of (G, +). 


Proof. Putting in (4.5.15) « = y = 0 we get f(0) = 0, whence (putting in (4.5.15) 
y=—2) f(—x) = —f(x). Hence, replacing in (4.5.15) y by —y, 


F(x —y) = f(x) — fly). (4.5.16) 
Now, if «,y € K, then by (4.5.16) 
f(z —y) = f(x) — f(y) =0-0=0, 


ie., e—y € K. In virtue of Lemma 4.5.1, (K, +) is a subgroup of (G, +). 
Take arbitrary « € K, y € G. Then 


f(-y+a+y) = f(-y) + fle) + f(y) = f(-y) + fy) = -fy) + fy) = 0. 
Thus —y+a2+y € K, which means that K is normal. 


Lemma 4.5.8. Let (G, +) and (H, +) be groups, and let f : G— H be a homomor- 
phism. Let K = Ker f. Then for everyx €G 


[z7]={yeG| f(y) =f(a)}, (4.5.17) 


where [x] denotes the elements of G/K containing x. 


Proof. Let y € [a]. This means that x ~ y, i.e., —x+y € K.In other words f(—x+y) = 
0. Now, since f is a homomorphism 
fy) = fl(e+(-2+y)) = f(a) + f(-@+y) = f(a). (4.5.18) 


Thus ye {ye G| f(y) = f(z) }. Conversely, let f(y) = f(x). Then from (4.5.18) 
we get f(—x+y) = 0, whence —~7+y € K, ie, « ~ y and y € [a]. Hence we get 
(4.5.17). 


13 Tn particular, (H, +) need not be a subgroup of (G, +), and so + in G and in H may denote 
two quite unrelated operations. 

14 The word homomorphism is used to denote several distinct notions: homomorphism of linear 
spaces, homomorphism of groups (and later of rings and fields). In fact, all these notions are particular 
cases of one more general notion: homomorphism of algebraic structures. We presume that the reader 
is familiar with this situation, and we give here the definitions only for the sake of completeness. No 
ambiguities can possibly arise. 
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Corollary 4.5.4. Let (G, +) and (H, +) be groups, and let f : G — H be a homo- 
morphism. Let K = Ker f. Then, for arbitrary |x], [y] €¢ G/K, [a] = [y] if and only 


if f(x) = fly). 


Let (G, +) be a group, and let (H, +) be an arbitrary subgroup of (G, + ). Let 
the mapping 7: G — G/H be defined by 


a(x) = [2], cEG (4.5.19) 


Mapping (4.5.19) is called the canonical projection, or (in the case, where the subgroup 
H is normal), the canonical homomorphism from G onto G/H. This last name is due 
to the following fact. 


Lemma 4.5.9. Let (G, +) be a group, and let (H, +) be a normal subgroup of (G, +). 
Then the mapping 7: G — G/H, defined by (4.5.19), is a homomorphism. 


Proof. Take arbitrary x,y € G. By (4.5.19) and (4.5.14) 
matty) =le+y] =e] + [yl = 7(@) +7(y), 


which shows that 7 is a homomorphism. 


Let (G, +) be a group, and let (H, +) be an arbitrary subgroup of it. Every 
mapping € : G/H — G such that 7(€(a)) = a for every a € G/H is called a lifting!” 
from G/H into G. If we take an arbitrary set T C G which has exactly one element 
in common with every class in G/H, then the mapping € : G/H — G defined by 


(a) =T Na, a€G/H, (4.5.20) 


is a lifting from G/H into G. Conversely, if € : G/H — G is a lifting, then the set 
T = €(G/H) has exactly one element in common with every class in G/H, and has 
property (4.5.20); the verification of these facts is left to the reader. 


4.6 Partitions of groups 


Let A and T be arbitrary sets. Every family {A;}:er of subsets of A satisfying the 
conditions 


LJ A =A (4.6.1) 
teT 
and 
Ap N Aw =@ fort At", t,t” ET, (4.6.2) 


is called a partition of A. A partition {B,},c5 of aset BC A is called a subpartition 
of a partition {A:}rer of A iff the following condition is fulfilled: 

(i) For every s € S there exists a t € T such that B, C Aj. 

It is easily seen that, by (4.6.2), this t € T is unique. Hence we have the following 


Lemma 4.6.1. Let B C A be arbitrary non-empty sets, and let a partition {Bs}seg of 
B be a subpartition of a partition {Ar}ier of A. If, for anys € S andt € T, we have 
B,N Ay 4 @, then actually By C At. 


15 There is no analogue of Lemma 4.5.9 for liftings. 
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Proof. By (i) there exists a t’ € T such that B, C Ay. Then evidently A,N Ay 4 9, 
whence by (4.6.2) t = t’ and A; = Ay. Consequently B, C A:. 


Let 94 BCA. A partition {B,},eg9 of B which is a subpartition of a partition 
{A:}ier of A is called semiselective iff the following condition is fulfilled: 

(ti) For every t € T and s, s’ € S, if B, C A; and By C A;, then B, = By. 

A partition {B,}seg9 of B which is a subpartition of a partition {A:}ier of A is 
called selective iff it is semiselective and 

(iit) For every t € T there exists an s € S such that B, C Ay. 

Again, as a result of (zi), this s € S is unique. 

Let (G, +) be an arbitrary group, and let (H, +) be a subgroup of (G, +). 
Then clearly G/H (the family of the left cosets with respect to H) is a partition!® of 
G. The following three theorems are due to A. Grzaslewicz [123]. 


Theorem 4.6.1. Let (G,+) be a group, and (H,+) its subgroup. Let (Go, +) be 
another subgroup of (G, +), and let (Ho, +) be a subgroup of (H, +). Then H/Ho 
is a subpartition of G/Go if and only if Ho C Go. 


Proof. Let Ho C Go. Let [x] be a member of H/ Ho, and (x) a member of G/Go gener- 
ated by the same 7 € H C G. Thus u € [2] means —2z+u € Ho. But then also —x+u € 
Go, which means that u € (a). Consequently [a] C (x), i-e., condition (7) is satisfied. 

Now suppose that for every x € H there exists a y € G such that [a] C (y). 
In particular, [0] C (y) for a certain y € G. But then 0, which clearly belongs to [0], 
belongs also to (y), which means that 0 and y are equivalent (with respect to Go), or 
(y) = (0). Hence Ho = [0] Cc (0) = Go, which ends the proof. 


Theorem 4.6.2. Let (G,+) be a group, and (H, +) its subgroup. Let (Go, +) be 
another subgroup of (G, +), and let (Ho, +) be a subgroup of (H, +). Then H/Ho 
is a semiselective subpartition of G/Go if and only if 


Hy = HOG». (4.6.3) 


Proof. Suppose that H/Hp is a semiselective subpartition of G/Go. Similarly as in 
the proof of Theorem 4.6.1, the elements of H/Hpo will be denoted by | - ], whereas the 
elements of G/Go will be denoted by ( - ). We clearly have Ho C H, and by Theorem 
4.6.1 Ho C Go, whence 

He ees: (4.6.4) 


Now take an arbitrary z € HM Go. Then, in particular, « € H, so x € [a], and, 
on the other hand x € Go = (0). Thus [2] (0) 4 2, and, by Lemma 4.6.1, [x] C (0). 
Further, [0] = Ho C HNGpo C Go = (0) (cf. (4.6.4)). Condition (ii) then implies that 
[x] = [0] = Hp, ie., x € Ho. Hence 


HG C Ao, 
which together with (4.6.4) implies (4.6.3). 


16 However, G/H cannot be indexed as {[2]}xeq, for then it could happen that [x] = [2’] for « 4 x’. 
We may take as T an arbitrary set which has exactly one element in common with every class 
contained in G/H, and writing At = [¢] consider G/H as {At}rer. 
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Now suppose that condition (4.6.3) holds. Hence Hp C Gp, and according to 
Theorem 4.6.1 H/Hpo is a subpartition of G/Go. Now take arbitrary x,y € H and 
z €G such that [a] C (z) and [y] C (2). In order to prove (ii) we need to show that 
then [x] = [y]. But [2] = 2+ Hp and [y] = y+Hp (cf. (4.5.12)). Thus «+ Ho C (z) and 
y + Ho C (z). Since (Ho, +) is a group, 0 € Hp, and so, in particular, x € (z), and 
y € (z), which means that x and y are equivalent with respect to Go, i.e., —x+y € Go. 
Since x,y € H, also —a+y € H, and we get by (4.6.3) —x+y € Ho. Thus x and y 
are equivalent with respect to Ho, i.e., [a] = [y]. 


Theorem 4.6.3. Let (G,+) be a group, and (H, +) its subgroup. Let (Go, +) be 
another subgroup of (G, +), and let (Ho, +) be a subgroup of (H, +). Then H/Ho 
is a selective subpartition of G/Go if and only if relation (4.6.3) and the relation 


G=H+Go (4.6.5) 
hold. 


Proof. Let H/Ho be a selective subpartition of G/Go. Then, in particular, H/ Hp is a 
semiselective subpartition of G/Go, and in virtue of Theorem 4.6.2 condition (4.6.3) 
holds. Since H C G, Go C G, and (G, +) is a group, we have 


HiGs CE+G=¢, (4.6.6) 


In order to prove the converse inclusion, let z be an arbitrary element of G. We 
continue to employ the notation [ - ], (- ), to denote elements of H/Hpo and G/Go, 
respectively. Thus we have z € (z). H/Hpo is aselective subpartition of G/Go, therefore 
by (#iz) there exists an x € H such that [a] C (z). Since x € [a], we have x € (z), 
ie., x and z are equivalent with respect to Go, which means that —x%+ z € Go. Put 
y = —«#+zs0 that y € Go. We have z = x+y € H+Gpo. This shows that GC H+G, 
which together with (4.6.6) implies (4.6.5). 

Conversely, suppose that conditions (4.6.3) and (4.6.5) are fulfilled. By Theorem 
4.6.2 H/Hp is a semiselective subpartition of G/Go. Take an arbitrary class (z) € 
G/Go. Then z € G, and by (4.6.5) there exist x € H and y € Go such that z= a+ y, 
whence —x + z = y € Go, or —z + 4% € —Gp = Go (since Go is a group). Thus 
x € 2+Gpo = (2) (cf. (4.5.12)). Hence x € [2] M (z), whence [z]N (z) # @. By Lemma 
4.6.1 [x] C (z), which means that for an arbitrary class (z) from G/Gp there exists a 
class [x] from H/Hpo such that [x] C (z). Consequently condition (ii) is fulfilled and 
H/Ho is a selective subpartition of G/Go. 


Example 4.6.1. Let G = Z+ 2iZ be the set of all complex numbers p+ iq such that p 
is an integer (p € Z), and q is an even integer (q € 2Z). Let Go = 2Z + 2iZ be the set 
of all complex numbers p + iq such that both, p and q, are even integers (p,q € 2Z). 
Let H = Z be the set of integers and let Hp = 2Z be the set of even integers. Endowed 
with the operation + of the usual addition of complex or real numbers, all these sets 
become groups. These groups fulfil conditions (4.6.3) and (4.6.5). 
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4.7 Rings and fields 


A set R # @ endowed with two inner binary operations + and - is called a ring iff 
(R, +) isa commutative group (i.c., fulfils conditions (2.9.1)—(2.9.4)), and, moreover, 


(ay)z = x(yz) (4.7.1) 
for arbitrary x,y,z € R, and 
(ety)z=az+yz, z2(a@t+y)=2r+ zy (4.7.2) 
for arbitrary x,y,z € R. If, moreover, 


xy = yx (4.7.3) 


for arbitrary x,y € R, then the ring (R; +, -) is called commutative. A commutative!” 
ring (F’; +, -) is called a field iff (F\ {0}, -) isa (commutative) group. In every field'® 
F there exists an element 1 € F' such that 


le=al=2 (4.7.4) 


for every x € F, and to every x € F, « # 0, there exists an element 2! € F \ {0} 
such that 


oe = ge, (4.7.5) 
Let (R; +, -) be a ring. Every expression 
ue . 
p(a1,---,Lm) = S- a iy sci LY ees Qiy..tim E R, (4.7.6) 
k=0 t1+++-+im=k 
i; €NU{O} 

is called a polynomial in variables x1,...,2%m. Every such polynomial can be consid- 
ered as a function from R™ into R, for if we replace x1,...,£%m by concrete elements 
of R, and then calculate expression (4.7.6), then p(x1,...,2m) will become a concrete 


element of R. 
The collection of all polynomials (4.7.6) is denoted by R[x1,...,%m]. For m= 1 
(4.7.6) becomes simply 


pa) =) aes", (4.7.7) 
k=0 


and the collection of all such polynomials is denoted by R[z] . 
Let R be a subring of a ring P and let a € P. We denote by Ria] the set of the 
values of all polynomials (4.7.7) for « =a, ie., 


Ria) = {ye P| y=p(a) =) axa*, pe Ria] }, (4.7.8) 
k=0 


17 Sometimes the commutativity of the operation - in a field is not required, but in the present book 
we are going to consider such fields only in which the operation - is commutative. 

18 Sometimes, where there is no need to underline the operations in R resp. F', we say simply a ring 
R, or a field F, instead of a ring (R;+, -), or a field (F;+, -). 
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and similarly for polynomials in more variables. It is easily seen that if (R; +, -) 
is a ring, then also (R[z];+,-) and (Ria1,...,¢%m];+,-), with the addition and 
multiplication of polynomials defined in the usual way, are rings. Similarly, if a is an 
element of P, then'® (R{a]; +, -) is a ring. 

If all aj, in (4.7.7) (or, more generally, all a;,..;,, in (4.7.6)) are zeros, we write 
p = 0. The condition p # 0 means that at least one of the coefficients in (4.7.7) 

resp. (4.7.6)) is different from zero. 
If p is a polynomial (4.7.7), then the polynomial 


p (x)= > kaya*—! 
k=1 


is called the derivative of the polynomial p. 

If in (4.7.7) an 40, then the number n is called the degree of p. Polynomials of 
degree zero (p(x) = ap # 0) are elements of R. For p = 0 we assume that its degree 
is —l. 

A structure intermediate between a ring and a field is an integral domain. An 
integral domain (R; +,-) is a commutative ring with an element 1 € R fulfilling 
(4.7.4) for all « € R, and without divisors of zero, i.e., fulfilling, for arbitrary x,y € R, 
the condition 

xy = 0 implies that either x = 0, or y=0. (4.7.9) 


Every field is an integral domain. (If ry = 0, but x 4 0, then «~txzy = 0, whence 
y=0). 

However, in a field, or in an integral domain, or even in a group, it may happen 
that for an element u 4 0 we have u + u = 0, or, more generally, for a certain k € N 


ku = 0. (4.7.10) 


If (4.7.10) holds, but lu #0 for! =1,...,k—1, then we say that u is an element of 
order k. If such a k does not exist, we say that u is an element of order zero. In an 
integral domain (and so also in a field) all elements u 4 0 have the same order. In 
fact, if u fulfils (4.7.10), and v 4 0 is arbitrary, then 


u(kv) = (ku)v = 0, 


whence by (4.7.9), since u 4 0, we get kv = 0. The same argument shows also that if 
lu ~ 0 for an! € N, then also necessarily lv 4 0 (for otherwise we would have lu = 0), 
and so u and v have the same order. 
The common order k of all wu # 0 in an integral domain (or in a field) (R; +, -) 
is called the characteristic of R: 
char R = k. 


If all elements u 4 0 in R have order zero, then we say that R is of characteristic 
Zero. 


19 The operations in R[a] are those existing in P, since by (4.7.8) Ria] C P. So (R[a]; +,-) isa 
subring of (P; +, -). 


100 Chapter 4. Algebra 


If (R; +, -) is an integral domain, then we may associate with Ra field (F; +, -), 
the so called field of fractions of R. The elements of F' are the expressions ae ryeR, 
y 


y 4 0, where it is to be understood that 2 = it we yu. The operations (the 
you 


addition and multiplication) for such expressions are defined as for usual fractions 
(elements of Q, which is the field of fractions of the integral domain (Z;-, - Ns and 
the rules of calculations are the same. We do not go into details here. 

Let (F; +,-) be a field. It is not difficult to check that then, for every m € N, 
the ring F[aj,...,@m] is an integral domain. The field of fractions of F[a1,...,2%m] 
is denoted by F'(a1,...,2%m), and its elements are called rational functions (over F). 
Thus a rational function is an expression of the form 


w(21,. ; xij Ware) > ACERS Pde Pale o8 wore qd ra 0. (4.7.11) 
q(@1,---,2m) 


(Of course, the polynomials p and g need not depend effectively on all variables x,..., 
Lm). Again, if we substitute for x1,...,2m concrete elements aj,...,@m € F such 
that q(a1,..-,@m) # 0, and calculate expression (4.7.11) with such a substitution, 
then we obtain an element of F: 


p(ar, as yj Gen) 


e€F. 
q(a1,---;@m) 


w(a1,---,;@m) = 
Thus a rational function w may be considered as a function from a subset of F’” 
into F’. 


Lemma 4.7.1. Let (K;+,-) be a field, and @4F CK. Then (F;+,-) is a field if 
and only if for every x,y € F 
r—ye€F, (4.7.12) 


and, if y #0, 
zy €F. (4.7.13) 


Proof. Suppose that conditions (4.7.12) and (4.7.13) are fulfilled. By Lemma 4.5.1 
(F, +) is a group, and, of course, (Ff, + ) is commutative, since (K, +) is a commu- 
tative group. Conditions (4.7.1)—(4.7.3) hold for all x,y € F, since they hold in K 
and FC K. It remains to check that (F' \ {0}, -) is a group. But this follows again 
from Lemma 4.5.1, in virtue of condition (4.7.13). 

Conversely, if (F'; +, -) is a field, then conditions (4.7.12) and (4.7.13) are evi- 
dently fulfilled. (They result also from Lemma 4.5.1.) 


Theorem 4.7.1. Let K 4 @ be an arbitrary non-empty collection of subfields of a field. 
Then Ko =()K is a field. 


Proof. If x,y € Ko, then x,y € K for every kK € K. Hence also x — y € K and, if 
y #0, zy! € K, for every K € K. Consequently x — y € Ky and zy~! € Ko. The 
theorem results now from Lemma 4.7.1. 
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Let (kK; +,-) be a field, and let (F;+,-), F C K, be a subfield of (K;-4, -). 
Let A C K be an arbitrary set. Let K be the collection of all fields contained in 
K (subfields of kK) and containing FU A. By Theorem 4.7.1 the intersection Ko of 
all fields in K (K 4 @, since K € K) is a field containing FU A, and clearly is the 
smallest field with this property. In the sequel this field Ko will be denoted? by F(A) 
and called the extension of F by the set A. If A = {a} is a singleton, then instead of 
F({a}) we write simply F(a) and call the extension F(a) simple extension. Similarly, 
the extension of F' by a finite set {a1,...,@m} will be denoted by F'(a1,...,@m). As 
is easily seen we have 


F(aq,..-,@m) = F(a1)(a2)... (Gm). (4.7.14) 


We assume that the reader is familiar with the main properties of rings, fields, 
and polynomials, and here we present only not-so-known properties and definitions, 
and also we recall some known facts and notions in order to refresh the reader’s 
memory and fix the terminology and notation. 


4.8 Algebraic independence and dependence 


Let F, K be fields, F C K. The elements aj,...,@m € K are called algebraically 
dependent (over F’) iff there exists a polynomial p € F[a1,...,%m], p # 0, such that 


p(a1,..-,@4m) = 0. 


If a1,...,@m are not algebraically dependent, they are called algebraically independent 
(over F’). Then p(ai,...,@m) #0 for every polynomial p € F[x1,...,%m], p 4 0. 

If aj,...,@m € F, then they are algebraically dependent over F’. One can take 
the polynomial 


p(£1,---,2m) = ei spe A cael: 


Of course, p 4 0, and p(a1,...,@m) = 0. 

The reader will verify that every part (every sub-system) of an algebraically 
independent system is algebraically independent. This gives rise to the following def- 
inition. 

An arbitrary set A C K is called algebraically independent (over F') iff every 
finite system {a1,...,@m} C A is algebraically independent, i.e., iff p(a1,...,a@m) #0 
for every @1,...,@m € A,m€N, and for every p € F[xj,...,¢%m],p #0. Aset ACK 
is called algebraically dependent (over F’) iff it is not algebraically independent (over 
F), ie., iff there exist a1,...,@m € A and p € Flay,...,%m], p # 0, such that 
p(a1,...;@m) = 0. The notion of the algebraic independence [dependence] extends 


20 The operations in F(A) are those originally existing in K. Also in Theorem 4.7.1 it is understood 
that the operations in all the fields K € K, and in Ko, are the same. In the sequel of this book, 
whenever two fields F and K occur, and F' C K, it is understood that (F; +, -) is a subfield of 
(K;+, -), ie., the operations in F are the same as in K. 
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that of the linear independence [dependence], which is the special case, where the 
polynomial p is linear homogenous: 


m 
P(@1,---,2m) = y ajx;, a € FL i=1,...,m 
i=l 


Let F C K be fields, and let S C K be an arbitrary non-empty set. Consider 


the set?! 

ai U Utut tasustea) (4.8.1) 

m=1 we F(2x1,...,.0m) t 
where the third union extends over all t1,...,tm € S such that w(t1,...,tm) has 
sense?” 
Lemma 4.8.1. Let F C K be fields, and let 9 AS C K. Then with notation (4.8.1), 
F = F(S). 
Proof. Let x € F. Then there exist an m € N,aw € F(a1,...,@%m) and ti,...,tm € S 
such that 

x= w(ti,...,tm). (4.8.2) 


But since the coefficients in w belong to F Cc F(S), and t1,...,tm € S C F(S), and 
rational operations”® do not lead us out of a field, this implies that x € F(S). Thus 
Fc F(S). 

Now observe that (F;+,-) is a field. Indeed, if z,y € F, then x is given by 
(4.8.2) and 


y = u(s1,.--, Sn), 
with some m,n € N, w € F(m,...,%m), u € F(ai,...,%n), and t1,...,tm, 
81,---,5n © S. Moreover, if y 4 0, then u 4 0. Define rational functions v,z € 
E(®igse 3) ins Bivits eh nh) as 
U(@1,---;Um4n) = wW(21,.--,Lm) — U(@m4i,---;Lm+4n); 
and (if u 4 0) 
w(ay,...,2 
ASisexs min) = (1) +++) #m) : 
Car tee ia) 


Then 7 
x—y=v(th,...,tm,$1,---,$n) € F, 
and (if y 4 0) - 
CY SS (tioned seth ese he P. 


Since F C F(S), this implies in virtue of Lemma 4.7.1 that F is a field. 


21 Of course, since F C K, we have F[x1,...,%m] C K[ai,...,¢%m] and F(a1,...,%m) C 
K(#1,..-,;%m). 

22 Le., the denominator of w(t1,...,;tm) does not vanish. If the set S is algebraically independent 
over F’, then w(t1,...,tm) has sense for every ti,...,tm € S, and the third union in (4.8.1) extends 


over all tj,...,tm € S. 
23 Addition, subtraction, multiplication, and division (by an element different from zero). 
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The constant polynomials pa(x) = a, and g(x) = 1, as well as the polynomial 
r(x) = x, belong to Fa] for every a € F’. Hence the rational functions 


_ Pals) nd u(x ue) 
sar ac ame 


belong to F(x). Now, for every a € F and arbitrary t € S we have 


a=w,(t) € F, t= u(t) € F, 


ie, F CF, S C F. Thus F is a field containing F U S, and consequently it must 


contain the smallest field with these properties, ie., F(9). Thus F(S) C F, and 
consequently F = F(S). 


Corollary 4.8.1. Let F Cc K be fields, and let aj,...,adn € K. Then for every b € 


F(a1,...,@n) there exists aw € F(a1,...,4n) such that b = w(a1,..., Qn). 
Proof. By Lemma 4.8.1 b = wo(ti,..., tk), where wo € F(a1,...,%%), and 
ty,...,th © {ai,...,@,}. Every such wo can be considered as a rational function 


w € F(a,...,%n) such that w(a1,...,a@n) = wo(ti,..., th). 


Lemma 4.8.2. Let F C K be fields, and let 9 AS CK. Let ay,...,an € F(S). Then 
there exists a finite set S; C S such that a1,...,@n € F(S1). 


Proof. By Lemma 4.8.1 there exist rational functions 


wy, € F(a,...,Um,),---;Wn © F(a1,...,%m,,), ™1,---,7Mn EN, 
and points ¢1,...,tm,,---,tf,-..,t,, € S such that 
ity al eae 


Then, again by Lemma 4.8.1, a1,...,@n € F(S1), where 


Sr (ipard att yetegee + 


1°mMn 


is a finite subset of S. 


4.9 Algebraic and transcendental elements 


Let F Cc K be fields. An element t € K is called algebraic (over F’) iff the singleton 
{t} forms an algebraically dependent system over F’. If a t € K is not algebraic (over 
F), then it is called transcendental (over F). 

Alternatively, a t € K is algebraic (over F’) iff there exists a non-trivial (4 0) 
polynomial p € F[z] such that p(t) = 0. This follows directly from the definition of 
the algebraic dependence. 

The algebraic closure of F' (in K) is the set 


algcl F = {t € K | t is algebraic over F'}. 
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It can be shown that algcl F’ is a field (a subfield of K; cf. Exercise 4.15). The 
algebraic closure depends not only on F’, but also on K. For example, algcl Q in C is 
larger than algclQ in R. E.g., the imaginary unit 7 is an element of algcl Q in C, but 
not of algcl Q in R. As is well known, we have card algcl Q = No so that R\algclQ 4 9B. 

If t € K is algebraic over F', then among all the polynomials p € F[z], p 4 0, 
such that p(t) = 0 there are polynomials of the smallest degree. (This is a consequence 
of the fact that N is well ordered.) If po is such a polynomial and 


po(t) = > ana*, an £0, 
k=0 


1 
then —po() also is such a polynomial, and has the coefficient of x” equal one. For 
an 


a given algebraic t € K such a polynomial (of the smallest possible degree, with the 
coefficient of « in the highest power equal one and such that its value at the point 
x = t is zero) is unique, and is called the minimal polynomial of t. The degree of 
the minimal polynomial of t is called the degree of t. Algebraic elements of degree 1 
are simply all the elements of F’. In fact, if t € F', then the polynomial p(x) = x —t 
belongs to F[z], p(t) = 0, and clearly p is the minimal polynomial of t. On the other 
hand, if ¢ is algebraic of degree 1, then there exists a polynomial p(x) = «—c€ Fz] 
such that p(t) = 0. Thus t = c, and p € F[z] implies that c € F’. Consequently t € F. 

It may be shown that a p € Fa] is the minimal polynomial of an algebraic 
element t € K if and only if p(t) = 0, p is irreducible™* (in F[x]), and the coefficient 
of x in the highest power in p is one (cf. Exercise 4.11). 


Lemma 4.9.1. Let F C K be fields, and let a set S C K be algebraically independent 
over F. Leta € K\ S. Then SU {a} is algebraically independent if and only if 
a ¢ algcl F'(S). 


Proof. Suppose that a ¢ algcl F(S). Take an arbitrary finite system {a1,...,@m} C 
SU {a}, and for an indirect proof suppose that the system {a1,...,@m} is alge- 
braically dependent. Note that the system {a1 ...,@,} must contain a, for otherwise 
S would be algebraically dependent. Let, e.g., am = a. There exists a polynomial 
pé Flay,...,Um], p #0, such that 


p(ai, Ste , Am) = 0. 
Arrange the polynomial p according to the increasing powers of 2»: 
n 
P(@1,---,Lm) = SO Pi tiga et pi € Flzi,...,2m—i], t=0,...,n. 
i=0 
Thus 


S > pilai,.--,m—1)a" =0. (4.9.1) 
i=0 


24 A polynomial p € F(z] is called reducible (in F[z], or over F) iff there exist polynomials u,v € F[z], 
of degrees smaller than that of p, and such that p = uv. If p is not reducible, it is said to be irreducible. 
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Since a is transcendental over F'(S'), (4.9.1) implies that p;(a1,...,@m—1) = 0,7 = 
0,...,m, and at least one of p;’s is non-trivial, for otherwise we would have p = 0. 
So the system {a1,...,@m—1} C S is algebraically dependent, which is incompatible 
with the fact that S is algebraically independent. 

Now assume that SU {a} is algebraically independent, and for an indirect proof 
suppose that a € algcl F(S). Consequently there exists a polynomial p € F(S)[z], 
p#0, such that p(a) = 0. Let 


pas. an, a; € F(S), 1=0,...,n. (4.9.2) 
i=0 


By Lemma 4.8.2 there exist t1,...,tm € S such that a; € F(ti,...,tm), i= 0,...,n. 
According to Lemma 4.8.1 there exist rational functions wo,...,Wn € F(#1,...,2m) 
such that?° 


a; = wi(ti,...,tm), 6 = 03 5.05% (4.9.3) 
Write every w; as 
Lj ; 
wi = Fp M,L;€ Flai,...,%m], 1=0,...,n. (4.9.4) 
(We can find a common denominator M for all w;, i= 0,...,n.) Not all L; are zero, 


for otherwise, by (4.9.2), (4.9.3) and (4.9.4), we would have p = 0. Inserting (4.9.3) 
and (4.9.4) into (4.9.2) we obtain 


Siti e 0s (4.9.5) 
i=0 
Define a polynomial P € F[x1,...,%m,2m4i] as 
P(a1,.--;2m;%m4i1) = ye L,(a1,.-. ae i it : 
i=0 


Then by (4.9.5) P(ti,...,tm,a) = 0, ie., the system {t1,...,tm,a} C SU {a} is 
algebraically dependent, which is incompatible with the algebraic independence of 
SU {a}. 


4.10 Algebraic bases 


Let F C K be fields. A set S C K is called an algebraic base of K over F iff it fulfils 
the two conditions: 


(t) S is algebraically independent over F; 
(it) algcel F(S) = K. 
25 We may assume all w; belong to F(x1,...,2m) (with the same m), because a rational function 


of a smaller number of variables may always be regarded as a rational function of larger number of 
variables, which does not depend effectively on all the variables. 
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In order to prove the existence of algebraic bases, we prove first the following 


Lemma 4.10.1. Let F C K be fields. A set S C K is an algebraic base of K over F if 
and only if it is a maximaF® algebraically independent subset of K. 


Proof. Let S C K be an algebraic base of K over F’. Suppose that there exists an 
algebraically independent set $,; C K such that S C S; and S 4 5S. Then there 
exists an a € S; \ S. The set SU {a} C Sj is algebraically independent (as a subset 
of an algebraically independent set), and so, by Lemma 4.9.1, a ¢ algcl F(S) = K, 
which is impossible. 

Conversely, suppose that S is a maximal algebraically independent subset of 
K, but is not an algebraic base of Kk over F’. Being algebraically independent, S 
satisfies (2) above, so necessarily we must have algcl F(S) 4 K. Thus there exists an 
a € K \ algcl F(S), and then, by Lemma 4.9.1, the set 5; = S U {a} is algebraically 
independent, S' Cc 5;, S 4 S;. Thus S cannot be maximal. 


Theorem 4.10.1. Let F C K be fields, and let K # algcl F. Then there exists an 
algebraic base of K over F. 


Proof. Let R be the family 
R={SCK |S is algebraically independent over F }. 


Any singleton {t}, where ¢ € K \ algcl F (so that ¢ is transcendental over F’) belongs 
to R, and so R # GS. (R, C) is an ordered set. If Z C FR is a chain, then, as the 
reader will easily verify, So = (JZ € R is an upper bound for Z. By Theorem 1.8.1 
R contains a maximal element Sax. By Lemma 4.10.1, Smax is an algebraic base of 
K over F. 


4.11 Simple extensions of fields 


In this section we prove some lemmas concerning simple extensions of a field. Let 
F CK be fields. 


Lemma 4.11.1. If F C K are fields, anda eK, then 


F(a) = {w(@}, 


where the union extends over w € F(x), whose denominator does not vanish at the 
point a. 


This is a particular case of Lemma 4.8.1. It is enough to observe that if w € 
F(a@1...,%m), then w(az,...,2) € F(a). 


Corollary 4.11.1. [f F C K are fields, and a € K is transcendental over F, then 
F(a)= LU {w(a)}. 
we F (a2) 


26 T.e., there does not exist an algebraically independent set S; C K such that S C Si and S# S}. 
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Lemma 4.11.2. If F C K are fields, and a € K is algebraic over F, then 


F(a)=Fl= U {r@}. 


pe F(z] 


Proof. The inclusion F'[a] C F(a) is clear. Now we show that Fa] is a field. Of course, 
Fla] C K. If b,c € Flal, b= p(a), c= g(a), p,q € Fla], then also r = p—q € Fla], 
and b—c = p(a)—q(a) = r(a) € Fla]. If, moreover, c #4 0 and m € F/[a] is the minimal 
polynomial of a, then?’ (q,m) = 1. It follows that there exist polynomials r,s € F[z] 
such that (cf. Exercise 4.10) 


r(a) q(x) + s(x) m(a) = 1. (4.11.1) 


Putting in (4.11.1) « =a we obtain cr(a) = 1, ie., c7' = r(a) € Fla], whence also 


be“! = p(a) r(a) € Fal. 


By Lemma 4.7.1 F[a] is a field. Clearly F C F[a] (any d € F is the value at a of the 
constant polynomial p(x) = d), and a € Fa] (a is the value at a of the polynomial 
p(x) = x). F[a] must contain the smallest field with these properties, ie., F(a) C F[al. 
Hence Fa] = F(a). 


If F C K are fields, then we can, in particular, add elements of K, and multiply 
elements of K by elements of F'. Thus we may consider K as a linear space?® over F: 


(K; F; +; -). 


Lemma 4.11.3. If F C K are fields, anda € K is algebraic over F, of a degree k, 
then the system {1,a,a?,...,a*~'} forms a base of the linear space (F(a); F; +; -). 


Proof. If the system {1,a,...,a*~1} were linearly dependent, then there would exist 
Q0,01,.-.,@z—-1 € F, not all zero, and such that 
ao +a1a+-+++a%_1a*-1 = 0. (4.11.2) 


Put p(x) = ap + aya +++: + ax%_-12"~1. We have p € F[z], p 4 0. Relation (4.11.2) 
means that p(a) = 0, and since the degree of p is at most k—1, the degree of a cannot 
exceed k — 1. This shows that the set B = {1,a,...,a*~1} is linearly independent. 

Now take an arbitrary b € F(a), 6 4 0. By Lemma 4.11.2 6 € Flal, i-e., there 
exists a p € F[a] such that b = p(a). Let g € F[az] be the minimal polynomial of a. 
There exist polynomials u,r € F'[2] such that 


p(x) = u(x) q(x) + r(a), 


27 (q,m) denotes the greatest common divisor of g and m, i.e., the polynomial u € F[z], normalized 
so that the coefficient of x in the highest power is 1, and such that wu divides both, g and m, and if 
a polynomial v € F'[z] divides q and m, then v divides also u. If we had u 4 1, then we would have 
q = ut and m = wv with certain t,v € F[a]. Since g(a) = c £ 0, we get u(a) # 0, and hence, since 
m(a) = 0, we get v(a) = 0. But since u # 1, the degree of v is smaller than that of m, and m would 
not be minimal. 

28 The reader will verify that all the conditions from the definition of a linear space (cf. 4.1) are 
fulfilled. 
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and the degree of r < k—1, or else r = 0. The latter case is impossible, since otherwise 
we would have for z = a 


b = p(a) = u(a) g(a) = 0. 
Thus r(x) = ao aya +--+ + Qn,2", An #0,n< k—1, and 
b= p(a) = r(a) =ap +ajat+--:+ana” € E(B). 
Of course, 0 € E(B) (take all the coefficients 0), and so F(a) C E(B). The converse 


inclusion is obvious, whence E(B) = F(a), and, as has already been shown, B is 
linearly independent. This means that B is a base of (F(a); F; 4; -). 


Lemma 4.11.4. Let F C K be fields, let a € K be algebraic over F’, and let q © Flix 
be its minimal polynomial. If pi, p2 € Fz] and pi(a) = po(a), then q divides p, — po. 


Proof. Let r = p, — p2 (so that r(a) = 0), and let u = (q,1r). Since q is a minimal 
polynomial (and hence irreducible), we must have either u = 1, or u = q. u = 1 is 
impossible, for otherwise there would exist s, t € F'[z] such that s(x) q(x)+t(x) r(x) = 
1, and for x = a the left-hand side becomes zero. So u = q, and hence q divides r. 


4.12 Isomorphism of fields and rings 


Let (Ri; +,-) and (Ro; +,-) be rings. A mapping y : Ry — Rez is called a homo- 
morphism (of R,; into Rg) iff 


p(x + y) = v(x) + p(y) (4.12.1) 


for every x, y € R,, and 
p(ry) = p(x) p(y) (4.12.2) 


for every x, y € Ry. 

If, moreover, y is one-to-one, then y is called a monomorphism. If vy is onto 
(y(Ri) = Ro), then y is called an epimorphism. A homomorphism which is a 
monomorphism and an epimorphism is called an isomorphism. 

A homomorphism y : R > R (Rg = Ri = R) is called an endomorphism. An 
isomorphism y: R — R is called an automorphism. 

R, and Rz may be in particular (and the same terminology is applied) fields. An 
isomorphism between two algebraic structures states their complete similarity (from 
the algebraic point of view). All algebraic properties of one structure are also shared 
by the other. 


Note that if in (4.12.1) we put x = y = 0, we get 
(0) =0, (4.12.3) 
and if in (4.12.2) we put # = y, and apply the mathematical induction, then we get 


g(x") = y(x)', iEN, (4.12.4) 
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for every homomorphism y. Further, if y is a monomorphism, and thus one-to-one, 
then by (4.12.3) y(a) 4 0 for x £ 0, and setting in (4.12.2) « = y = 1 we obtain 


y(1) =1. (4.12.5) 


Let F,, F> be fields, and y: Fi — Fy a homomorphism. We define a mapping 
Ip: F\|t] — F[a]. If 


pa]. ee ope sa Ihaam, (4.12.6) 


then we put 
n 


= 3° o(ai)a’. (4.12.7) 


i=0 
Thus I,,(p) € F2[z]. We have the following 


Lemma 4.12.1. Let F,, Fo be fields, and py : Fy — F2 a homomorphism. Then the 
mapping I, : F\[x] — F2[x] defined by (4.12.6) and (4.12.7) also is a homomorphism. 
If p is an isomorphism, then I, also is an isomorphism. 


Proof. Let q € Fi[a], 
=> be, 8; € Fi, 7 =0,...,m 


be an arbitrary polynomial from F\[z]. Consider polynomial (4.12.6). We may assume 
that, e.g., m <n. Then 


m n 
(p+ q)( =S( (a; + B;)x? + oa a,x, 
g=0 


j=m+1 
whence 
To(p + a)(2) = D> play + B;)a? + or 
g=0 j=m+1 
=S° ¢(a;)2? + “Ye ;)a) + ae 
j=0 j=m41 
=S- (a;)x? + 3 y(B;)a? = Ip(p)(x) + Ip(a)(2). 
j=0 = 
Similarly 
m+n 
(pq)(x) = + a a4; 3; ) ) 
k=0 i+j=k 
O<i<n 
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whence 
m+n m+n 
Loda= Ye) 28) =S. 0. Slaies)) 2 

k=0 it jak k=0 itj=k 
O<i<n O<i<n 
O<jgm O<jgm 

= (S95 v(ai) x) (> 9(G;) x7) = Ip(p)(x)Ip(q)(2). 
i=0 j=0 


Thus I, is a homomorphism. 
Now let y be an isomorphism. If r € F[2', 


k 


r(x) = > ya", 4 € Fh, 1=0,...,k, 
1=0 


then there is a unique p € F\[z] such that [,,(p) =, viz. 


k 
p=) 6 Owes 


1=0 


It follows that I, is one-to-one and onto. Consequently J, is an isomorphism. 


Lemma 4.12.2. Let F,, F2 be fields, and py: F, — Fy a homomorphism. Then either 
yp =0 in F\, or ~ is one-to-one, and hence a monomorphism. 


Proof. Suppose that y is not one-to-one. Then there exist 21, v2 € F,, 21 # £2, such 
that y(a1) = y(ae). Put y = a1 — a2 #0. Then 21 = y+ 22, whence by (4.12.1) 
p(1i) = v(y) + y(x2), and y(y) = 0. Thus we have by (4.12.2) for every x € Fy 


p(x) = (1 =) =9(y)¢ (=) = 0. 


Consequently y = 0 in Fi. 


Now we are going to investigate the possibility of extending an isomorphism 
of fields to an isomorphism of their simple extensions. Let F\, Fh, Ky, K2 be fields, 
F, C ky, Fo C Koa, and let y : Fi — F> be an isomorphism. We say that elements 
a€ ky, and A€ Ko are y-conjugate iff either they are both transcendental over F 
and Fy, respectively, or they are both algebraic, and their minimal polynomials g and 
Q, respectively, are related in the following fashion 


Q = I,(q). (4.12.8) 
If F Cc K are fields, then the identity map 


e(z) =x forre F (4.12.9) 
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is an automorphism of F’. If elements a, A € K are e-conjugate, then we say shortly 
that they are conjugate. Thus a, A € K are conjugate iff either they are both tran- 
scendental over F’, or they are both algebraic over F' and have the same minimal 
polynomial. Two elements of F' are conjugate if and only if they are equal. The “if” 
part is trivial. Now assume that a, A © F' are conjugate, and let q be their com- 
mon minimal polynomial. Then gq must have the form q(x) = x — c, whence, since 
g(a) = q(A) = 0, we get a= cand A=c. Thusa=A. 
Now we prove the following 


Theorem 4.12.1. Let F,, Fo, Ky, Ke be fields, Fi C ky, Fo C Ko, and let p > Fi > Fo 
be an isomorphism. Let a € Ky, A € Ko, a #0, A # 0. Then there exists an 
isomorphism ® : F(a) — F(A) such that ®(a) = A, ® | Fy = ¢, if and only if a and 
A are y-conjugate. 


Proof. First we assume that the required isomorphism ® exists. Let a be algebraic 
over F,, and let q be its minimal polynomial. Then q is irreducible, and since, by 
Lemma 4.12.1, J, is an isomorphism, the polynomial Q = I,(q) also is irreducible 
(cf. Exercise 4.16). By (4.12.5) the coefficient of x in the highest power in Q is 1 (just 
like in q). If we show that Q(A) = 0, then it follows that A is algebraic over F, and 
Q is its minimal polynomial. (4.12.8) holds by the definition of Q. 

If we assume A to be algebraic, we argue in the same way (replacing I, by I>"), 
since by Lemma 4.12.1 J, is an isomorphism. 

Let 


Then , 
Q(z) = 1p(@)(2) = D> vlai)a", 
i=0 


whence, using (4.12.1), (4.12.2), (4.12.3), (4.12.4) and the facts that ®(a) = A, ® | 
F, = 9, we obtain 


Q(A) = Di vai)’ = D7 ®(ai)®(a)' = O( S| axa") = &(q(a)) = &(0) = 0. 
i=0 i=0 i 


Now assume that a and A are y-conjugate, and let a and A be algebraic over F\ 
and F», respectively, their minimal polynomials being gq and Q, respectively. Since by 
Lemma 4.11.2 F\(a) = F;[a], for every 6 € F(a) there exists a polynomial p € F\[2] 
such that 

b= p(a). (4.12.10) 


For such a } we put 
®(b) = I,(p)(A). (4.12.11) 


To see that this definition is correct (ie., it is independent of the choice of p fulfilling 
(4.12.10)) suppose that p1(a)=p2(a) for some p1,p2€ F,[z]. Then, by Lemma 4.11.4, 
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pi —p2=ugq with a polynomial ué Fi [2], whence, by Lemma 4.12.1 and (4.12.8), 
To(p1)(A) — Ip(p2)(A) = Lp(pi — p2)(A) = Ip(u)(A)Io(@)(A) = Le(u)(A)Q(A) = 0. 


Thus ® is unambiguously defined. 

Take arbitrary u, v € F(a) = Fi [a]. There exist polynomials r, s € F\[a] such 
that u = r(a), v = s(a), whence u+ v = r(a) + s(a) = (r+ s)(a), uv = r(a) s(a) = 
(rs)(a). By Lemma 4.12.1 

O(u + v) = Ip(r + 8)(A) = Ip(r)(A) + Lp(s)(A) = O(u) + O(), 
and 
O(uv) = Ip(rs)(A) = Ie(r)(A) Lo (8)(A) = Ou) ®(v). 
Thus ® is a homomorphism. Take an arbitrary C € F)(A). By Lemma 4.11.2 there 
exists a polynomial P € F2[2] such that C = P(A). Put p= IZ'(P) and c = p(a) € 
F [a] = F(a). Then 
®(c) = I,(p)(A) = P(A) = C. 


Consequently ® is an epimorphism, and so we cannot have ® = 0 in Fi (a). By Lemma 
4.12.2 ® is a monomorphism, and hence an isomorphism. 
For polynomial (4.12.9) we have e(a) = a, whence 


®(a) = Ip(e)(A) = A, 
whereas for the polynomial p(x) = a € F, we have I,,(p) = y(a), whence 


®(a) = I,(p)(A) = v(a), 


ie., ® | F, = vy. Thus © has all the required properties. 
If a and A are y-conjugate and transcendental, then by Corollary 4.11.1 Fi (a) = 


U  {w(a)}, and for every b € F\(a) there exist polynomials r, s € F\[x] such that 
we F, (x) 


b= a (4.12.12) 
For such a } we put 3j 
@(b) = aoa (4.12.13) 


Again we must check that this definition is correct. Suppose that also b = u(a)/v(a) 
with u, v € F,[z]. Hence (rv — su)(a) = 0, rv — su € F; [2], and since a is a transcen- 
dental over F,, we must have rv — su = 0, whence by Lemma 4.12.1 I,(r)I,(v) = 


Ip(s)Ip(u), and 
To(u(A) _ Lo(r)(A) 


To(v)(A) — Ip(s)(A) 
Thus ® is well defined by (4.12.13). Similarly as in the case, where a and A are 
algebraic, it can be checked that ® is an isomorphism. 
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We have a = whence 
Te(e)(A) 
®(a) = = =A, 
= TOA 
< _ pla) 
and for every a € F,, taking p(x) = a, we have a = mari whence 

To(p)(A) 

(a) = “= — = (a). 

2 aay 


Thus ® has all the required properties. 


Hence we derive the following result, which will be needed later. 


Theorem 4.12.2. Let F C K be fields, and let a, b, A, BE K, abAB #0. There exists 
an isomorphism ~ : F(a,b) > F(A, B) such that p(a) = A, v(b) = B, p| F=e af 
and only if a and A are conjugate and for a certain isomorphism ~ : F(a) > F(A) 
such that @(a) = A, @| F =e, the elements b and B are $-conjugate. 


Proof. The theorem follows by applying twice Theorem 4.12.1 according to (4.7.14). 
In the proof of the necessity one has to put ¢ = | F(a). 


Exercises 


1. Let (L; F; +; -) be a linear space. Show that Lo C L is a linear subspace if and 
only if E(Lo) = Lo. Let, moreover, F' C R. Show that C C L is a cone if and 
only if E+(C) =C. 

2. Let (L; F; +; -) bea linear space, let F C R, and let CC L be a cone such that 
Cm (—C) = {0}. Show that the relation < defined as 


xr<yiffy—xrEeCc 


is an order in L. 

3. Let (L; F; +; -) be a linear space, and let a set B C L be linearly independent. 
Suppose that B= By U Ba, By NM Bo = @. Show that E(B) NM E(B2) = {0}. 

4. Let (L; F; +;-) and (M; F; +; -) be linear spaces, and let f : L > M bea 
homomorphism. Show that for every set AC L we have f(E(A)) = E(f(A)). 

5. Let (L; F; +;-) and (M; F; +;-) be linear spaces, and let f: L — M bea 
homomorphism. Show that f(Z) is a linear subspace of M, and dim Ker f + 
dim f(L) = dim L. 
[Hint: Let Bo be a base of Ker f, and B a base of L such that Bo C B. Prove 
that f | B\ Bo is one-to-one and that f(B \ Bo) is a base of f(L).] 

6. Let (G, +) be a group, and (S, +) its subsemigroup. Show that if S is finite, 
then (S, +) is a subgroup of (G, +) . 
(Hint: Let S = {a1,...,@,}. Take arbitrary a, b € S. Then {a, +. a,...,an +a} 
is a set of n distinct elements of S, so one of them must equal b. Therefore the 
equation z + a = b has a unique solution x € S.] 
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Let (G, +) be a group, and (H, +) its subgroup. Show that the index of H is 2 
if and only if there exists a yo € G\ H such that «+ yo € H for every x € G\H 
(Grzaslewicz-Powazka-Tabor [124]). 

(Hint: If u,v € G\ H, then u+ yo € H, vt+ yo € A, and u—v = (ut yo) - 
(v+yo) € |] 

Let (H, +) be a group. Show that for every family of subgroups of (H, +) their 
intersection is a subgroup of (H, +), and hence for every set S C H there exists 
the subgroup of (H, +) generated by S. 

Let (R; +,-) bearing. A principal ideal of R is every set of the form I, = {x € 
R| «= pa, p € R}, where a € R. Show that”? I, + Ip = I(qy) for arbitrary 
a, b€ Rsuch that (a,b) exists. 

Let (R; +,-) be a ring, and let a, b € R. Show that if (a,b) exists, then there 
exist r, s € R such that (a,b) = ra+t sb. 

(Hint: Use Exercise 4.9.] 

Let F C K be fields, and let a € K be algebraic over F’. Show that p € F{a] is 
the minimal polynomial of a if and only if p is irreducible (over F’), p(a) = 0, 
and the coefficient of x in the highest power in p is one. 

(Hint: If p is irreducible, and there exists a g € F[a], of a degree smaller than 
that of p, such that g(a) = 0, then consider (p,q) € F[a]. It follows that p must 
be reducible.] 

Show that if Fy C F) C K are fields, and (Ff); F\; +; - ) has a finite dimension, 
then F5 C algcel F,. 

[Hint: Let dim Fy = k € N. For every a € F» the elements 1,a,...,a* are linearly 
dependent. | 

Show that if F, C Fo C F3 are fields and the dimensions of both the spaces 
(Fo; Fi; +; -) and (F3; F; +; -) are finite, then also the dimension of the space 
(F3; Fi; +; -) is finite. 

Show that if F C K are fields, and a, b € K are algebraic over F’, then F(a, b) C 
algel F. 

Show that if F C K are fields, then algcl F' is a field. 

(Hint: For every a, b € algcl F’, consider the field F(a, b) C algel F’] 

Let F, and F» be fields, and let y : F, — F> be an isomorphism. Show that a 
polynomial p € F\[z] is reducible if and only if I,,(p) € F[z] is reducible. 

A field F' is called algebraically closed iff every polynomial p € F'[a] of a degree 
greater than one is reducible (over F’). Show that if a field F' is algebraically 
closed, then for every field K D F we have algcl F = F. 

Let F, and F» be fields, and let y : F, — Fy» be an isomorphism. Show that F; 
is algebraically closed if and only if F2 is algebraically closed. 

Let (K; +,-) be a field, let (F; +,-) be a subfield of (K;+,-), and let SC Kk 
be algebraically independent over F’. Show that if S; C S anda eé S$ \ Sj, then 
a is transcendental over F'(S1). 


29 (a,b) denotes the greatest common divisor of a and b. 
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Chapter 5 


Additive Functions and 
Convex Functions 


5.1 Convex sets 


Let C CR be an arbitrary set. A non-empty set AC R% is called C-conver iff 
At+(1-—A)y€A for all z,ye€ A and AE CN (0,1). (5.1.1) 


In order to avoid the tiresome necessity of considering exceptional cases, we note 
the convention that the empty set @ is not C-convex for any C (cf. also Eggleston 
(74]). C-convex sets have been thoroughly investigated by J. W. Green—W. Gustin 
[120]. 

Some particular sets C’ will play a prominent role in the sequel, and we shall 
apply a special terminology in such cases. If C = R, then a set A fulfilling (5.1.1) is 


1 
called shortly convex!. If C = Q, then A is called Q-convez. If C = {5}. then A is 


called J-convez. 
Let D be the set of diadic numbers: 


k 
D={reR| ==, keZneNnuyl. 


Lemma 5.1.1. A set AC RY is J-convex if and only if it is D-convez. 


Proof. Both conditions of convexity imply that A # @. The “if” part of the lemma 


is trivial, since 5 € D. Now suppose that A is J-convex. We have to show that 


k 
Ax +(1—A)y € A for all x,y € A and for every \ of the form A = —,0<k< 


Qn ? — 


1 The theory of convex sets is well developed and there exist many monographs of this subject. Cf., 
e.g., Bonnesen—Fenchel [35], Eggleston [74]. When A runs over [0,1], the point Ax + (1 — A) y runs 
over the segment joining x and y. Thus the geometrical meaning of convexity is: a non-empty set 
A CRN is convex iff together with arbitrary two its points it contains also the segment joining these 
points. 
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2”,n€ NU {0}. This is certainly true for n = 0 and n = 1. Now assume it to be true 
k 1 
for an n > 1 and consider a A = nti" If k = 2”, then A’ = -, and we are back in the 


case n = 1. So let k < 2” (if k > 2” we need only interchange the roles of x and y). 
Then 7 oe j 
At +(1—A)¥ = sre + gar vt au: (5.1.2) 


k 2” —k 
By the induction hypothesis the point on w+ 5n 


y belongs to A. But then (5.1.2) 


may be written as 


1 1 


and this is a point of A by the J-convexity of A. 


Lemma 5.1.2. Suppose that we are given n+ 1 non-negative real numbers ay,.. 
An+1, 2 > 2, such that 


n+1 
s=1 (5.1.3) 
i=l 
and 
An41 2 aj, t=1,...,n. (5.1.4) 
Then the numbers ay,...,Qn can be partitioned into two non-empty disjoint classes 


such that the sum of numbers in each class does not exceed 3 


Proof. Let us divide the numbers aj1,...,@, into two non-empty disjoint classes A 
and B in an arbitrary fashion. Suppose that the sum of numbers in one class, say B, 


is greater than 5" Let 


s= ) Q;j,Q; = Max Qj. 
Vy"? weB 7 
ajEA 


Observe that a; cannot be the only member of B, for otherwise we would have a; > : 
and by (5.1.4) an4i > > which is incompatible with (5.1.3). The sum of the elements 
in B is, according to (5.1.3), 1—an41—$ > zi whence s+ Qn41 < 7 and by (5.1.4), 
sta; < ze Thus we may transfer a; from class B to class A, keeping still the sum of 


2 
1 
the elements in A under —. Continuing this procedure, after a finite number of steps 


we arrive at the desired decomposition. 


1 
Lemma 5.1.3. Let C C R be a ring? such that 5 € C, and let AC R® be a C-conver 
set. Then for every n € N, every ai,...,@n € A, and every a1,...,@, € CN (0,1 


2 It would be sufficient to assume that (C,+) is a group. But in Theorem 5.1.3 the assumption that 
(C;+,-) is a ring is essential, and anyhow the only important cases are C = R,C = Q, and C= D. 
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nm 
such that )* a; = 1 we have 
i=l 
QA, ++++ + Anan € A. (5.1.5) 


Proof. For n = 1 (5.1.5) is trivial, for n = 2 (5.1.5) is equivalent to (5.1.1). Assume 
(5.1.5) to be true for an n € N,n > 2, and consider a combination 


Lo = 101 + +++ + An41En41; 


where @1,..-,@n41 € A, Q1,---,Q@n41 € CM [0,1], and (5.1.3) holds. Taking into 
account Lemma 5.1.2, we can change the numeration of a1,...,@n41 (and, corre- 
spondingly, that of aj,...,@ 41) in such a manner that (5.1.4) holds, and, for a 
certain k €N,1<k<n-—1, we have 


1 1 
s =) a <5, $2 = SS USSG 
i=l t=k4+1 
Put 
1 
L= aya, +--+ + apagn + O- aggy +++>+0+an—1 + 5 7 81) an41) 
1 
y=O0-dgt+---+0- ap + OK4¢1AK41 °° + AnGn 5 82 ) Gn41- 


1 
By the induction hypothesis we have 2x € A,2y € A, and hence, since 5 E C, 


1 
Lo = 5 (22 + 2y) € A. 


The following two results are almost self-evident, so we leave the task of proving 
them to the reader. 


Theorem 5.1.1. Let a € R,b € R¥, and let C C R be an arbitrary set. If a set AC RN 
is C-convex, then also the set aA +b is C-convez. 


Lemma 5.1.4. Let H C R% be a k-dimensional hyperplane, 1 < k < N —1. If a set 
ACRY is convex, then also the perpendicular projection of A onto H is convex. 


The next result, although equally simple, has a fundamental importance. 


Theorem 5.1.2. Let C C R be an arbitrary set, and let A be a non-empty collection 


of C-conver subsets of RN. Then the set Ag = (\A = [) A is either empty or 
AEA 
C-convex. 


Proof. Suppose that Ag # @, and take arbitrary z,y € Ao, AX € CM [0,1]. Then 
x,y € A for every A € A, whence also Ax + (1 — A) y € A for every A € A. Therefore 
Az + (1— A) y € Ao, which shows that Ap is C-convex. 
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Let AC R% and C C R be arbitrary sets, A # @. Taking as A the family of 
all C-convex sets B C R% such that A Cc B (A # @, since RN € A), we infer from 
Theorem 5.1.2 that there exists the smallest C-convex subset of R“ containing A 
(VA @, since A C (A). This set is called the C-convex hull of A. 

For any non-empty set A Cc R¥ the convex hull (C = R) of A will be denoted 
by conv A , the Q-convex hull (C = Q) of A will be denoted by Q (A), the J-convex 


hull (C = {5}) of A will be denoted by J (A). 


Theorem 5.1.3. Let A C R™ be an arbitrary set, A # @, and let C C R be a ring. 
Then the C-convex hull of A is the set B given by 


B= {re RY |2=So nena CCM. €As= bam Pom atin enh. 
i=1 i=1 


(5.1.6) 


Proof. Let C (A) denote the C-convex hull of A. It is easily checked that the set B 
given by (5.1.6) is C-convex, whence C'(A) C B. The inclusion B C CA) results 
from Lemma 5.1.3. Hence C'(A) = B. 


Hence we derive a number of results, which will be needed only later. 


Lemma 5.1.5. For an arbitrary non-empty set A C RY and for an arbitrary a € R 
we have 


Q (aA) =aQ(A). (5.1.7) 


Proof. If « € Q (aA), then by Theorem 5.1.3 there exist n € N, a1,...,Qn € QN(0, 1] 


n 
and @1,...,@_, € A such that }> a; = 1 and 
i=l 


© = a1 (aay) +--+ + Gy (an) = a (aya, +--+ + Anan) € aQ (A). 
Conversely, if z € aQ (A), then (with suitable a; € QN [0,1] and a; € A,i=1,...,n) 


v= a(ayay +++++AnGn) = a1 (aa1) +--+ + an (aan) € Q (aA). 


Consequently (5.1.7) holds. 


Corollary 5.1.1. If a set AC RY, A4@, is symmetric with respect to zero: A= —A, 
then so is also Q (A). 


Proof. By Lemma 5.1.5 —Q (A) = Q(—A) = Q(A). 


Lemma 5.1.6. For arbitrary non-empty sets A,B C RN we have 


Q(A+ B) =Q(A)+ Q(B). (5.1.8) 
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Proof. By Theorem 5.1.3 if an « € Q(A+ B) then there exist n € N,aj,...,Q@n € 
QN [0,1], 35 a; = 1, and ay,...,an € A, b1,...,bn € B such that 


= S| ai (a; + bi) = So aiai + 55 ovidi € Q(A)+ Q(B). 
t=1 t=1 t=1 
On the other hand, if « € Q (A) + Q(B), then 


n m 
1 S- aja; + S Bibj, 
i=1 j=l 


n m 

with a;, 8; € Q, a € A,b; € Bai=l,...,n3j=1,...,m, Sa =1, > 6; =1. Let 
i=1 j=l 

d € N be a common denominator of all a;’s and (;’s. Then x may be written as 


d d d 


t= ya. + >> Yebe = do Ye (ak +) € Q(At+ B), 


k=1 k=1 k=1 


where y, = 1/d,k =1,...,d, and aj,, bj, equal to suitable a;, b;. 


If a,b € RX are arbitrary points, we write Q (a,b) instead of Q ({a, b}), and call 

Q (a,b) the rational segment joining the points a,b. It is easily seen from Theorem 
5.1.3 that 

Q(a,b) = {x E RN | x= a+ (1—A)b,AE QN[O, 1] }, (5.1.9) 


for if in the combination « = a ,a1,+--+:+Q@nd@,y several a;’s equal a, and the remaining 
equal b, we can make the suitable reduction, denoting the sum of the coefficients of 
a; = a by X. And if one of a, is lacking in the combination, we can always add it 
with the coefficient zero. 

The set (a F b) 


(a,b) ={2 ER |x=da+(1—-A)b,AEQ} (5.1.10) 


is called the rational line passing through the points a and b. If we take b = 0, (5.1.10) 
becomes 
(a,0)={xER® |x=a,AJEQ}. 


This is the general form of a rational line passing through the origin. Note that a 4 0 
(i.e., a is linearly independent over Q) so that we have I (a,0) = E ({a}). Similarly, 
if a,b are linearly independent over Q, then the set EF ({a, b}) is called the rational 
plane passing through the origin, a, and b. Generally, for arbitrary k € N, if the points 
a1,...,a% € R% are linearly independent over Q, then the set E ({a1,...,ax}) is called 
a k-dimensional rational hyperplane through the origin and the points a1,...,a,%. Note 
that for any k € N it may happen that a k-dimensional rational hyperplane is entirely 
contained in a less dimensional (real) hyperplane. In particular, in R there exist k- 
dimensional rational hyperplanes for every k € N. 


122 Chapter 5. Additive Functions and Convex Functions 


One of the simplest examples of a convex set is a simplex. Suppose that we are 
given k+1(k < N) points p1,...,pe41 € R which do not lie entirely on a (k — 1)- 
dimensional (real) hyperplane. The convex hull S of the set {pi,...,pr+i} is called 
the simplex with vertices p1,...,DPk+1, and we say, that the dimension of S is k. By 
Theorem 5.1.3 (cf. the remarks following formula (5.1.9)) 


S = conv {pi,..-,Pe+i} 
k+1 k+1 
= {reR™ e= 3 omare alsa tk drora tf. 
i=1 i=1 


Thus one-dimensional simplex is the segment joining the points p, and p2, the two 
dimensional simplex is the triangle (including its interior) with the vertices p1, p2, ps, 
and so on. 


Lemma 5.1.7. Suppose that the points p,,...,pn+41 € R% do not lie entirely on an 
(N — 1)-dimensional hyperplane. Then the set 


N+1 N+1 
= | 2eR" |= Saino: € Ot) A= teeth Yaa 
i=1 


i=l 
1S open. 


Proof. Take an xo € S°, 


N+1 N+1 
tp = S> alp;,a? € (0,1),¢=1,...,.N+41; 50 a =1. 
i=1 i=1 


Consider the equalities 
T= pi +++ + AN+1PN+41; (5.1.11) 
l=a,+-:-+an4i1. 


We may consider (5.1.11) as a system of N+ 1 linear equations with N +1 unknowns 
Q1,--.-,@n41. Since the points p1,...,pn+1 do not lie on an (N — 1)-dimensional hy- 
perplane, the determinant of the system is different from zero, and thus (5.1.11) is a 
Cramer system. Thus for every x € R% (5.1.11) has a unique solution (a1,...,aN4+1), 
and this solution depends on x in a continuous manner. For x = 20 the solution is 
(a?,...,a%4,),a2 € (0,1),¢=1,...,N+1. Therefore if x remains in a small neigh- 
bourhood U of xo, the resulting a’s remain in (0,1), and thus « € S°. Consequently 
U Cc S°, which shows that S®° is open. 


Corollary 5.1.2. If S C RN is an N-dimensional simplex, then int S £ ©. 


Proof. S being N-dimensional means that S = conv {pj,...,pn+1}, where the points 
pi,---,pn+1 do not lie entirely on an (N — 1)-dimensional hyperplane. By Lemma 
5.1.7 the set S° is open, and clearly S° C S, whence S° C int S. Thus int S 4 @. 
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Remark 5.1.1. If GC R% is a non-empty open set, then for every x € G there exists 
an N-dimensional simplex S Cc G such that x € int S. In fact, let {e1,...,en} be the 
usual orthonormal base of RY (over R). Consider the points 


N 


ppo=atre, ti=1,...,N, PNui=2—T> Gi, (5.1.12) 
i=1 


where r > 0 is so small that all points (5.1.12) lie in an open ball Kk centered at 
x and contained in G. Since K is convex, also the set S = conv {pi,...,pn+i} is 
contained in AK, and hence in G. It is easy to check that points (5.1.12) do not lie on 
an (N — 1)-dimensional hyperplane, and thus S is an N-dimensional simplex. Since 
N41 
x= > ap;, wherea=1/(N+1),x€ S° CintS. 
i=l 
Theorem 5.1.4. Let A C R™ be a conver set, which does not lie entirely on an (N — 1)- 
dimensional hyperplane. Then int A # @. 


Proof. Since A does not lie on an (N — 1)-dimensional hyperplane, it must contain 
N +1 points pi,...,pn+41 which do not lie on an (N — 1)-dimensional hyperplane. 
Let S be the N-dimensional simplex with the vertices p),...,pn4+41- Since A is convex, 
SC A, and by Corollary 5.1.2 we obtain int A 4 @. 


Lemma 5.1.8. Let A C R% be a conver set, and let a € int A,b € A. Then, for every 
d € (0,1), 
x= dat (1—A)b€ int A. (5.1.13) 


Proof. Since a € int.A, there exists an r > 0 such that the open ball K = K (a,r) 
centered at a and with the radius r is contained in A: 


KCA. (5.1.14) 


Fix a \ € (0,1), and consider x given by (5.1.13). Let U = K (a, Ar) be the open 
ball centered at x and with the radius Ar. Take a y € U. Then |y—2| < Ar, ie, 
ly — Aa — (1— A) d| < Ar, or 


govt alse. 
By (5.1.14) 
as Ae H (5.1.15) 
Now we have 5 
ar ae 
yar PG? ayo, 


which, in virtue of (5.1.15) and of the convexity of A, implies that y € A. Hence 
U C A, which means that x is n interior point of A. 
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Corollary 5.1.3. Let A C R be a convex set, and let a € int A,b € cl A. Then, for 
every A € (0,1), (5.1.18) holds. 


Proof. Choose r > 0 so that K = K(a,r) fulfils (5.1.14). Fix a \ € (0,1), and 
consider points (5.1.13). We may find a y € A such that 


b- 2 

ly —b| < = =. (5.1.16) 

Put | | 

a-2Z 
zZ=a- Fa (y — b). (5.1.17) 

Then by (5.1.16) 
la = | 
|z—al = lb — 2 ly — b| <7, 


whence z € K, and by (5.1.14) z € A so that actually z € int A. Now, since x = 
Aa + (1— A) b= A(a— 6) +b = (1— A) (b— a) +4, we have 


yo Peal yy lena 
[b= al [bal 
Thus (5.1.17) may be written as 
1-—x 
=a-—-——(y-b 
z=a-~ 4-9), 


whence Aa + (1— A)b= Az4+ (1—-A)y, ie, 


x=z+(1—-A)y. 


By Lemma 5.1.8 x € int A. 


Hence we derive some consequences pointing at a certain regularity of convex 
sets. 


Theorem 5.1.5. Let A C R% be a convex set such that int A ~¢ @. Then the set int A 


is convex. 


Proof. This is an immediate consequence of Lemma 5.1.8. 


Theorem 5.1.6. Let A C R% be a conver set such that int A ~¢ @. Then clint A = cl A. 


Proof. Since int A C A, we have clint A C clA. Now let b € cl A, and choose an 
arbitrary a@ € int A. By Corollary 5.1.3 we have (5.1.13) for every X € (0,1). As 
A’ — 0, the point x tends to b, whence b € clint A. Consequently cl A C clint A, 
whence clint A = cl A. 


3 Cf. also Exercise 5.4 for a dual theorem. 
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A dual theorem is also true (cf. Exercise 5.5). 

Let H C R% be an (N — 1)-dimensional hyperplane. Then H separates R% into 
two open half-spaces. These half-spaces will be denoted by m}, and 17,. So RN = 
m+, U3, UH, and the sets occurring in this decomposition are pairwise disjoint. 

Let A C R,A F @, be an arbitrary set. An (N — 1)-dimensional hyperplane 
FT is called a support hyperplane of A iff 

(i) HANA @; 

(ii) ANah = 9, or AN 77, =. 
In other words, H is a support hyperplane of A iff HMclA #4 © and A lies entirely 
on one side of H. 


Lemma 5.1.9. Let A Cc R% be a conver set such that int A # @. An (N—1)- 
dimensional hyperplane H is a support hyperplane of A if and only if HAclAA @ 
and HNint A= 2. 


Proof. Suppose that H is a support hyperplane of A. Then H satisfies conditions (7) 
and (ii). Let, e.g., ANt} = @. Then A C 17,UH, whence int A C int (17, UH) = 1H, 
and Hnint A= 2o. 

Now suppose that H fulfils (4) and HNint A= @. Put B = int A, and suppose 
that BO}, # @ and BNn?, 4 @. Then there exist points a € BN}, and b € BNz3,. 
By Theorem 5.1.5 the set B is convex, so the whole segment joining a and 6 lies in B. 
But this segment must intersect H, whence we would get HM B #4 &. Consequently, 
either m} Mint A = 2, or 77, Nint A = W. Suppose that, e.g., }, Mint A= @. Then 
int A C 77, UH, and since H Nint A = @,int A C 77,. Hence, using Theorem 5.1.6, 
we get AC clA =clint A C clrz, = 77, UH. Hence AN 7}, = @, and H fulfils (<i). 
Consequently H is support hyperplane of A. 


Lemma 5.1.10. Let D C R™ be a convex and open set, and let Lo be a linear subspace 
of RX (over R) of a dimension r, 0 < r < N, such that Lo 1 D = &. Then there 
exists a linear subspace L of R, of the dimension N —1, and such that Lo C L and 
LAD=2. 


Proof. Let L be a linear subspace of R%, of the greatest possible dimension, such 
that Lo C Land LN D= 2. Let dim L = s so that r < s < N. The thing to prove is 
that s= N—-1. 

Let M bea linear subspace of R perpendicular to L of the dimension N —s. Let 
B be the perpendicular projection of D onto M. The set B is convex (cf. Lemma 5.1.4) 
and is open in the relative topology of M7. The perpendicular projection of L onto M is 
the point 0. Let! C M bea straight line passing through 0. If IN B = ©, then the linear 
subspace L, of RN spanned by LUI is disjoint with D, contains Lo, and dim L; = s+1, 
which contradicts the fact that the dimension of L is maximal. Thus 19 B # @ for 
every line / in M passing through the origin. Of course, 0 ¢ B, since LM D = @. 

If N — s = 1, the lemma is proved. So suppose that N — s > 2. Let PC M 
be a plane through the origin (a two-dimensional linear subspace of R‘). The set 
A= BN P is not empty and hence, by Theorem 5.1.2, A is convex. A is also open in 
the relative topology of P. We have 1M A # @ for every line | C P passing through 
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the origin. Moreover, 
OF A. (5.1.18) 


All rays starting from the origin and passing through the points of A form a 
sector C' in P with vertex at 0. We have 


Ae OC, (5.1.19) 


Let a be the angle of C at the vertex. If a < 7, then we may draw a line / in P such 
that 19 C = {0}, whence 1M A = @, which is impossible. Suppose that a = 7. Then 
C is a half-plane determined by a line / C P passing through zero. But AN! 4 2, so 
A must have a point on J, and being open in P, must have points on both the sides 
of 1, which is incompatible with (5.1.19). Consequently a > 7. Then C' contains a 
half-plane P,. Let P2 be the other half-plane of P. Since a > 7, CM Pj 4 @, and on 
every ray (from 0) contained in CM P» there are points of A. Choose an a € AN P». 
Draw a line 1 in P through a and 0. Then INP; isa ray in C, whence AN(IM P,) 4 S. 
Choose a b € AN P,. Then the whole segment joining a and 6 is contained in A, since 
A is convex, hence 0 € A, which contradicts (5.1.18). Consequently we must have 
N-s=l,ie,s=N-1. 


Now we are able to prove one of the fundamental results in the theory of convex sets. 


Theorem 5.1.7. Let A C R™ be a conver set. Through every point of the frontier of 
A there passes a support hyperplane of A. 


Proof. Suppose that A lies on an (NV — 1)-dimensional hyperplane H: A C H. Then 
H fulfils conditions (2) and (iz), and hence it is a support hyperplane of A. 

Now suppose that A does not lie on any (NV — 1)-dimensional hyperplane. Then 
by Theorem 5.1.4 the set int A is non-empty, and hence, by Theorem 5.1.5, int A is 
a convex open set. Let p be a frontier point of A so that p € clA, but p ¢ int A. 
Put D = int A—p. According to Theorem 5.1.1 D is a convex and open set, 0 ¢ D. 
The set Lo = {0} is a 0-dimensional linear subspace of RY, and Lo N D = @, since 
0 ¢ D. By Lemma 5.1.10 there exists an (N — 1)-dimensional linear subspace L of RN 
such that 0 € L (which is true about every subspace of RY), and LM D = @. Then 
H = L+pis an (N — 1)-dimensional hyperplane, p € H so that Hcl A 4 @, and 
ANint A= HN(D+p) =2@. By Lemma 5.1.9 H is a support hyperplane of A. 


There is no uniqueness attached to the constructions in Lemma 5.1.10 and The- 
orem 5.1.7, and there is no uniqueness attached to support hyperplanes. A convex 
set may have many support hyperplanes passing through the same point. E.g., in the 
case N = 2 consider the set 


A= {(a,y) €R* | y> |2|}. (5.1.20) 


It is easy to check that the set (5.1.20) is convex (cf. also Exercise 7.1), the origin is 
its frontier point, and every line y = ax with |a| < 1 is a support line* of A passing 
through the origin. 


4 In the case where N = 2 (and thus (N — 1)-dimensional hyperplanes are simply lines) we say 
support line instead of support hyperplane. 
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The existence of support hyperplanes is a very characteristic feature of convex 
sets. It may be proved that if A C RN is a closed and bounded set such that int A 4 @, 
and A has a support hyperplane at every frontier point, then A is convex (Eggleston 
(74]). 


Lemma 5.1.11. Let A C R™ be conver and closed set, and let x ¢ A. Then there exists 
a support hyperplane H of A which separates x from A. 


Proof. Let r = d(x, A) > 0 be the distance from x to A, and let K be a closed ball 
centered at x and with a radius greater than r. Then 


ay aa ey 
and since the set AN K is compact (being closed and bounded), there is a point z € A 
such that 
d(a, A) =|x—-—2|. (5.1.21) 


Let H be the (N — 1)-dimensional hyperplane passing through z and perpendicular 
to the segment 7Z. Let a denote that of the two open half-spaces into which H divides 
RY which contains x. Suppose that there exists a u € AN. Then the angle 9 = Zxrzu 
is acute so that 

cos© > 0. (5.1.22) 


Consider the point 
v=z+A(u—-—z) =Au+(1-A)z, 


with a A € (0,1). Since z and u belong to A, and A is convex, also v belongs to A. 
Now, we have v—z = A(u— z), whence x—v = (4 — z)—(u — z) = (w@— z)-A(u-— 2), 
and 


|ja — vl? = |x — 2|? + A? Ju — 2)? — 2A (@ — z) (u— 2) 


= |x — 2)? +7 |u— 2)? — 2d |x — z||u— z|cos® 


= |x —2|° +Alu— 2| (Alu — 2| — 2|a — z|cosO). 


If A € (0,1) is small enough, we have by (5.1.22) A|u — z| < 2|a — z|cos©, whence 
|x —v| < |a — z|. But this contradicts (5.1.21), since v € A. 

Consequently we must have AN + = &, which means that H is a support 
hyperplane of A and that H separates x from A. 


Theorem 5.1.8. Let AC RY,A¥¢ RX, be a conver and closed set”. Then A is equal 
to the intersection of all the closed half-spaces containing A, determined by all the 
support hyperplanes of A. 


Proof. Let H be the collection of all the support hyperplanes of A. Since A 4 RX 
the frontier of A is non-empty, and in virtue of Theorem 5.1.7 also H # @. For every 


5 Theorem remains true also for A = RY if we agree that () @ = RN 
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H € H let Ily denote that of the two closed subspaces into which H divides RY 
which contains A: 


AC Uy for H EH. (5.1.23) 
The thing to prove is that 
A= {) Un. (5.1.24) 
HEH 


By (5.1.23) we have A C na Ily. Take an « ¢ A. By Lemma 5.1.11 there exists an 


Ho € H such that x ¢ fe whence « ¢ ()] Ily. This shows that () Ily C A. 
HeH HeH 


Hence (5.1.24) follows. 


5.2 Additive functions 


A function® f : RY — R is called additive iff it satisfies Cauchy’s functional equation 


f(a+y)=fla)+fl) (5.2.1) 


for all 2,y € R%. For N = 1 equation (5.2.1) was first treated by A. M. Legendre 
[206] and C. F. Gauss [96], but A. L. Cauchy [41] first found its general continuous 
solution, and the equation has been named after him. Concerning equation (5.2.1) 
and the vast literature of the subject, cf. also Aczél [5]. 

It follows from (5.2.1) by induction that if f : RY — R is additive, then 


i (>: “| = S f (v4) (5.2.2) 


for every n € N and for every 71,...,%n € RX. 


Lemma 5.2.1. If f; : RN — R and fo: RN — R are additive functions, then, for 
every a,b ER, the function f =afi + bfe is additive. 


This results immediately from (5.2.1). 


The following theorem gives a fundamental property of solutions of equation 
(5.2.1). 


Theorem 5.2.1. Jf f : RY — R satisfies equation (5.2.1), then 
f Az) = Af (2) (5.2.3) 
for everyx € RN andA€Q. 
Proof. For « = y = 0 we get from (5.2.1) 
f (0) =0, (5.2.4) 


6 So in the present book we consider only finite-valued additive functions. Additive functions with 
infinite values have been considered by I. Halperin [131]. He showed that the only such functions are 
f = +00 and f = —oo (cf. also 16.6). 
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whence, setting in (5.2.1) y = —a, we obtain 


0=f(0)=f(a—2)=f(a)+f(-a), 


f (-x) =—-f (2). (5.2.5) 
Thus the function f is odd. 
Taking in (5.2.2) 7] =--- = 2%», = x we obtain (5.2.3) for all \ € N. According 
to (5.2.4) and (5.2.5), (5.2.3) holds for all » € Z. 


k 
Now, an arbitrary \ € Q may be written as \ = —, where k € Z,m € N. Hence 
m 
ka = m(Az) and so, by what already has been proved, 


k f(x) = f(ka) = f(m(Az)) = mf (Az), 
whence (5.2.3) follows. 


If N = 1, then we get from (5.2.3) with c= f(1) 
f (At) =X for X€Q, 


whence, if f is continuous, 
f(a) =cx for AER. (5.2.6) 


Formula (5.2.6) gives the general continuous additive functions f : R — R. For 
continuous additive functions f : RN — R, N > 1, the corresponding formula will be 
found in 5.5. 

Theorem 5.2.1 says that every additive function f : RY — R is a homomor- 
phism from the space (RY; Q; +; -) into (R; Q; +; -)(cf. 4.3). Thus as an immediate 
consequence of Theorem 4.3.1 we obtain the following 


Theorem 5.2.2. Let H be an arbitrary Hamel basis of the space (RY; Q; +; 3 Then 
for every function g : H — R there exists a unique additive function f : RN > R 
such that f | H =g. 


Theorem 5.2.2 gives the general construction of all the additive functions f : 
RN — R. In fact, every additive f may be obtained as the unique additive extension 
of a certain function g: H — R, viz. g = f | H. 

For many years the existence of discontinuous additive functions was an open 
problem. Mathematicians could neither prove that every additive function is contin- 
uous (which is false), nor exhibit an example of a discontinuous additive function (as 
we will see later, it was a hopeless task, since there do not exist effective examples 
of discontinuous additive functions). It was G. Hamel who first succeeded in proving 
that there exist discontinuous additive functions. In Hamel [134] he proved Theorem 
5.2.2 above (for N = 1), whence the existence of discontinuous additive functions 
follows easily. In fact, we obtain from Theorem 5.2.2 


Corollary 5.2.1. Let H be an arbitrary Hamel basis of the space (R;Q;+;-), and let 
g: H >R be an arbitrary function. Let f : R — R be the unique additive extension 
of g. The function f is continuous if and only if g(a)/x = const for x € H. 
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Proof. If f is continuous, then it has form (5.2.6), and in particular, for « € H, we 
must have g(x) = f(x) = ca, ie., g(x)/x = c = const. If g(a) = cx for x € A, 
then the function cx is an additive extension of g, and by the uniqueness of such an 
extension f must be given by (5.2.6). Thus f is continuous. 


Now, it is enough to take any function g : H — R such that g(a)/a 4 const on 
HT, and as an additive extension of g we obtain a discontinuous additive function. 

This argument would have to be modified for N > 1, but we can also argue 
otherwise. It follows from the proof of Theorem 4.3.1 that the values of an additive 
extension f : RN — R ofa function g : H — R are given as linear combinations of the 
values of g (at suitable points of H) with rational coefficients. Hence, if g takes on only 
rational values, then also all values of f will be rational, and thus f cannot be con- 
tinuous. We shall often make use of this observation, therefore we will formulate it as 


Corollary 5.2.2. Let H be an arbitrary Hamel basis of the space (R*;Q;+4; ‘), and 
let g: H > R be a function with rational values only (g(H) C Q), g #0. Then the 
additive extension f : RN — R of g is discontinuous. 


Hence we infer the existence of discontinuous additive functions f : RY — R for 
arbitrary N EN. 

Discontinuous additive functions are sometimes called Hamel functions. They 
exhibit many pathological properties, as will be seen later in this book. Since such 
functions are undesirable in applications, we will try to find possibly weak conditions 
which assure the continuity of an additive function. 


5.3 Convex functions 


Let D C R™ be a convex and open’ set. A function f : D > R is called conver® iff 
it satisfies Jensen’s functional inequality 


5 (22) z fo iy (5.3.1) 


for all z,y € D. If the inequality in (5.3.1) for « ¥ y is sharp, f is called strictly 
conven. 
If a function f : D — R (where D C R% is a convex and open set) satisfies the 


in lit 
es / (222) » foetw 
2 = 2 


(5.3.2) 


7 In this book we consider convex functions only on convex and open subsets of R', and we con- 
sider only finite-valued functions. Continuous convex functions defined on subsets of RN which are 
convex, but not necessarily open, and also infinite-valued convex functions, are discussed in detail 
in Rockafellar [268]. Adjoining to D also some of its frontier points would seriously complicate the 
presentation, but the essentials would remain the same. (Let us note also that convex functions are 
often considered in more general spaces than RN; cf., e.g., Roberts—Varberg [267]). 

8Some authors call functions fulfilling (5.3.1) J-convex or Jensen-convez, reserving the name convex 
for functions fulfilling (5.3.7) for all real A € [0,1]. Since in the present book we are primarily 
interested in functions fulfilling Jensen’s inequality (5.3.1), we call such functions simply convex, as 
many authors do. Functions fulfilling (5.3.7) for all real A € [0,1] will be referred to as continuous 
and convex. As we shall see later, they are necessarily continuous. 
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for all x,y € D, then f is called concave. If the inequality for « # y is sharp, f is 
called strictly concave. It is easily seen that a function f : D — R is concave if and 
only if the function —f is convex. So the properties of concave functions can easily be 
obtained from those of convex functions. Every theorem about convex functions can 
be “translated” into a theorem about concave functions, and vice versa. Therefore 
concave functions will not be separately treated in this book. 

Convex functions were introduced (for N = 1) by J. L. W. V. Jensen [155], [156], 
although functions satisfying similar conditions were already treated by O. Holder 
[143], J. Hadamard [127] and O. Stolz [298]. Basic properties of convex functions in 
the one-dimensional case were proved by Jensen himself and by F. Bernstein - G. 
Doetsch [30]. Generalizations to higher dimensions were made by H. Blumberg [33] 
and E. Mohr [227]. 

In his fundamental paper J. L. W. V. Jensen [156] wrote: “Il semble que la 
notion de fonction convexe est a peu prés aussi fondamentale que celles-ci fonction 
positive, fonction croissante. Si je ne me trompe pas en ceci, la notion devra trou- 
ver sa place dans les expositions élémentaires de la théorie des fonctions réelles.” (It 
seems to me that the notion of convex function is just as fundamental as positive 
function or increasing function. If I am not mistaken in this, the notion ought to 
find its place in elementary expositions of the theory of real functions). And he was 
certainly not mistaken. Convex functions are more or less extensively treated in vari- 
ous textbooks on calculus (cf., e.g., Bourbaki [37], Haupt-Aumann [139]). The whole 
monographs? (e.g., Rockafellar [268], Roberts—Varberg [267], Popoviciou [260]; cf. 
also Krasnosel’skii—Rutickii [175]) and expositions( Beckenbach [22], Moldovan [230], 
Kuczma [181]) have been devoted to them. They have been given many generaliza- 
tions (Beckenbach [21], Beckenbach—Bing [25], Popoviciou [259], Moldovan [228], [229], 
[230], Kemperman [167], Ger [104], Deak [65], Czerwik [51], Ponstein [258], Vertgein— 
Rubinstein [317], Mitrinovié [226], Guerraggio-Paganoni [126], Sander [275]; cf. also 
Chapter 15). They play extremely important role in many branches of mathematics. 

In the present book we deal with seemingly less important aspects of the theory 
of convex functions. However, the importance of considering pathological examples of 
non-measurable functions lies not in investigating their properties, but in establishing 
that such examples may occur and finding what conditions are essential and cannot 
be released when we want to avoid such functions. Continuous convex functions have 
very beautiful properties (cf. Chapter 7). But in order to enjoy them we must know, 
what (possibly weak) conditions should be imposed on the functions considered in 
order to guarantee that they are actually continuous. 


Properties of convex functions are strikingly similar to those of additive func- 
tions. Actually we have by Theorem 5.2.1 for any additive function f : RY — R 


§(F4) =F 1@+y- Pe 


ie., every additive function is conver. 

° These monographs deal mainly with continuous convex functions. 

10 As well as concave. The converse is not true: if a function f : RN — R is at the same time convex 
and concave, then it differs from an additive function by a constant. Cf. 13.2 for details. 
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Many other convex functions are well known; for NV = 1 the functions f(x) = 2?, 


f(a) = exp, f(x) = |z| are all convex on any open interval J C R (also on J = R). In 
Chapter 7 we will see how to find examples of convex functions in RY. Some examples 
of convex functions will also be given at the end of this section. 


We start with some trivial results. 


Theorem 5.3.1. The linear combination, with non-negative real coefficients, of conver 
functions is a convex function. 


Theorem 5.3.1!! is quite obvious and requires no proof. Let us note that, as a 
result of Theorem 5.3.1, the sum of a finite number of convex functions is a convex 
function, as is also the product of a convex function by a non-negative constant. 


On the other hand, the product of (even non-negative) convex functions need 
not be convex (the function f(a) = x? exp x on R is a counter-example). But we have 
(cf. also Corollary 7.2.1) 


Theorem 5.3.2. The square of a non-negative convex function is a convex function. 


Also Theorem 5.3.2 is almost self-evident and will be given no proof, similarly 
as the following 


Theorem 5.3.3. The limit of a convergent sequence of convex functions is a convex 
function. 


Corollary 5.3.1. The sum of a convergent series of convex functions is a convex func- 
tion. 


Theorem 5.3.4. Let D C RN be a convex and open set, and let f,, fo : D — R be 
convex functions. Then the function f given by f(x) = max (fi (2), fo(z)), x € D, is 
conver. 


Proof. Take arbitrary x,y € D. We have 


h € zs ) < file) + Aw) 


2 


and 


Whence also 


+(4) = max (1 ($4). f (+) 2 = 


i.e., f is convex. 


11 Theorem 5.2.1 says that the family of all convex functions f : D — R forms a cone in the space 
of all functions f : D — R. Cf. Kemperman [168] concerning further research in this direction. 
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Lemma 5.3.1. Let D C R% be a convex and open set. If f : D > R is a conver 
function, then for everyn € N and for every 21,...,%, € D 


p (Sete) ye (5.3.3) 


nm nm 


Proof. It follows from (5.3.1) by induction that for every p € N and for every 
L1,..-,In € D 


QP QP 
1 1 
Now fix ann € N, and choose a p € N such that n < 2?. Take arbitrary 71,...,¢@, € D, 
and put 
1 n 
=— ; for k=n+1,...,2?. 5.3.5 
Th=— y x; for n ( ) 


i=1 
Since D is convex, points (5.3.5) belong to D in virtue of Lemma 5.1.3. We have 


ies. — Sie 
1 = 15%, 
i=1 i=1 
whence by (5.3.4) 


tc —s ee 
f ti =f op ti S op A (21) 
4=1. i=1 


i=1 


= = Sores + (2? —n)f (Ex)| (5.3.6) 


From (5.3.6) we obtain 


which yields (5.3.3). 


Theorem 5.3.5. Let D C R% be a convex and open set. If f : D — R is a conver 
function, then for every x,y € D and for every X € QN [0,1] we have 


f(Ac+ (1 — A)y) <Af(x) + (1 — A) f(y). (5.3.7) 
Proof. Let A = i neNOe Ren Put v4) = +++ =&p = 2%, Oey = = In = Y. 


By (5.3.3) 


n 


j (Sees) 2 Se) 


which is the same as (5.3.7). If A = 0 or 1, (5.3.7) is trivial. 


If f : DR is convex and continuous, then (5.3.7) holds for all real  € [0, 1]. 
The converse theorem is also true (cf. 7.1). 
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Lemma 5.3.2. Let D C R% be a conver set, and let F CR be a field. If a function! 
f:D-— [-0co, co) satisfies (5.3.7) for all X € FM [0,1], then 


f ts sn] < DL Ait (2) (5.3.8) 


for everyn EN, 21,...,%n € D, and \y,...,An € FN [0,1] such that > A; = 1. 
i=l 


Proof. The proof runs by induction. For n = 2 (5.3.8) is identical with (5.3.7). Now 
suppose (5.3.8) to be true for an n € N. Take arbitrary x1,...,%n41 € D and 
Ay. ++) Anti € Fn(0, 1] such that Ay+---+An4qi = 1. If Ay = +++ = An = 0,Anq1 = 1, 
then (5.3.8) is trivial. If 4; +---+ An #0, then we get by (5.3.7) 


aly “ AiL1 Sa a An&n 
f se Nx, | =f S- ri ts CRLPe SE Cas + XAn412n41 
i=1 i=1 u 


. M1 Ni 
<|>0% —— +++ ———"—_g, | + An ein. (foe: 
(x iG +m) + +if(@n41). (5.3.9) 


By the induction hypothesis 


(a toe ta) 
Mite tan Artest An” 


At An 
< ae n)> 
Qn i ee 
and we obtain from (5.3.9) 
n+1 n+1 
j e sn] eS aes 
i=1 i=1 
i.e., (5.3.8) for n + 1. Thus (5.3.8) is generally true. 
Thus inequality (5.3.8) with arbitrary 21,...,2,, € D is valid for every convex 
function f : D — R with arbitrary A1,...,An € QM [0,1], adding up to 1, and for 
every continuous convex function f : D — R with arbitrary A1,...,An € [0,1], adding 


up to Ll. (Cf. Theorem 5.3.5 and the subsequent remark). 

Theorem 5.3.5 is an analogue of Theorem 5.2.1. Theorem 5.2.2 has no analogue 
for convex functions. We do not know a way to construct all convex functions f : 
D—R. Below we give a few examples of convex functions which are not additive. 


Example 5.3.1. Let g : R — R be convex function (possibly continuous), and let 
a: RN — R be an additive function. Then the function f : RY > R: 


f(x) = g(a(2)) (5.3.10) 


12 Thus we admit that f may assume the value —oo. The lemma is also true for f : D — (—00, oo]. 
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is convex. In fact, 


, (4) = (« (4) = (cereal) < Ue) +9(e) _ F@+FO)_ 


D) y) 5) D) - ) 


It would be tempting to conjecture that every convex function f : RN — R can 
be written in form (5.3.10), where a is additive, and g is a continuous convex function. 
But this is not the case, as will become apparent from the following 


Example 5.3.2. Let H be a Hamel basis for R™, and let, for every h € H, a convex 
function (possibly continuous) gp, : R — R be given such that 


gn (0) =0. (5.3.11) 


We define a function f : RN — R as follows. If  € R%, then x has an expansion 


c=) Bhi, EQ, hee Hi=l,...,n. (5.3.12) 


i=1 


For such an x we put 
F@Q= >= gn(8.): (5.3.13) 
i=l 


The function f thus defined is convex. In fact, take an arbitrary y € R%. y has an 
expansion 
y= > uh, 4 EQ, t=1,...,0. (5.3.14) 
i=1 
We may assume that the same h,’s occur in (5.3.12) and (5.3.14), adding in both 
expressions the lacking h,’s with the coefficients 0. Due to condition (5.3.11) this 
does not affect formula (5.3.13). 
According to the definition of f 


fiy)= Do oh (vi), 


and, since by (5.3.12) and (5.3.14) 


tty Whitri 
See 8 h; 
we have 


i (=) = a (a5) < ioe £9) a Mey Ty) 


i=1 


Now fix hi,ho € H, and take g,,(x) = 27, gn.(x) = z*, gn(x) = 0 forh € 
HI \ {h1, ha}. Suppose that function (5.3.13) can be written in form (5.3.10) with a 
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continuous g and additive a. Then for x = Ahy,  € Q, we have according to Theorem 
5.2.1 (ay =a (hi)) 


f(x) = f (Ahi) = g(a (Ahi)) = g (Aa (Ai) = g (Aa) , 
whereas from (5.3.13) 
f (x) = f (Ahi) = gn, (A) =”. 

Hence g (Aai) = A? for all \ € Q. Note that a; cannot be zero, for otherwise we would 
obtain A? = g(0) for all \ € Q, which is clearly impossible. Therefore g(x) = x?/a? 
for all x = Aa1,A € Q, and since g is continuous, this implies that g(x) = x?/a? for 
all real x. 

Similarly, we have for « = Ah2,A € Q (a2 =a (ha): 


f(x) = f(Ah2) = g(a(h2)) = g(Aa(he)) = g(a), 
and by (5.3.13) 
f(x) = (Aha) = gne(A) = 0%, 
whence it follows, as in the preceding case, g (x) = x*/a3. Consequently 


x? at 
no, 
ay a5 


for all real x, which is impossible. 


But also formula (5.3.13) with continuous g;, does not yield the general form of 
convex functions f : RY — R. To show this, we consider 


Example 5.3.3. Let H be a Hamel basis for RY. For x € R% with expansion (5.3.12) 
we define f (x) as'® 


v) = exp ) i. (5.3.15) 


Adding to (5.3.12) further h,;’s with the coefficients 0 does not affect expression 
(5.3.15). Thus if we take a y € RY, we may assume that y has an expansion (5.3.14), 
and we have, since the function exp is convex, 


(#34) =e xe AEM <3 (om 8+ ema) = ALES, 
ye]: a1 


Consequently our function f is convex. If we suppose that f can be written in form 
(5.3.13) with continuous gn’s, then!* for x = \h,\ € Q,h € H, we get by (5.3.13) 
f(x) = gn(A), whereas by (5.3.15) f(z) = e*. Hence gn(A) = e* for » € Q, and 
for all h € H. Hence, for x = Ahi + who, A, € Q,hi, ho € H, we get by (5.3.13) 
f(x) = e+e, whereas by (5.3.15) f(z) = e*t#. Thus e*t+# = e*+e for all A, uw € Q, 
which is impossible. 

13 Tt is easily seen that expression (5.3.15) is a particular case of (5.3.10). 

14 We could argue simpler: (5.3.15) yields f(0) = 1, whereas from (5.3.13) f(0) = 0. But this 
argument fails if instead of (5.3.13) we consider the formula f(x) = c+ y Gn; (Gi), where c € R is 

i=l 


a constant. 
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5.4 Homogeneity fields 


Let f : RY — R be an additive function. Then, by Theorem 5.2.1, f satisfies relation 
(5.2.3) for all « € R% and all \ € Q. But it may happen that f satisfies (5.2.3) (for 
all z € R%) also for some \ ¢ Q. Let 


Hy ={XER| f(Az) = Af(z) for allz E RY}. 


The set Hy is called the homogeneity field of the function f. The name is well moti- 
vated, as may be seen from the following theorem, due to J. Ratz [263]. 


Theorem 5.4.1. Let f : RY — R be an additive function. Then the set Hy is a field. 
Proof. Let \, € Hy. Then, for an arbitrary x € RY, 


f(A— wz) = f(Ar — ux) = f(Ax) — f(ua) = Af(2) — uf(x) = (A - 2) f (2). 
Consequently \ — uw € Hy. Similarly, if, moreover,  ¢ 0 


whence 


Thus \/u € Hy, and in virtue of Lemma 4.7.1 Hy is a field. 


The following result (Ratz [263]) is in a certain sense converse to Theorem 5.4.1. 


Theorem 5.4.2. Let F C R be an arbitrary field. Then there exists an additive function 
f: RN SR such that Hy = F. 


Proof. Consider the linear space 
(RX; F; +; -), (5.4.1) 


and let B be a base of (5.4.1) (cf. Corollary 4.2.1). Fix an arbitrary c € R,c 4 0, and 
let g: B—R be the constant function 


g(a) =c for cE B. (5.4.2) 


According to Theorem 4.3.1 there exists a homomorphism f from (5.4.1) into 
(R; F;+;-) such that f|B = g. Since f is homomorphism, f is an additive func- 
tion, and satisfies 
f(Az) = Af (2) (5.4.3) 
for all a € RN and \ € F. Consequently F C Hy. 
Now take an arbitrary x € R. x can be written in the form 


w= So Ai, vi E F, b; € B, ewe aera te 


i=1 
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By (5.4.3) and (5.4.2), since f is additive and f | B= g, 


f(a) = SO AF (bi) = DO ig(b) = DIAL E cF. 
i=l i=1 i=l 


Thus 
f (RY) CeF. (5.4.4) 
Take arbitrary 4 € Hy and bp € B. We have 
f(Abo) = Af (bo) = Ag(bo) = Ac. (5.4.5) 


On the other hand, since Abo € RY, we infer from (5.4.4) that there exists an a € F 
such that 
f (Abo) = ac. (5.4.6) 


Since c # 0, relations (5.4.5) and (5.4.6) yield \ = a € F. Hence Hy C F, and 
ultimately we obtain that Hy = F. 


Similar investigations for convex functions have been carried out by R. Ger [113]. 
However, the results are not so complete as those for additive functions. Therefore 
we shall not go into details here. 


5.5 Additive functions on product spaces 


Consider R as a product of lower dimensional spaces: 
p DP 


RN = R? x R? (5.5.1) 


with p€ N,q€N,p+q=N. Every x € R® can be represented as x = (Xp, q), with 
Lp € RP, xq € RY, and if y € RY, y = (Yp, Yq), Yp € R”, ¥q € RY, then 


E+Y = (Lp, Lq) + (Yp, Yq) = (Lp + Yp, Tq + Yq) - (5.5.2) 
With these notations we have the following (Aczél [5}) 


Theorem 5.5.1. Jf f : RY — R is an additive function, and RN has decomposition 
(5.5.1), then there exist additive functions fp: R? — R and f,: R41 — R such that 


f(x) = f(@p,2q) = fp(&p) + fa(xaq)- (5.5.3) 
Proof. Put 
fp(Xp) = f(@p,9), fa(%q) = F(0, xq). 
Then by (5.5.2) 2 = (tp, %q) = (2p, 0) + (0,2), and 
f(x) = f(€p,@q) = frp, 0) + f(0, %q) = fo(&p) + fa(xa), 


i.e., we obtain formula (5.5.3). Further, we have for arbitrary zp, yp € R? and aq, 
Yq € RY 


Jol Satya) = f(Zp+Yp,0) = cade 0)+(Yp, 0)) = hitcre 0)+ f (Up, 0) = fo(Xp) + fr(Yp), 
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and 


fq(%qt+ Yq) = f(0, tqg+Yq) = f((0, %0)+(0, yq)) = F(0, tq) +Ff(0, Yq) = Fal@q)+ fa(¥q), 


re, 


ie., the functions f, and fy are additive. This completes the proo 


Applying Theorem 5.5.1 several times we arrive at the representation 
N 
i=1 


valid for additive functions f : RN — R, where f;: RR — R,i=1,...,N, are additive 
functions of a single variable. Hence we derive the following result. 


Theorem 5.5.2. If f : RY — R is continuous additive function, then there exists a 
c € RN such that 
f (x) = ca, (5.5.5) 


N 
where cx = D> Gx; (c= (c1,..-,eN),@ =(21,...,@n)) denotes the scalar product. 
1=1 
Proof. As we saw in 5.2, the theorem is true for N = 1. If N > 1, we apply formula 
(5.5.4). Fix ani, 1 <i< N, and put in (5.5.4) a) =-+- = aj-1 = U4. = ++ = UN 
0. Since f;(0) =0, 7 =1,...,.N (cf. Theorem 5.2.1), we get 


fila:) = f(0,...,0,2%4,0,...,0), 


whence it follows that the function f; is continuous. Consequently all f; in (5.5.4) 
are continuous additive functions of a single variable, and thus there exist constants 
c, € R,i=1,...,N, such that 


Put c= (c1,...,cenw). Then (5.5.5) is a consequence of (5.5.4) and (5.5.6). 


Thus it has been rather easy to find the general form of continuous additive 
functions f : RN — R. For discontinuous additive functions no such formula exists. As 
we shall see later (Chapter 9), such functions are non-measurable, and consequently 
they cannot be effectively displayed. They can be obtained only by a use of a Hamel 
basis, and thus, implicitely, the Axiom of Choice. 


5.6 Additive functions on C 


In this section we consider functions f : C — C which are additive, i.e., satisfy the 
functional equation 


f(z1 + 22) = fla) + f(z) (5.6.1) 
for all z1,z2 € C. 


15 The same argument works for homomorphisms on products of groups. Concerning homomorphisms 
on products of semigroups, cf. Kuczma [182], Szymiczek [311], Martin [221]. 
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If we abstract from the analytic structure of C, C may be considered as R?: 
C=RxR, 


and z € C may be considered as z = (Rez,Imz). An arbitrary function f : C — C 
may be written as 


where f; :C — R and fg: C — R are the functions 
fi(z) = Re f(z), fo(z) = Im f(z). (5.6.3) 


If f is additive, then by (5.6.1) and (5.6.3), for arbitrary 21,22 € C 

filzi +22) =Ref (zi + 22)=Re[f(z1) + f(z2)] =Re f(a) + Ref(z2) = fiz) + fi(za), 
and 

fa(zit+22)=Im f(a + 22) =Im[f(a1) + f(z2)| =Im f(z) + Im f (22) = fo(a1) + fol), 


i.e., the functions f; and fe (which may be considered as functions from R? into R) 
are additive. Thus we obtain from Theorem 5.5.1 according to (5.6.2) 


Theorem 5.6.1. If f : C — C is additive, then there exist additive functions fy; : R= 
R, k,7 = 1,2, such that 


f(z) = fir(Re z) + fi2(Im z) + ifo1(Re z) + ifoo(Im z). (5.6.4) 


Similar is the situation with the continuous solutions of (5.6.1). 


Theorem 5.6.2. If f : C — C ts a continuous additive function, then there exist 
complex constants c,, C2 such that 


f(z) =az+ 2, (5.6.5) 
where Z denotes the complex conjugate of z. 


Proof. The continuity of f implies the continuity of each function f,; occurring in 
(5.6.4), and so there exist real constants cx;, k,j = 1,2, such that 


fry (@) = Chey 2, kj = 1,2. 
Hence 
f(z) = c11 Rez + cig Im z+ ica; Re z+ icg2 Im z = (cy + ico1) Re z + (C12 + iceg) Im z. 
Put a= cy, + ice, € C, b= cyg + icgg € C. Then 


f(z) =aRez + bImz. (5.6.6) 
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Since i? = —1, relation (5.6.6) can be written as 


at bi a— bi at+ bi. a— bi 
m 


f(z) =aRez — (bi)tImz = Rez+ Rez — 


1 1 
and with c; = 5 (a — bi), c2 = 5 (a+ bi), we obtain 


f(z) =e1 (Rez +iImz) + c2(Rez—iImz), 


ie., (5.6.5). 


Functions (5.6.5) are not analytic, since Z is not an analytic function of z. For 
analytic additive functions we have the following result. 


Theorem 5.6.3. If f : C — C is an analytic additive function, then there exists a 
complex constant c such that 


f(z) = cz. (5.6.7) 


Proof. f, being analytic, is differentiable. Differentiating relation (5.6.1) with respect 
to z1 we obtain 

f(a + 22) = f'(a). (5.6.8) 
Relation (5.6.8), valid for arbitrary 21, z2 € C, says that the function f’ is constant, 
Le., 

f(2=e,z7€€, 
with ac € C. Hence 
f(z)=cz+b, (5.6.9) 


with a,b € C. Inserting (5.6.9) into (5.6.1) we obtain b = 0, whence (5.6.7) follows. 


Exercises 


1. Let C C R be a set such that CM (0,1) # @. Show that if a set A Cc RX 

is C-convex, then there exists a set D C R dense in (0,1) and such that A is 
D-convex. 
(Hint: Let D = {X € [0,1]| Av + (1— A) y € A for every x,y € A}. If XE CN 
(0,1), then Qnp = (1 - xe € D for every k,n € N. Moreover, 0 < ank — 
An+i,b < A* for n,k € N. Let (a,b) C (0,1) be a non-empty interval. If k € N 
is such that A* < min(1—6,b—a), then there exists an n € N, such that 
Qnk € (a, b).] 

2. Let CCR bea set such C/N (0,1) 4 @. Show that if A Cc R% is C-convex, then 
cl A is convex. 

3. For arbitrary a € RN and A Cc RN let d(a, A) denote the Euclidean distance of 
a from A, and, given an € > 0, let 


Ae = {x ER" | d(x, A) <e}. 


Show that if A C R% is convex, then so is also A; for every € > 0. 
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. Show that if A C R% is convex, then so is also cl A. 


(Hint: Use Exercise 4.3.] 


. Let AC R® be a convex set such that int A 4 @. Show that int cl A = int A. 


(Hint: Let y € int A,xz € clA \ int A. Using Corollary 5.1.3 show that y + 
A(a—y) ¢clA for \ > 1, whence x ¢ int cl A.] 


. Let f : RR be an additive function, which is not one-to-one. Show that, for 


every y € f (R), the set f~+(y) is dense in R. (Smftal [286].) 


. Let f : RR be an additive function such that f (R) = R. Show that f either 


is one-to-one, or has the Darboux property (the intermediate value property; 
Smital [286]). 


. Let f: RR, f 40 be an additive function. Show that, for every y € f (R), 


mi(f7'(y)) = 0. (Smital [286]). 


. Let D C R®% be a convex and open set. Show that a function f : D — R is 


convex if and only if the set 


{(t,y) € Dx Ri y > f(x)} 


is J-convex. 

Show that if an additive function f : R? — R is continuous with respect to either 
variable, then it is jointly continuous in R?. 

Show that if an additive function f : R? — R is unbounded on a square [a, b] x 
[a, b] C R?, then for every fixed y € R, either f(z,y), or f(y,z) is unbounded 
on [a, }]. 
Let f : R? = R be an additive function. Show that if f(x,y) (as a function of 
x) is unbounded on an interval J Cc R for a y € R, then it is unbounded on I for 
every y ER. 


Chapter 6 


Elementary Properties 
of Convex Functions 


6.1 Convex functions on rational lines 


In this chapter we discuss some properties of convex functions connected with their 
boundedness and continuity. We start with the following 


Lemma 6.1.1. Let D C R% be a convex and open set, and let f : D — R be a conver 
function. Then 


ENS AEST, 6 LOS) oT me) Phe) ead ena 1) 


n m m > 
(6.1.1) 
for every x € D,d€ RN andm,n€N such thatO <m<nandxtnd€ D. 
Proof. We use Lemma 5.3.1. Take in (5.3.3) a1 = +++ =&@m = a+ nd, Umy1 =++: = 
Ln = x. We obtain 
, m(x2+nd)+(n-—m)a e mf (a + nd) + (n—m) f (x) 
d n _ n ’ 
i.e., 
nf (a+ md) < mf (a+ nd) + (n—m) f(x), 
and 
nlf (a+ md) — f (2)| <m[f (e+nd)—f (0). (6.1.2) 


Hence the last inequality results. The first inequality in (6.1.1) results from (6.1.2) if 
we replace d by —d. For the proof of the middle inequality in (6.1.1) use (5.3.1) with 
x,y replaced by x + md, x — md, respectively. We obtain 


f(w-+md) + f (x= md) 
gy) eam 


whence 
f (x) — f (a— md) < f(x+md) - f(x), 
and the middle inequality in (6.1.1) results on dividing both the sides by m. 
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Lemma 6.1.2. Let D C R% be a convex and open set, and let f : D — R be a conver 
function. If f is bounded above on a set A C D, then it is also bounded above (by the 
same constant) on Q (A). 

Proof. Suppose that for a certain constant M € R we have 


f(t)<M forte A. (6.1.3) 


Take an arbitrary « € Q (A). By Theorem 5.1.3 there exist ann € N,ti,...,tn € A, 
and Ay,.--,An € QN [0, 1] such that 


ee =1, (6.1.4) 


© 
Il 
un 


and 


oa Ate (6.1.5) 
t=1 


By Lemma 5.3.2 and Theorem 5.3.5 we obtain from (6.1.5), (6.1.3), and (6.1.4) 


n 


f(a) <> Mf) 25 uM =M. 
i=1 i=1 


i=l i= 


This shows that f is bounded above by M on Q (A). 


Corollary 6.1.1. Let D C R% be a convex and open set, and let f : D > R be a conver 
function. If f is bounded above on a set A C D, then it is also bounded above (by the 
same constant) on J (A). 


Proof. This could be proved by the same argument as Lemma 6.1.2, using Lemma 
5.1.1, but we will derive this directly from Lemma 6.1.2. Since 5 EQ, the set Q (A) 


is J-convex, and hence J (A) C Q(A). So our corollary is an immediate consequence 
of Lemma 6.1.2. 


Corollary 6.1.2. Let D C R% be a convex and open set, and let f : D — R be 
a convex function. For arbitrary x,y € D, the function f is bounded above on the 
rational segment Q(x, y). 


Proof. This follows from Lemma 6.1.2 in view of the fact that every function is 
bounded on every finite set. 


Lemma 6.1.3. Let D C R% be a convex and open set, and let f : D — R be a conver 
function. For arbitrary x,y € D, the function f is bounded below on the rational 


segment Q (x,y). 
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Proof. Take arbitrary x,y € D, and t € Q (x,y). According to (5.1.9) there exists a 
A € QN (0, 1] such that 
t=Ar+(1-A)y. (6.1.6) 


Moreover, by Corollary 6.1.2, there exists a constant M such that 
f(s) <M for se Q(a2,y). (6.1.7) 
Put u= ; (a+ y), and v = 2u—t. By (6.1.6) 
v=aty—Ar—(1-A)y=Ay+ (1-A) TE Q(z, y), 


whence by (6.1.7) 
f(v) <M. (6.1.8) 


1 
Since u = 5 (v+t), and f is convex, we have 


[f(o) + fF], 


ND] Fr 


flu)< 


whence by (6.1.8) 
f(t) 2 2f (u) — f(v) 2 2f (u) — M. 
Thus f is bounded below on Q(z, y) by the constant! 2f(u) — M. 


Theorem 6.1.1. Let D C R™ be a convex and open set, and let f : D > R be a convex 
function. For arbitrary a,b € D the function f | Q (a,b) is uniformly continuous. 


Proof. Fix a,b € D. We may assume that a # b. Since D is open, there exists a 
positive number p € Q such that 


a’ =a—p(b—a)€D and ' =b+p(b-a)€D. (6.1.9) 


By Corollary 6.1.2 and Lemma 6.1.3 there exist real constants kK < M such that 


K< f(r) <M forre Q(a',b’). (6.1.10) 
First we show that 
Q (a,b) C Q(a’,b’). (6.1.11) 
In fact, if t € Q (a,b), then, according to (5.1.9), there exists a A € QN[0, 1] such that 
t= rat+(1—A)b. Put p= a . It is easily seen that  € QN (0,1). Moreover, by 
p 
(6.1.9), 
' , pra l+p-~A 
= = = = —“_— |p b-—a)] = 1—A)b=t. 
pa’ +(1 — ps) b 14 2p [a— p(b—a)|+ 1+ 2p [b+ p(b—a)] = Aa+(1 — ) 


Consequently ¢ € Q (a’, b’), which proves inclusion (6.1.11). 


1 This constant depends on x and y, but not on a particular t € Q (a, y). 
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Given an arbitrary ¢ > 0, put n = | em + 7 (the integral part of ees + 

1) so that n € N and 

“_* <n. (6.1.12) 
Further put 6 = c |b — al. Take arbitrary x’, 2” € Q (a,b) such that 

Ja’ —2"| <6. (6.1.13) 
Then there exist a, 3 € QN [0,1] such that 

xv’ =aa+(l—a)b, x” = Bat+(1—£8)b, 
whence 
a! — 2" = (8— a) (b-a), 

and by (6.1.13) | —a||b— al <d= . |b — al, and finally 

n|B—-—al <p. (6.1.14) 


Consider the numbers 


= ptatn(B—a) 


M12 = ioe EQ. 
By (6.1.14) , 
a a+ 2p 

0< — <1 
[op ee eee Dy 


so that p12 € QN [0,1]. Now, 


2a’ + (1 = H1,2) b! = [av a 


Consequently 2’ +n (a! — 2”) € Q(a’, 0’) C D. 
Taking in Lemma 6.1.1 ¢ = a2’, d= 2’ — 2”, and m = 1, we get by (6.1.10) and 
(6.1.11) 
—_ I a / = / —_ 
K=M - H@)=F = 00) © pean pig iO tn - fe) -M-K 


n nm n nm 


and by (6.1.12) 


M-K 


n 


i Es 


If (x')-f@ |< 


This shows that f is uniformly continuous on Q (a, 6). 


Every uniformly continuous function on a set A C R% can be uniquely extended 
onto cl A to a continuous function (cf. Exercise 6.1), so we obtain from Theorem 6.1.1 
the following 
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Theorem 6.1.2. Let D C RX be a convex and open set, and let f : D > R be a 
convex function. For arbitrary a,b € D there exists a unique continuous function? 
Jap : ab > R such that gay | Q (a,b) = f | Q (a,b). The function gap satisfies 


Gab (=) < Gab (0) on) (6.1.15) 


for every x,y € ab. 


Proof. The set cl Q (a,b) is convex (cf. Exercise 5.2), so ab C cl Q (a,b). On the other 
hand, Q (a,b) C ab, whence cl Q (a,b) C clab = ab. Thus ab = cl Q (a,b). 

The existence of a unique continuous extension gay of f | Q (a,b) onto ab results 
from Theorem 6.1.1. It remains to prove formula (6.1.15). 

Take arbitrary 7,y € ab = clQ(a,b). There exist two sequences of points 


1 
Ln; Yn € Q (a,b), n € N, such that Jim Ln = 2, Jim, Yn = y. Then dim 5 (@n+ Yn) = 


1 
3 (tty), and, since f is convex, gap is continuous, and gap | Q (a,b) = f | Q (a,b), 


i (+4) ag bik (=i) ea, f (=i) < lim En) * 1 (Un) 


= lim 2% Ln) Got (Yn) _ Jab (Gat (y) 


This proves relation (6.1.15). 


Remark 6.1.1. We do not say that gay is convex, since gay is not defined on an open 
subset of RY. 


Let 1 = I(a,b) be the rational line passing through a and b (cf. 5.1), and put 
lo = 1D. Similarly, let L be the (real) line passing through a and 8, and let Lp = 
LI D. With this notation we have 


Theorem 6.1.3. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. For every a,b € D there exists a unique continuous function Gay : Lp — R 
such that Gay | lo = f | lo. The function Gap satisfies inequality (6.1.15) for every 
x,y € Lo. 


Proof. Let an,bn € lo, n € N, be two monotonic sequences of points converging to 
the two ends of Lo. As is easy to check, we have Q (an, bn) C lo, nbn C Lo for every 
[o.e) 


néEN, and U Q (an, bn) = lo, U Gn, bn = Lo. Put gn = Gand, (Theorem 6.1.2). If 
n=1 n=1 


for some m,n € N we have dmbm C anbn, then g | Gmbm is a continuous function on 
Qmbm which restricted to Q (@m, bm) coincides with f. But g,, is the unique function 
with these properties, whence gn, | @mbm = Gm. Consequently we my define a function 
Gap on Lo in the following way: 


Gap (Z) = gn (x) if & E anbn,n EN. (6.1.16) 


2ab = cl Q (a, b) = conv (a,b) denotes the closed segment joining the points a and b. 
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Inequality (6.1.15) for Ga», results from Theorem 6.1.2 in virtue of the fact that for 
every 2,y € Lo there exists an n € N such that x,y € anb,. The continuity of Ga, 
results from that of gn, n € N. Finally, if G : Lo — R is an arbitrary continuous 
function such that G | lo = f | lo, then G, = G | a,b, is continuous, and G, 
Q (an, bn) = f | Q (Gn, bn) for every n € N, whence it follows that Gy, = gn, n EN. 
Thus G must be given by (6.1.16), which proves the uniqueness of Gap. 


With the same notation we have 


Theorem 6.1.4. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. Then, for arbitrary a,b € D, the function f | lo is continuous. 


This is an immediate consequence of Theorem 6.1.3. 

However, f itself need not be continuous in D. In order to find conditions en- 
suring the continuity of f in D, we are going to investigate, in the next section, the 
problem of the boundedness of f on open subsets of D. 


6.2 Local boundedness of convex functions 


Let DC RX. A function f : D > R is called locally bounded [locally bounded above, 
locally bounded below] at a point xo € D iff there exists a neighbourhood U C D of 
xo such that the function f is bounded [bounded above, bounded below] on U. The 
following three theorems refer to the local boundedness of convex functions. 


Theorem 6.2.1. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. If f is locally bounded above at a point x9 € D, then it is locally bounded 
above at every point x € D. 


Proof. Take an arbitrary x € D. We may assume that x # 2o, for otherwise f is 
locally bounded above at x by hypothesis. There exists a positive number p € Q such 
that the point 


y =2— p(x — 2) (6.2.1) 


belongs to D. Let A = ms € Qn (0,1). We have by (6.2.1) 
p 


x= Att (1—A)y. (6.2.2) 


By hypothesis there exists an r > 0 such that the open ball K = K (xo,1r) centered 
at xq and with the radius r, is contained in D, and f is bounded above on K 


f(t)<M for te K, (6.2.3) 


where M is a real constant. Let U = K (x, Ar) be the open ball centered at x and 
with the radius Ar. Take an arbitrary u € U, and put 


ua(l~A)y 


t= 
r 


(6.2.4) 
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Since u € U, we have |u — x| < Ar, whence by (6.2.2) Ju — Avo — (1 — A) y| < Ar, and 


—(1-A 
way fen ee 
i.e., t— 2% <r, which means that t € K. Since by (6.2.4) 
u=A+(1—-A)y, (6.2.5) 


and y € D, t € K C D, and the set D is convex, we have u € D, whence U C D. 
Moreover, by (6.2.5), Theorem 5.3.5, and (6.2.3) 


f(u) <AF (+ (1 - A) f(y) < AM + (1—A) f (y) < max (M, f(y). 
Thus f is bounded above on U by the constant max (M, f(y)). 


Theorem 6.2.2. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. If f is locally bounded below at a point xp € D, then it is locally bounded 
below at every point x € D. 


Proof. Take an arbitrary x € D, x # xo. There exists a positive number p € Q such 
that the point 
y = %o — p(x — Xo) 


belongs to D. With \ = = € QN (0,1) we have 
p 


to = Aw+(1—A)y. (6.2.6) 


By hypothesis there exists an r > 0, such that the open ball K = K (xo,1r) centered 
at xo and with the radius r, is contained in D and f is bounded below on K 


f(t)>M for te K, (6.2.7) 


where M is a real constant. Moreover, we may assume that r is so small that the 
open ball U = k , x) is contained in D. 
Now take an arbitrary u € U, and put 


t=du+(1—A)y. (6.2.8) 
Then by (6.2.6) and (6.2.8) |t—vo| = Alu—2| < Ay =r, which means that t € K. 
By Theorem 5.3.5 we have 
f(t) <Af(w + -A) FM), 
whence by (6.2.7) 


1 1-A 1 1- 1 1 
fu) > $6) —*SArw) > aM - Ar = (142) etre, 


Thus f is bounded below on U by constant, which depends on the constants M, f (y), 
p, but not on a particular u € U. Hence f is locally bounded below at «. 
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Theorem 6.2.3. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. If f is locally bounded above at a point xo € D, then it is locally bounded at 
every point x € D. 


Proof. By Theorem 6.2.1 f is locally bounded above at every point x € D, and so if 
we show that f is locally bounded below at xo, then it will follow by Theorem 6.2.2 
that it is locally bounded below, and hence locally bounded, at every point x € D. 

Let kK C D be an open ball around zo such that f is bounded above on K, i.e., 
(6.2.3) holds with a real constant M. 


1 
Take an arbitrary u € K, and put t = 279 — u so that xp = > (u+t). We have 


t — 2% = —(u— 20), whence |t — xo| = |u — xo|, which shows that t € K. We have 
f (vo) < 5 If (u) + FI, whence by (6.2.3) 


f (u) 2 2f (wo) — f(t) 2 2f (xo) — M. 
Thus f is bounded below on K by the constant 2f (ao) — M. 


6.3. The lower hull of a convex functions 


Throughout this section the symbol K (x,r) denotes the open ball in R% centered at 
x and with the radius r. 

Let D C R% be an open set, and let f : D — R be function. For « € D and 
r > 0 sufficiently small (such that K(2,r) C D) we define ¢,(r) as 


a(r) = inf f. 
Pe) ine 
If ry < rg and K(a,r2) C D, we have K (2,71) C K(a,r2), whence 


ib f f> inf be 
Qe (r1) = poe gos f = x (re). 


Thus the function vy, is decreasing. Consequently there exists the limit 


my (x) = Jim, Pe (r) = jim, ae f. (6.3.1) 

Function mf : D — [—00, +00) is called the lower hull of f, and its value at an « € D 

is called the infimum of f at x. Similarly we can define the function My : D — 
(—00, +00] 

My (x)= lim sup f, (6.3.2) 

r0+ K(a,r) 

which is called an upper hull of f, and its value at an x € D is called the supremum 
of f at x. 

If the set D and the function f are convex, and f is locally bounded below t 

a point rq € D, then, by Theorem 6.2.2, f is locally bounded below at every point 

x € D and the infimum of f at every x € D is finite. Thus, in such a case, the function 

my is finite: mp : D — R. In the other case f is locally unbounded below at every 
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point x € D, which means that m+ (x) = —oo for every x € D. Similarly, it follows 
from Theorem 6.2.1 that either M; (a) is finite for every x € D: My : D— R, or 
My (x) = +00 for every x € D. 


Theorem 6.3.1. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. If mp A —0oo, then the function mys : D — R is continuous and convex. 


Proof. For every z € D and ¢ > 0 there exists a 6 > 0 such that 


yz (r) = lim pz (p) —e=mfz (z) —€ for r <4, (6.3.3) 
p77 


whence for t € K (z,r), r <4, 


PA ES = EME) ae) (6.3.4) 


1 
Now take arbitrary x,y € D, put z = 5 (a + y), fix an « > 0, and choose a d > 0 


according to (6.3.3). Fix a positive r < 6. Then (6.3.4) holds for t € K (z,r). Further, 
we can find points u € K(a,r) and v € K (y,r) such that (we assume that r has 
been chosen so small that K (x,r), K (y,r) C D) 


f(u)< inf f+e=g2(r)+e< lim ¢2(p)+e=my (a) +e, (6.3.5) 
K(2,r) p0+ 
and 
f(< Pee Fre=gy(r)+e< lim vy (9) +e = mz (y) +e, (6.3.6) 


since the functions yz, ~y are decreasing. We have 


U+tU 
2 


z 


ee on ree 
Soca —— cae — = xTr=T?, 
5 IU x ae y 5 5° 


Utv «x+y 
2 2 


1 
which means that 5 (u+v) € K (z,r). Thus we get by (6.3.4) 


(=) > my (4) an (6.3.7) 


From (6.3.7), (6.3.5) and (6.3.6) we obtain, since the function f is convex, 


ms (=44) -e< (444) < WAL) cme) +m) 


> D) d 


ites (=) < ms (z) + ms (¥) | o. 


2 


Letting ¢ — 0, we obtain hence the convexity of my. 
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Now we turn to the proof of the continuity of m;. Fix an wo € D. Let {e1,...,en} 
be an orthonormal base of R% over R so that we have, in particular, 


le] = 1, ¢=1,...,N. (6.3.8) 
For every « € R% we can write x — v9 uniquely in the form 
L— Xp = Aye, +--+: +ANeN, (6.3.9) 


where 4; € R, i =1,...,N. For every k, 1 < k < N, let M; denote the set of those 
points « € D for which in expansion (6.3.9) at least N — k of the coefficients A; are 
Zeros. 
By induction on k we will prove that my | M;, is continuous at xo. Let k = 1. 
Put 
L,={x€D|x=29+r6;,,\€ R}, t=1,...,N. 


We have 


so in order to prove that my | M is continuous at zo it is enough to prove that 
my | L; is continuous at xp for every i=1,..., N. 
Fix an i, 1 <i < N. Since x € Lj, we can find a \ € R, A 4 0 such that 


1 1 
u = t+ Ae; and v = Zo — Ae; both belong to D. Hence 29 = he + -v € Q(u,v). 


By Theorem 6.1.1 my | Q (u,v) is continuous, so given an € > 0 we can find a 6 > 0 
such that . 
|my (t) — mf (Zo)| < 5 for t € Q (u,v) NK (a, 6). (6.3.10) 
Moreover, we may assume that 6 < |A|. 
On the other hand, we have by (6.3.4) for y € K (xo,6), provided that 6 has 
been chosen small enough, 


f(y) > my (wo) — 5 


If z € K (ao, 6), and r > 0 is so small that K (z,r) C K (20,6), we obtain hence 


is 
i f ZS ~ 5? 
os f2>myz(2)—5 


and on letting r — 0+ we get (for arbitrary z € K (20, 6)) 
€ 
mez (z) > mf (t0) — 5 > mf (ao) —€. (6.3.11) 


Now suppose that z € K (a%o,6) MN L;, and take an arbitrary r > 0 such that 
K (z,r) C K (20,6). Since z € L;, there exists a k € R such that z = x + Ke;, and 
since z € K (29,6), we have |«| |e;| = |z —2o| < 6, ie., by (6.3.8), |] < 6 < |Al. 
Hence 


1 lk 
Dr 3157 € 0,0). 
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Consequently there exists a 4p € QM (0,1) such that 

K+A r 

—- — |< ——. 6.3.12 

Q Dr | 21 e512) 


Put ¢ = wut (1—p)v = xo + (2uA— A) e;. Thus t € Q (u,v). Moreover by (6.3.8) 
and (6.3.12) 


DN 
|jt-—z|= Qua ~A~ wy ee] = wr A— | =2 [8 ue SEA <1, 
whence t € K (z,r) C K (xo, 6). By (6.3.10) 
me (t) < my (a0) + =. (6.3.13) 


2 


Let U; be an arbitrary ball centered at ¢ and such that U; C K (z,r). There exists an 
s € U; such that f(s) < my, (t) + =: or by (6.3.13) 


f(s) < mf (ao) +. (6.3.14) 


Consequently every ball K (z,r) C K (ao,6) contains a point s such that (6.3.14) 
holds. Hence 
ae ee 
ae f < mf (ao) +€ 


and on letting r — 0+ we obtain 

my (Zz) < my (Xo) +. (6.3.15) 
Relations (6.3.11) and (6.3.15) imply that 

mz (z) — mf (a0) SE 


for z € K (xo,6) N L;. Consequently the function my | L; is continuous at xo, and 
hence also the function mf | My is continuous at xo. 

Now assume that forak Ee N,2<k< N, my | Mz-1 is continuous at zo. Thus, 
given an ¢ > 0, there exists a 6 > 0 such that for all y€© Mz_19 K (20,6) we have 


|my (y) — mF (x0) < se: (6.3.16) 


1 
Now take anv € MOK (, 5°). Then, possibly after a suitable renumbering of 
€%S, 
L— Xp = rA1€1 +--+ Ane 


with some A; € R,i=1,...,k. Put 


U = % — Aye, + Azez +--+ AKeR, VU = ZO 4 5262 + Aze3 +---+ Axper. 
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Then u,v € My,_1 and v = = (a+). Moreover, 


NlR 


L 
2 


1 1 
|u—ao|= (AP +AZ ++ +AZ)? ene aay =|2—a9|<55<64, 


i 
je-aol=(4 MAAR + ant) <ATHAZHAZ H+ AZ) 2 =|2—- rol <5 AB, 
which means that u,v € K (20,6). By (6.3.16) 
1 
Imp (u)— my (to) < ze, lmy(e)—mp(aoJl< ze (6.3.17) 
and, since the function my is convex, 
uta 1 
ing (0) = my (AE) 5 fomg (w) + mp (0) 
Le., 
ms (x) > 2myz(v) — mz (u). 
Hence we obtain in view of (6.3.17) 
1 1 
my (x) > 2 ins (ao) — =| - ins (to) + =| = mf (Xo) —€. (6.3.18) 
Now put 
w =o + 2Ageg + Azeg +-+-+Aneg, 2 = Lo + 2A1eE1 + AZe3 +++: + Anex. 


1 
Then w,z € Mp_i, « = =(w+z). Moreover, |w —2o| < 2|a—29| < 6, |z — 2o| < 
2|% — x2o| < 6 so that w, z € K (xo, 6). By (6.3.16) 


1 1 
jg (w) — ray (wo)| < ge, bmg (2) — my (#0) < Ze, (6.3.19) 
and, since the function my is convex, 
my (x) = my ( 


Hence we obtain in view of (6.3.19) 


zZ+Ww 


) <5 lms 2+ my (w)). 


1 1 1 1 
my (x) < 5 | (ao) + 3° + my (xo) + 3 | =mf (to) +5 < my (xo)+e. (6.3.20) 
Relations (6.3.18) and (6.3.20) imply that 
|my (x) — ™f (x0)| <E. (6.3.21) 


Relation (6.3.21) holds for every « € M, 9 K (20,6), which means that the function 
my | M; is continuous at zo. 

Induction shows that my | Mj, is continuous at x for k =1,...,N. But My = 
R, so my | My = my. Thus the function my, is continuous at x. Since xo € D has 
been arbitrary, the function my is continuous in D. 
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6.4 Theorem of Bernstein-Doetsch 


Let D C RN be an open set, and let f : D — R be a function. It follows directly from 
the definition of the lower hull of f that 


my (x) < f(x) for a € D. (6.4.1) 


But if the function f and the set D are convex, we have more precise informations. 


Theorem 6.4.1. Let D C RX be a convex and open set, and let f : D > R be a 
conver function. If at a point € € D we have f (€) # my (E), then f is not locally 
bounded at €. 


Proof. If my (€) = —ov, then f is not locally bounded below at €, as results from the 
definition of my. So let my (€) > —oo. Let U C D be an arbitrary neighbourhood of 
€. Take an arbitrary M > 0. According to (6.4.1) 


p= f (§) — my (§) > 0. (6.4.2) 


Thus there exists an n € N such that 


5 (n—1)p-+my (6) > M. (6.4.3) 


Further, there exists an h € R% such that €+ih €U,i=1,...,n, and 


my ()— 5 P< F(E—h) <ms (+ 5p. (6.4.4) 
Take in Lemma 5.3.1 2) =-+- = a@p_-1 = €—h, 2p =E+(n—1)h. We obtain 
Geng ( CDE Se SD) 2 ot EWA) 
Hence 
HEF ODM EMF (—DFE-W=nFO-FE-WI LEB) 


By (6.4.2) and (6.4.4) f(€-—h) < f(§) - 5P. so we obtain by (6.4.4), (6.4.5) and 
(6.4.3) 
Pp-tmy (€)— 5 P= 5 (n— 1) pty (€) > M. 


Thus for every neighbourhood U of € and for every M > 0 there exists a point t € U 
[viz.t = €+(n—1)h] such that f(t) > M. It follows that f is not locally bounded 
above at €. 


f(E+(n—h)> 


Hence we derive the following Theorem of Bernstein-Doetsch [30]. 


Theorem 6.4.2. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. If f is locally bounded above at a point of D, then it is continuous in D. 
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Proof. Let f be locally bounded above at a point of D. By Theorem 6.2.3 f is locally 
bounded at every point of D, whence it follows in virtue of Theorem 6.4.1 that 
f (x) = my, (x) for x € D. Since f is locally bounded, we have ms #4 —oo, whence by 
Theorem 6.3.1 my is continuous in D. Consequently f is continuous in D. 


Because of the basic importance of the Theorem of Bernstein-Doetsch in the 
theory of convex functions, we present below two other proofs, which do not rely on 
the difficult Theorem 6.3.1. 


Second proof of Theorem 6.4.2. If f is locally bounded above at a point of D, then, 
by Theorem 6.2.3, it is locally bounded at every point of D. Consequently formulas 
(6.3.1) and (6.3.2) define finite numbers for every « € D. Evidently 


my (x) < f (a) < My (2) (6.4.6) 


for every « € D. 
Now take an arbitrary x € D. There exists a sequence of points 7, € D,n EN, 
such that 
lim ¢, = 2, Jim f (an) = my, (2), (6.4.7) 


n—cCo 


and the sequence of points z, € D, n € N, such that 


lim z=, lim f (Zn) = My (za). (6.4.8) 


n—oo 


Put Yn = 22% — In, n © N. We have by (6.4.7) and (6.4.8) 


lim yy = @. (6.4.9) 


nm—o0o 


Moreover 2, = = (@n + yn), n € N, whence by the convexity of f 


NLR 


F (en) <5 UF (on) + Fond) 


or, 
f (yn) 2 2f (2n) — f (&n)- 


Hence, on letting n — oo we obtain in virtue of (6.4.7) and (6.4.8) 


lim inf f (Yn) S 2M; (x) — my (az), (6.4.10) 


whereas by (6.4.9) 
lim inf f (Yn) < My (x). (6.4.11) 


Relations (6.4.10) and (6.4.11) yield the inequality My (x) < my (x), which together 
with (6.4.6) implies that My (a) = my (x). Thus (cf. Exercise 6.8) f is continuous at 
x, and so, since x € D has been arbitrary, f is continuous in D. 
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Third proof of Theorem 6.4.2. Let f be locally bounded above at a point of D. Take 
an arbitrary zo € D. By Theorem 6.2.3 f is locally bounded at xo, thus there exists 
positive constants M and 6 such that K (a#,6) C D and 


|f (t)| < M for t € K (20,90). (6.4.12) 


For an arbitrary « € K (xo,6) we have |x — xo| < 6, and consequently we can find a 
A € QN (0,1) such that 


JO fay 2 (6.4.13) 
Further put 
LI-2 Lx 
y=mt— —) 2=%-— (6.4.14) 
Hence, in view of (6.4.13), 
c-2 L-2 
ly— aol = F288 <6, |z— aq) = RO <a, 
which means that y, z € K (29,6). Moreover, by (6.4.14) 
1 r 
x=Ay+(1—-A)a2o, %= a Yat” 
By Theorem 5.3.5, since f is convex 
1 r 
f(t) <Af(y)+(L-A) f(to), Ff (wo) < yo! M+ yGql 
ie., 
f(x) — f (#0) < ATF (y) — F(2o)], f(x) — f (ao) 2 ATF (x0) — F (2)]- 
Hence we obtain by (6.4.12), since xo, y, z € K (20,9), 
~2MX < f (x) — f (ao) <2MA, 
and taking into account (6.4.13) we get 
4M 4M 
= |e — 20 < f(x) — f (to) < GZ |e - £0 ; 
or ani 
If (x) — f (xo)| < |e — aol. (6.4.15) 


Relation (6.4.15) proves the continuity of f at xo, whence, since 2 € D has been 
arbitrary, the continuity of f in D follows. 


Since every open set is a neighbourhood of any of its points, we get hence 


Corollary 6.4.1. Let D C R% be a convex and open set, and let f : D > R be a conver 
function. If f is bounded above on a non-empty open set U C D, then it is continuous 
in D. 
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Let us observe, that the local (or even global) boundedness below does not imply 
the continuity of a convex function. For example, the function exp is continuous and 
convex on R, and let a : RN — R be a discontinuous additive function. Then the 
function (cf. Example 5.3.1) f: RN — R: 


f(a) = exp a(x) 
is convex, discontinuous, and 
f(x) 20 forz eR. 
If a function is continuous at a point, then it is locally bounded at this point. 


Thus the Theorem of Bernstein-Doetsch implies the following 


Theorem 6.4.3. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. Then either f is continuous in D, or f is totally discontinuous? in D. 


In the next chapter we are going to discuss the main properties of continuous 
convex functions. 
Exercises 


1. Let A C R% be an arbitrary set, and let f : A > R be a function uniformly 
continuous on A. Prove that there exists a unique continuous function F': cl A > 
R such that F'|A = f. 

2. Let D C RN be a convex and open set, and let f : D — R be a convex function. 
Let x € D and y € R® be such that x + y € D. Prove that 


lim f (a+ +) =f (a) 
3. Let D C RN be a convex and open set, and let f : D — R be a convex function. 
Let 0,a,b,a+b € D. Prove that the set 
A= {xe RY | x= Aya4+ Agb, A1,A42 € QN [0, 1]} 


is contained in D and that the function f is bounded on A. 
(Hint: Clearly f is bounded above on A, and bounded below on Q (0, a+ 6). For 
any « € A, v = Aya+ Agb, A1,A2 € QN (0,1) consider the points y = Aza + Ab 


and z= 5 (x+y), 


4. Let D CR be a convex and open set, and let f : D — R be a convex function. 
Let 0, a,b, a+b € D, and let An, Pn € QNIO, 1], 2 E N, be such that lim A, = Ao, 


lim pn = po. Prove that if Ao, 0 € QM (0, 1], then 


dim, f (Ana + Unb) = f (Aoa + Hod) - (*) 


3 Le., discontinuous at every point of D. 
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5. Let D Cc R®% be a convex and open set, and let f : D — R be a convex 
function. Let 0,a,b € D, and let An, Un € O, n €N, be such that Jim, An-= X03 


lim fn = po, and Apa + uob € D, Ana+ Und € Din EN. Prove that if 


n—-Cco 


Xo; Ho € Q, then (*) holds. 

6. Let D C RN be a convex and open set, and let f : D — R be a convex function. 
Let 0,a,b € D. Prove that if a,b are linearly independent over R, then the 
function f |E (a,b) D is continuous. 

7. Show that the conclusion of Exercise 6.6 may be invalid if a,b are linearly de- 
pendent over R. 

({Hint: Take incommensurable a, b € R, and let f : R > R be an additive function 
such that f(a) = 1, f(b) = 0. Consider a sequence tp, = pra+ grb, Pn, dn € Z, 
n EN, such that Jim, Ln = 0]. 


8. Let D C R% be an open set, and let f : D — R be a function. Prove that the 
condition My; (x) = my (x) (cf. (6.3.1) and (6.3.2)) is necessary and sufficient 
for the continuity of f at x, « € D. 


BIRKHAUSER 


Chapter 7 


Continuous Convex Functions 


7.1 The basic theorem 


Let D C R% be aconvex and open set. In 5.3 we saw that a convex function f : D> R 
fulfills the inequality 


f(Aw + (1—A)y) < Af (x) + (1- A) FY) (7.1.1) 


for all x,y € D and all A € QN [0,1]. It was also pointed out that if, moreover, f is 
continuous, then inequality (7.1.1) holds actually for all real  € [0,1]. 
The following lemma is analogous to Lemma 6.1.2 


Lemma 7.1.1. Let D C R™ be a convex and open set, and let f : D— R be a function 
fulfilling inequality (7.1.1) for all X € [0,1]. If the function f is bounded above on a 
set AC D, then it is also bounded above (by the same constant) on the set conv(A). 


Proof. Suppose that 
f@<M  fortea, (7.1.2) 


with a certain real constant M. Take an arbitrary x € conv(A). By Theorem 5.1.3 
n 


there exist ann EN, ti,...,tn € A, and Ay,...An € [0,1] such that > A; = 1 and 
i=l 


Naty: (7.1.3) 
i=1 
Relation (7.1.3) implies in virtue of Lemma 5.3.2 that 
i=1 i=1 i=1 
f(z) < Of (te) < AM =M>ON=M 


where we have used also (7.1.2). Consequently f is also bounded above by M at an 
arbitrary point of conv (A). 
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Theorem 7.1.1. Let D C R% be a convex and open set, and let f : D > R be a 
function. The function f is convex and continuous if and only if it satisfies inequality 
(7.1.1) for all x,y € D and all  € [0,1]. 


Proof. If the function f is convex and continuous, then clearly it satisfies (7.1.1) for 
all z,y € D and all X € [0,1]. Now suppose that a function f : D — R satisfies 


1 
inequality (7.1.1) for all z,y € D and A € [0,1]. Putting \ = 3 we see that f is 


convex. Take an arbitrary z») € D. According to the Remark in 5.1, theres exist an 
N-dimensional simplex S Cc D such that vo € int(S). Let pi,...,pn41 be the vertices 
of S: 

S =conv {p1,---,;pw+i} 
Since the set A = {p1,...,pn+1} is finite, f is bounded above on A. By Lemma 7.1.1 


f is bounded above on S, and thus on a neighborhood of xg. In other words, f is 
locally bounded above at xp. By Theorem 6.4.2 f is continuous. 


Condition (7.1.1) has a very simple geometric interpretation. When X runs over 
the interval [0,1], the points Ax + (1 — A) y fill the segment joining x and y, and thus 
the points (Ar+ (1—A)y, Af (x) + (1—A)f(y)) = A(z, f(w)) + (1—A)(y, f(y) fill the 
segment joining the points (x, f(x)) and (y, f(y)) (in RNt?), ie., the chord joining 
the corresponding points of the graph of f. Condition (7.1.1) says that the points of 
the graph of f between (x, f(x)) and (y, f(y)), for arbitrary x,y € D, lie below the 
points of the corresponding chord. 

In many sources (where the authors are interested exclusively in continuous con- 
vex functions) condition (7.1.1) is taken as the definition of convexity. Then discon- 
tinuous convex functions are automatically eliminated. In the present book, however, 
a convex function is any function satisfying the Jensen-inequality (5.3.1). If we want 
the function in question to be continuous, we shall always distinctly say so. 

Contrary to discontinuous convex functions, which behave in a rather pathologi- 
cal manner, continuous convex functions display a nice behaviour. Continuous convex 
functions are very thoroughly treated, e.g., in Rockafellar [268], and Roberts-Varberg 
[267]. In the sequel of this chapter we are going to present only a few properties of 
continuous convex functions. Our exposition is based on Rockafellar [268]. 

7.2-7.5 are devoted particularly to continuous convex functions of a single real 
variable. The results presented there have no simple extension to the case of several 
variables. In the rest if this chapter we deal with continuous convex functions of an 
arbitrary number of variables. 


7.2 Compositions and inverses 


In the present section we investigate the convexity of compositions of, and of inverse 
functions to, convex and concave functions. Note that continuity of the functions in 
question is never explicitely used, however, a monotonic function an interval is locally 
bounded at every point of this interval, and hence a monotonicity condition on a 
convex or concave function authomatically implies its continuity. Only the functions 
f and y in Theorem 7.2.1 below need not be continuous. 
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Theorem 7.2.1. Let d C R™ be a convex and open set, and let J C R be an open 
interval’. Let f : D— J, andg: J > R, be functions, and let p : D — R be the 
composition p = go f =g(f). Then: 

1. if f is conver, and g is convex and increasing, then ~ is convex; 

2. if f is concave, and g is concave and increasing, then ~ is concave; 
3. if f is convex, and g is concave and decreasing, then p is concave; 
4, 


if f is concave, and g is convex and decreasing, then yp is convex. 


Proof. Let f be convex and g convex and increasing. We have for arbitrary 7,y € D 


(74) < f(a)+fW 


2 2 


whence 


Le., 


(=) < Gla) + ¥(y) 


Thus ¢ is convex. The remaining cases are dealt with similarly. 


Note that if f is additive, then we do not need the monotonicity condition on g 
(cf. Example 5.3.1) 


The function g: R — R given by 


xP for x > 0, 
= 7.2.1 
g(a) {3 for x <0, ( ) 


is convex and increasing whenever p > 1 (cf. Theorem 7.5.2). Hence we obtain from 
Theorem 7.2.1 


Corollary 7.2.1. Let DC R™ be a convex and open set, and let f : D — R be a non- 
negative convex function. If p > 1, then the function p: D > R, v(x) = [f (x)]?, 
x € D, is convex. 


Theorem 7.2.2. Let J C R be an open interval, and let f : J — R be a strictly 
monotonic function. Let f-!: f (J) — J be the function inverse to f. Then: 

1. if f is conver and increasing, then f—' is concave; 

2. if f is convex and decreasing, then f—+ is convex; 

3. if f is concave and increasing, then f—+ is convex; 

4. if f is concave and decreasing, then f—' is concave. 


1 By an open interval we understand in this book every interval of the form (a,b), where —co <a < 
b < +00 
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Proof. Let f be convex and increasing. Take arbitrary z,y € f (J), and put u = 
f-1 (2), v= f7" (y). By the convexity of f 


fe pales eee 


whence, since f~! is increasing, just like f, 


ute < fo (=). 


or 


2 


PEW <p (4). 


Thus f~! is concave. The remaining cases are dealt similarly. 


7.3 Differences quotients 
We start with the following result. 


Theorem 7.3.1. Let J C R be an open interval, and let f : D — R be a function. 
Each of the following conditions (postulated for every #1, %2,%3 € J, 41 < 4 < %3) 
is necessary and sufficient for the function f to be continuous and conver: 


(wg — 1) f (v2) < (@2 — 21) f (ws) + (ws — wa) f (x1); (7.3.1) 
Ff (wa) — F (#1) ¢ f(a) — F(a), (7.3.2) 

t— 21 3 — Ly 
f (ws) — flea) & Fes) = f (ea) (7.3.3) 

v3- 21 v3 — &2 


Proof. First we show that the three conditions (7.3.1), (7.3.2), (7.3.3) are equivalent 
to each other. Take arbitrary 71, 22,73 € J, 41 < % < 23. Suppose that a function 
f : J > R fulfills (7.3.1). Then we get subtracting the term (#3 — 21) f (#1) from 
both the sides of (7.3.1) 


(a3 — @1) [f (w2) — f (w1)] < (w2 — 1) [f (3) — f (21)] (7.3.4) 


whence (7.3.2) follows on dividing by (x2 — 21) (%3 — 21) > 0. 

Conversely, (7.3.4) results from (7.3.2), and adding the term (x3 — 21) f (#1) to 
both sides we obtain (7.3.1). Thus (7.3.1) and (7.3.2) are equivalent. 

Similarly, adding to both sides of (7.3.1) the term (x3 — #2) f(x3) we obtain 


(x3 — £1) f (v2) + (3 — £2) f (3) < (v3 — £1) f (@3) + (v3 — 22) f (@1), (7.3.5) 


whence 


(x3 — x2) [f (ws) — f (x1)] < (ws — a1) [f (x3) — f (z2)), (7.3.6) 
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and (7.3.3) results on dividing by (x3 — x2) (3 — 41) > 0. Conversely, (7.3.3) implies 
(7.3.6) and (7.3.5), and hence (7.3.1) follows by subtracting the term (x3 — 22) f (a3) 
from both the sides of (7.3.5). Thus (7.3.1) and (7.3.3) are equivalent. 

Hence it follows that all the three conditions (7.3.1), (7.3.2), (7.3.3) are equiva- 
lent to each other. 

Now let f : J — R be a continuous and convex function. By Theorem 7.1.1 


f(Ae + (1 A)y) < AF (a) + (L—A) FY) (7.3.7) 
holds for arbitrary x,y € J and A € [0,1]. Take arbitrary 71, 22,73 € J, v1 < 42 < 43, 
and put in (7.3.7) « = «1, y = 13,’ = pa -Gines r< © < 23, we have 
v3 — Ly 
0 < a3 — 4 < 43 — 1, and consequently A € (0,1). Then 1— A = ieee and 
23 X11 
At+(1-A)y= aed ae es = 2p. 
U3 — Ly 23 — XY 
Thus (7.3.7) yields 
3 — X2 TQ @1 
eee eee 
f (x2) < re as rer 


and (7.3.1) follows on multiplying both the sides by x3 — 21 > 0. 

Now assume that a function f : J > R fulfills (7.3.1) for arbitrary 71, 72,73 € J, 
Ly < £2 < #3. Take arbitrary x,y € J, x # y, and an arbitrary \ € (0,1). One of z, y is 
smaller than the other, e.g., v < y. Put in (7.3.1) v7] = 2%, 3 = y, v2 = Aw+(1—A)y. 
We have 


t2—-4, =A\t+(1-A)y-—L=(1—-A)(y-2z) >), 


and 
v3 —- 22 =y-—At—(1—-A)y=A(y—2z) >0 


so that x1 < rg < a3. (7.3.1) yields 


(y—2)f (A+ (1—A)y) < (1-A)(y— 2) f(y) + Ay — 2) f (2). 


Dividing both the sides by y — x > 0 we obtain (7.3.7). 

If x = y, or if A = 0, or \ = 1, then (7.3.7) is trivially fulfilled. So f satisfies 
(7.3.7) for all x,y € J and all \ € [0,1]. By Theorem 7.1.1 f is continuous and 
convex. 


Now let J C R be an open interval, and let f : J — R be a function. We define 
a function I (xz,h) for « € Jandh € R such thath £0,x+he J: 


f(a@+h)—f (2) 

7 : 
Theorem 7.3.2. Let J C R be an open interval, and let f : J — R be a continuous and 
convex function. Then the corresponding function I defined by (7.3.8) is increasing 
with respect to either variable. 


iieh= (7.3.8) 
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Proof. Fix an arbitrary x € J, and take hy, ho € R such that hy < ho, x +h, € J, 
uth € J.If0 < hi < ho, put in (7.3.2) a1 = 2, vg =x+hi, 3 = x+ hg. Then 
we get I(x,hi) < I(ax,ho). If hi < ho < 0, then we put in (7.3.3) a, = «+ hi, 
tq =x+ho, 13 = x. We obtain 


f(z)—fle@t+m) — f(z)—f let he) 
ix = his ’ 


f(x+hi)— f(x) — f(a +he) — f(x) 
hy te ho : 
and so I (x,hi) < I (a, hg). Finally, if hy < 0 < hg, then in the inequality 


f (#2) — F(a) — fas) — f (#2) 


at: ’ 
TQ — 21 r3— £2 


resulting from (7.3.2) and (7.3.3), we put 7) = e+h4, v2 = x, 3 = ©+hg, and obtain 
again I (#,h1) < I'(a, hz). Consequently the function J is increasing with respect to 
h. 

Now take arbitrary 71,72 € J, 71 < x2, and anh # Osuch that 41 +h,xo+h € J. 
Using the monotonicity (already proved) of I with respect to the second variable, we 


have 
poet f(zit y= f(z1) < oe Z oa 
and 
f(w2+h)—f(er) _ f((w2+h) + (—h—(@2—21))) — fea th) 
h+ (a2 — 21) —h — (a2 — 21) 
2 f ((x2 +h) + (—h)) — f(t2 +h) 
= —h 
f (2 +h) — f (x2) 
=> a => I(x2,h). 


This means that I is increasing also with respect to the first variable. 


The converse is only partially true. 


Theorem 7.3.3. Let J C R be an open interval, and let f : J — R be a function. Let I 
be defined by (7.3.8). If for h > 0 the function I is increasing with respect to h, then 
f is continuous and convex. If I is increasing with respect to x, then the function is 
convex, but need not be continuous. 


Proof. Suppose that I is increasing with respect to h. Take arbitrary 21, 22,23 € J, 
Ly < vq < a3, and put x = 7%, hy = eo — 4, hg = 43 — 21 > hy. Then I(ax,hi) < 


I(a, ho), i.e., 
f (#2) — fei) — f(%s) — f (#1) 


~— 
T2Q— 21 L3— 21 
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Consequently f satisfies condition (7.3.2) of Theorem 7.3.1, and thus it is continuous 
and convex. 
Now let I be increasing with respect to x. Take arbitrary x,y € J, x 4 y. Thus 


one of x,y is smaller than the other; let, e.g., «7 < y. Put h = 5 (y—x), v1 = 2, 


1 
vg =xt+ 5 (y—2@) =21+h> 2a. Hence I (x,h) < I (x2,h), ie., 


) ~ F(0) ANS) 


1 
or, after multiplication by 5 (y — x) > 0, and rearranging the remaining terms, 


c+y 
2 (4) <r@+fe. (7.3.9) 
If « = y, (7.3.9) is trivially fulfilled. (7.3.9) is equivalent to the Jensen inequality 
(5.3.1). Thus the function f is convex. 

The monotonicity of I with respect to x does not imply the continuity of f. For 
example, if f : R — R is a discontinuous additive function, then the function 


f(e@t+h)—-f(x) _ f) 
I h >So SS SS 
(0,h) : : 
does not depend on a, and thus, as a function of z, it is constant, and hence increasing. 
But f is discontinuous. 


On the other hand, we may observe that the convexity of f alone does not imply 
the monotonicity if J with respect to x. Let g : R — R be a discontinuous additive 
function, and let f : R > R be defined by f (x) = [g(x)]?, « € R. Thus f is convex 
(cf. Example 5.3.1). Fix an h such that g(h) 4 0. We have 

2 1 
I(x,h) = 59 (0) 9(h) + = [9 (WP 


Hence ' ; 
g(0) = (162.1) — 2 fg(h) *) | 


If J were increasing with respect to x, then the function g would be monotonic, and 
hence continuous. Consequently J cannot be increasing with respect to 2. 
As particular case of Theorem 7.3.2 we get 


Theorem 7.3.4. Let J C R be an open interval, and let f : J — R be a continuous and 
convex function. Then, for every fixed h > 0, the function Ap, f (x) = f (a + h)—f (a) 
(defined for x € J such that «+h € J) ts increasing. 


Proof. This follows from Theorem 7.3.2 and the equality Ap f (x) = hI (a, h) 
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Theorem 7.3.5. Let J C R be an open interval, J = (a,b), and let f : J > R bea 
continuous and convex function. Then either of f is monotonic in J, or there exist a 
point x9 € J such that f is decreasing in (a,xo), and increasing in (ao, 6). 


Proof. If f is decreasing in J, there is nothing more to prove. Otherwise there exist 
u,v € J such that u < v and f (u) < f (v). Then we have for every x € (u,v) 


z=dAu+(1—-A)v 
with certain A € (0,1), and hence, by Theorem 7.1.1, 


f(a) SAF (u) + — A) Fv) < AF (v) + (1 — A) Fw). 


Thus there exist arbitrary close points u,v € J such that u < v and f(u) < f(v). 
Define a set A C J: 


A= {ueéJ| For every « > 0 there exist a vu € J such that 
u<u<uteand f(u) < f(v)}. 


As we have already seen, A 4 2. Put? xo = inf A. By what has already been estab- 
lished, f is decreasing in (a, 20). Now take arbitrary z,y € J, x9 < x < y. By the 
definition of xp there exist a u € A such that 79 < u < a, and by the definition of A 
there exist a v € J such that u< vu < y and f (u) < f(v). By Theorem 7.3.2 


f-~fm — fM-fw) - fW-f@) 


O< < S 
u-wU y-wu y-—x 


Consequently f (x) < f (y), which proves that f is increasing in (20, 0). 


7.4 Differentiation 


According to Theorem 7.3.2, if f : J — R (J — an open interval) is convex and 
continuous, then for every fixed x € J the differences quotient J (x, h) is an increasing 
function of h. Consequently it has finite one-sided limits as h tends to zero from the 
right, and from the left. But these limits are one-sided derivatives of f at x: 


Fe lim, I(2, ‘Cee at i I (a, h) (7.4.1) 


Thus we have 


Theorem 7.4.1. Let J C R be an open interval, and let f : J — R be a continuous 
and convex function. Then at every point x € J there exist the right derivative f', (x), 
and the right derivative f' (x), and we have for every x,yEJ,xu<y, 


FL) <fi(@<f@< fi). (7.4.2) 


2 It may happen that 29 =a, but, as we prove further, the function f is increasing in (a,b). So, if 
xo =a, the function f is increasing in (xo, b) = (a, b) = J, and the theorem is true also in this case. 
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Moreover, 
slim, ff, () = lim, f () = £4, (@), (7.4.3) 
lim fi, (f) = lim fl (t) = ft (a). (7.4.4) 


Proof. The existence of derivatives (7.4.1) results from the monotonicity of I as a 
function of h, as has been pointed out above. Moreover, we have for every x,y € J, 
x <y, and for every h such that r—-heJ,x+heT,0<h<y-a, 


I(a,-h) < I(a,h) <I (y,-h) < I(y,h). (7.4.5) 


Only the inequality I (a, h) < I(y, —h) requires motivation, the remaining ones result 
from the inequality —h < h and from Theorem 7.3.2. Now, 


fy-h-fw _ fy=h)+h)-fy—h) 


i a ae h 
» Het N= I) ren 


since y — h > a, and the function J is monotonic with respect to the first variable 
(Theorem 7.3.2). Letting in (7.4.5) h — 0+ we obtain inequalities (7.4.2). 
Inequalities (7.4.2) show that the functions f{ and f’ are increasing, and hence 
at every point x € J they have one-sided limits. Since f is continuous, the function 
I is continuous with respect to x. Moreover, because of the monotonicity of I with 
respect to h we have for every t € J and every fixed h > 0 such that t+ x2 € J 


fi Q <IGA). (7.4.6) 


Now fix an « € J and anh > 0 such that «+h € J. By (7.4.2) and (7.4.6) we 
have for every t > x such that t+a2¢€ J 


FL@SALOSAO<I(EA). (7.4.7) 


Letting in (7.4.7) t > 2+ we obtain 


fi. (0) < lim, #2 (t) < lim, fi, () <1(@,2), 


whence, as h > 0+, 


fi, (2) < lim, f¢ () < Jim (0) < f.@), (7.4.8) 


to a+ 


Inequalities (7.4.8) yield (7.4.3). Relation (7.4.4) may be established in a similar 
manner. 


Corollary 7.4.1. Let J C R be an open interval, and let f : J — R be a continuous 
and convex function. Then the functions f'., fl : J > R are increasing. 
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Theorem 7.4.2. Let J C R be an open interval, and let f : J — R be a continuous and 

convex function. Then the following three conditions are equivalent for every x € J: 
(i) f is differentiable at x; 

(ii) fi. is continuous at x; 


(iti) fl is continuous at x. 


Proof. Condition (i) means that f', (vw) = f! (x), condition (i) that jim, fL@®= 
jim f! (t), and condition (2iz) that jim f_®= jim f" (). Relations (7.4.3) and 


(7.4.4) show that all the three conditions are equivalent. 


Theorem 7.4.3. Let J C R be an open interval, and let f : J — R be a continuous 
and conver function. Then f is differentiable in J except at most countably many 
points. If Jo C J is the set of the points of the differentiability of f, then the function 
f' : Jo > R is increasing and continuous. 


Proof. The function f', being monotonic, may be discontinuous at at most countably 
many points. In view of Theorem 7.4.2 we obtain hence the first part of our assertion. 
The second results from the fact that for « € Jo we have f’ (x) = f/, (x), and by the 
Theorem 7.4.2 fa: is continuous at every point of Jo. 


In sequel we say that f is twice differentiable at a point xo € J iff xo € Jo (the 
set of the points of differentiability of f) and the limit 


f(y) = f'(o) 


i = | 7.4.9 
f" (xo) vat y— zo ( ) 
1) 
exists. Limit (7.4.9) is equal to 
! _ fi 
f" (ao) = lim Fil) = F(2o) (7.4.10) 


Yy Xo y — Xo 


whenever the latter limit exists. But since the function f! is monotonic, it follows 
from the famous Theorem of Lebesgue (cf., e.g., Lojasiewicz {[208]) that limit (7.4.10) 
exists almost everywhere in J. Moreover, the difference quotient in (7.4.10) is non- 
negative (since f/, is increasing), and consequently so is also f” (xo) if it exist. Thus 
we have 


Theorem 7.4.4. Let J C R be an open interval, and let f : J — R be a continuous and 
convex function. Then f is twice differentiable almost everywhere in J. Whenever it 
exist, f(x) > 0. 
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Since f’ (defined almost everywhere in J) is monotonic, it is measurable, and 
bounded on every compact subinterval of J. Thus the expression? 


[roa (7.4.11) 


is meaningful for every xo,7 € J. We have the following 


Theorem 7.4.5. Let J C R be an open interval, and let f : J — R be a continuous 
and conver function. Then, for every xo,x € J, we have 


f(z) = Foo) + f feat (7.4.12) 


Proof. Put 


The function F is differentiable whenever f’ is continuous, and thus everywhere in J 
with the exception of an at most countable set. If  € J is a point of the continuity 
of f’, then we have F’(x) = f'(z), ie., (F — f)’ (z) = 0. By Theorem 3.6.3 (cf. also 
Exercise 3.9) F — f = const. Since at the point x9 we have F — f = 0, the constant 
must be zero, and F' = f. Hence we obtain (7.4.12). 


As an immediate consequence of Theorem 7.4.5 we obtain 


Theorem 7.4.6. Let J C R be an open interval, and let f : J — R be a continuous 
and conver function. The function f is absolutely continuous in J. 


7.5 Differential conditions of convexity 


The convexity of differentiable function can be inferred from the behaviour of its 
derivatives. The theorems in this section are in some respect converse to those of 7.4. 


Theorem 7.5.1. Let J C R be an open interval, and let f : J — R be a differentiable 
function. The function f is convex if and only if the function f’ is increasing in J. 


Proof. The “only if” part results from Corollary 7.4.1. now assume that f’ is increas- 
ing in J, and take arbitrary x,y € J, « < y. We have by the mean-value theorem 


fy —4(S4) = 1 (v- S*) = ro 
§(E4) re = sw (4-2) = rt, 


3 The integral in (7.4.11) and (7.4.12) are Lebesgue integrals, but everything remains unchanged if 


x 
we replace them by the Riemann integral f f/ (t)dt 


xO 
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where u,v € J are points such that 


o+y 
SMS a eS 


and 


j (4) < fi) t+ fy) (7.5.1) 


Relation (7.5.1) has been so far established for « < y, but due to the symmetry of 
(7.5.1) with respect to x and y we actually obtain (7.5.1) for « 4 y. For x = y (7.5.1) 
is obvious. 


Theorem 7.5.2. Let J C R be an open interval, and let f : J > R be a twice differen- 
tiable function. The function f is convex if and only if the function f" is non-negative 
in J. 


Proof. This is a direct consequence of Theorem 7.5.1 above. 


It follows from Theorem 7.5.2 that the function (7.2.1) (p > 1), and the function 
exp are convex in R, the fact that has already been used earlier in this book. 


For every function f : J — R and for every x € J the expressions (finite or not) 


D* f (x) =limsupI(z,h), D7 f(x) =limsupI/(z,h), 
h-0+ h—0— 


+ = liminf I re = liminf I (2,h 
d* f(x) =liminf I(a,h), df (x) = liminfI(a,h), 
are meaningful. They are called the Dini derivatives of f at x. Thus Dt f, D~ f, dt f 
and d~ f are functions from J into [—o0, ow]. 


Lemma 7.5.1. Let J C R be an open interval, and let f : J — R be a continuous 
function. If one of the Dini derivatives of f is finite and increasing in J, then f is 
absolutely continuous in J. 


Proof. Assume that the upper right Dini derivative D* f of f is finite and increasing 
in J. Thus D*f is measurable and bounded on every compact subinterval of J. 


y 
Consequently for every x,y € J the integral [ |D* f (¢)| dt is meaningful. In order to 


x 
prove the lemma it is enough to show that for every z,y € J, x < y, we have 


If (y) —f(@)| < / ID* F (t)| de. (7.5.2) 
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Fix an x € J, and put 
y 
e(=IfW-F@I, v= f |DtrOlae. 
We have 
v (y) =|D*F (| (7.5.3) 
at every point y € J at which Dtf, and hence also |Dtf|, is continuous. Take 


arbitrary y € J such that D* f is continuous at y, and take an arbitrary sequence of 
points yn € J, yn > y, n EN, such that 


fn) = f(y) 


= + 
7 Se = D* f(y). 


lim y,=y and lim 
noo N—- CO 


Since 
(Yn) — O(Y) = |FYn) — FMI — IF) — F(@)1 <|FG@n) — FO): 


we get hence 


d* p(y) < liminf ee <|Dtf (y)]. (7.5.4) 


n—-cCo Yn = 


By (7.5.3) and (7.5.4) 
D* (w-)(y) =v (y) -— ately) 2 |Dtf(y|-dty(y) 20. 


Thus Dt (w — y) > 0 at all points of continuity of Dt f, and since the latter func- 
tion is increasing, D* (4 — y) > in J except at at most countably many points. By 
Theorem 3.6.3 the function 7 — ¢ is increasing. For 7 = y we have p(x) = w(x) =0, 
and so w(y) > p(y) for y > x. But this is just relation (7.5.2). 


Theorem 7.5.3. Let J C R be an open interval, and let f : J — R be a continuous 
function. If one of the Dini derivatives of f is finite and increasing in J, then f is 
convex. 


Proof. Assume that the upper right Dini derivative D* f of f is finite and increasing 
in J. By Lemma 7.5.1 f is absolutely continuous in J, and hence it is differentiable 
almost everywhere in J, and we have 


F(a) = Foo) + f fat = F (eo) + f D*F Hat, (7.5.5) 
xo xO 
where xo € J is an arbitrary fixed point. Take arbitrary z,y € J, x < y. By (7.5.5) 
5(e+y) 
w+ x+ 
fy) ~ 1 ($4) - / pe siyar, § (SH) — 4 | D* f(t 


4 (a+y) 
(7.5.6) 
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Since D* f is increasing, and x < a < y, we have 
r $(e+y) 
/ D* f(t)dt > i D* f(t)dt, 


$(e+y) 


whence by (7.5.6) 


sy) -1($*) 2 (FE) - 10. 


Hence we obtain (7.5.1), and in the same way as in the proof of Theorem 7.5.1 it 
follows that f is convex. 


7.6 Functions of several variables 


In the present section we consider arbitrary families { fa}. ,of continuous and convex 
functions. 


Lemma 7.6.1. Let DC R™ be a convex and open set, and let A #4 @ be an arbitrary 


set. Suppose that for every a € A we are given a continuous and convex function 
fa : D—R. Then the function f : D — (—o0,00), f(x) = sup fa (x) satisfies the 
Qa 


inequality 
f(At t+ (L—A)y) SAF (x) + (1A) fy) (7.6.1) 
for all x,y € D and X€ [0,1]. 


Proof. Take arbitrary x,y € D, » € [0,1], and a € R such that a < f(Ax+(1—A)y). 
There exist an a € A such that 


a< fa(At + (1 — A)y) 
Hence by Theorem 7.1.1 
a< fo(At + (L—A)y) < Afa(x) + (1A) foly) < AF (x) + (1 — A) FY). 
Letting a tend to f(Ax + (1 — A)y), we obtain (7.6.1). 


Lemma 7.6.2. Let D C R™ be a convex and open set, and let A C D be a dense subset 
of D, and let A# @ be an arbitrary set. Suppose that for every a € A the function 
fa: D— R is continuous and conver, and 


sup fa(z)< co forx eA, (7.6.2) 


inf fa (to) > —00 (7.6.3) 


for an xo € D. Then the functions fa, a € A are jointly bounded on every compact 
set contained in D. 
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Proof. Put 
f(z) =supfa(z), «eD. 


By (7.6.2) f (2) < oo for  € A and by Lemma 7.6.1 f satisfies (7.6.1) for all z,y € D, 
d € [0,1]. Take an arbitrary x € D. According to the Remark in 5.1 « is an interior 
point of an N-dimensional simplex contained in D. Very small changes of the vertices 
of this simplex do not affect this fact, so we may assume that the vertices of the 
simplex belong to A. Consequently there exist points p,,...,pn+41 € A, and numbers 
A1,--->An41 € [0,1] such that 


N+1 N+1 


v= ips Yi aS. 
t=1 t=1 


Hence by Lemma 5.3.2 
N+1 


f@) <>. Asf@) <o. 
i=1 
Consequently f (x) < oo for all a € D, and in virtue of Lemma 7.6.1, and Theorem 
7.1.1 f is continuous and convex function. Being continuous, f is bounded above on 
every compact set contained in D, and so is also every function fa < f, a€ A. 


Now write 
L = inf fa (ao) > —00 (7.6.4) 


(cf. (7.6.3)), and let K be a closed ball centered at xo and with a radius r > 0 such 
that kK C D. The ball K is a compact set, so by the first part of the proof theres 
exist a constant M such that 


fo(t) <M forrwe K anda€c A. (7.6.5) 


Take an arbitrary x € D, x # xo, and put 


E 


DO Tec eo) 
Then |y — xo| =r so that y € K. Moreover, 
to = Av +(1—-A)y (7.6.6) 
with ee 
\ = ——— € (0,1). (7.6.7) 


r+ |x — 2xo| 


For every a € A we have by (7.6.6) 


fo(®) < Afa(a) + 1 — A) faly), 
whence by (7.6.4) and (7.6.5) 


(L—M), 
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and by (7.6.7) 
L-M 


fx (x) 2 


So far estimation (7.6.8) has been derived for all 2 € D, « # xo. For xo we have 
according to (7.6.4), for alla € A, 


(|g Zo|)5,. aren. (7.6.8) 


filo) Sl Sis lee aa 


Thus (7.6.8) is valid for all « € D. The expression on the right-hand side of (7.6.8) 
is a continuous function of x, and thus it is bounded below on every compact set 
contained in D, and in virtue of (7.6.8) so is also every function fa, a € A. 


Theorem 7.6.1. Let D C R™ be a convex and open set, and let A C D be a dense 
subset of D and let A £ @ be an arbitrary set. Suppose that for every a € A the 
function f.,: D — Ris continuous and convex and that relations (7.6.2) and (7.6.3) 
hold with an x € D. Then all functions fa, a € A, fulfil a Lipschitz condition with 
a common constant on every compact set contained in D. 


Proof. Take a compact C C D, C # @, and let d(C, D’) be the distance of the sets 
C and D’ (we assume d(C, D’) = 00 if D! = @). Since C and D’ are disjoint closed 
sets, d(C, D’) > 0, and so we can find an r, 


O<7r <2 a(C,D’). (7.6.9) 
Further, let d(x,C) denote the distance of the point x from C' and put 
K ={xeER* |d(z,C) <r}. 
kK is a compact set, and by (7.6.9) kK Cc D. By Lemma 7.6.2 there exist constant Q 
and M such that 
-30~<Q<fa(t)<M<o foralce KaecAd. (7.6.10) 


Now take arbitrary z,y € C, x 4 y, and put 
r 
c=y-—_ e-y). 
jz — y| 
We have |z — y| = r, whence z € K; moreover x € C'C K. Since 
y=At+(1-A)z 


with r 
A= ———_ 7.6.11 
r+ lel Men 


we have by (7.6.10) for every a€ A 


fou (Y) S Afr (@) + (1 — A) fee (2) = fo (a) — (1 — A) [for (#2) — for (2)] 
fa (x) — (1— A) (Q— M) = fa (a) + (1— A) (M— Q), 


< 
< 
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and by (7.6.11) 


az M— 
eal iQ) < BS hey, 


(7.6.12) 
Since the role of x and y has been symmetric, we may interchange x and y arriving 


at 
M-Q 


r 


fo (y) — fa (%) < (1-A)(Q- M) = 


fa (%) — fay) < 
Relations (7.6.12) and (7.6.13) together yield 
M-Q 


la —y|. (7.6.13) 


|fa (x) — fa (y)| < 


Relation (7.6.14), so far obtained for « 4 y, y € C and all a € A, is evidently valid 
also for x = y. Condition (7.6.14) means that all functions f,, a € A fulfill on C' the 
Lipschitz condition with the same constant (IM — Q) /r. 


|x —y|. (7.6.14) 


Taking as A a singleton, we obtain as a particular case of Theorem 7.6.1 


Theorem 7.6.2. Let D C R% be a convex and open set, and let f : D > R be a 
continuous and convex function. The function fulfils a Lipschitz condition on every 
compact set contained in D. 


Let us note that Theorem 7.4.6 results also from Theorem 7.6.2 above. 


7.7 Derivatives of a function 


For functions of several variables we have three different notions of the differentiability 
at a point, in general not equivalent to each other’. The simplest fact is that the 
function in question, say f, has at a point x all the partial derivatives Of /0€;. This 
fact refers only to the behaviour of f may be quite wild®. Therefore we need stronger 
conditions. 

A function f : RY — R is called linear if the function fo defined by fo (x) = 
f (x) — f (0) is additive and homogeneous: 


fo(Ar) = Afo(x) CT) 


for all \ € R. If (7.7.1) holds only for positive \ € R, the function fp (independently 
of whether it is additive, or not) is called positively homogeneous. 

If f : RX — R is linear, then for the corresponding function fp we have by 
(7.7.1) 


fo(Ax + (1 = A)y) = fo(Ax) + fo((1 — A)y) = Afo(x) + (1 — A) fo(y) 


4 In the one-dimensional space (N = 1) the difference between the three notions disappears and they 
are all equivalent to each other. But since for N=1 the problem of the differentiability of continuous 
convex functions are related questions have been thoroughly discussed in 4—5, here we may restrict 
ourselves to N > 1. 

5 However, if we know that the partial derivatives exist at every point of an open set D, and 
are continuous in D, then it follows already that the function in question has a Stolz differential 
(cf. below) at every point of D. 
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for every 2,y € RX, \ € [0,1]. Thus fp we have by (7.7.1), and by Theorem 7.1.1 
it is continuous. Now it follows from Theorem 5.5.2 that fo (x) = cx with a certain 
c € RN (ez is the scalar product), and 


f(z)=cra+b, ceR, (7.7.2) 


where b = f(0). Conversely, every function f : RY — R of form (7.7.2) is linear. 
Let D C R® be an open set, and let f : D — R be a function. We say that f is 
differentiable at a point x € D iff for every y € R% there exist the limit 


Pe - , (7.7.3) 


and f(x) is a linear function of y. 
It follows from (7.7.3) that we always have 


fi(x) =0 (7.7.4) 


Lemma 7.7.1. Let D C R% be an open set, and let f : D — R be a function. If f is 
differentiable at a point x € D, then f has all partial derivatives at x. 


Proof. Let e; = (0,...,0,1,0,...,0) (1 at ¢-th place), i ,---, NV, be the usual 


2 
I 
Rr 


orthonormal base of R“ (over R). There exist the limits ({ =1,..., N) 
_ f (a+ rei) — F(t) _ on 
vim, x fe, (2) 
_ f(etrA|ex)—-f(z)_ og f(e@—res)—- f(t) _ 
one r a ee mN = Fe () 


It follows from the linearity of the function f’(#) and from condition (7.7.4) that 
f' (x) is homogeneous so that in particular —f’ ., (~) = f%, (2). Consequently there 


exists the limit 

fete) ~F(2) _ af 
0 r deere 
i=1,...,N. Thus f has all its partial derivatives at x. 


Conversely, the function f : R? — R which is one whenever £),£2 > 0 (a = 
(£1, €2)), and 0 otherwise, has at zero the partial derivatives equal to zero, but is not 
differentiable at zero, since limit (7.7.3) does not exist for « = 0 and y such that 
f(y) =1. 

But also this notion of differentiability is not sufficient in order to rend the 
function in question sufficiently smooth around the point at which it is differentiable. 
For example, the function f : R? — R defined as 


ly “at 6p = E76) 0) 


: (7.7.5) 
0 otherwise, 


f(z) = f (&1, 2) = 
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is differentiable at zero (f/(0) = 0 for all y € R) but is not continuous at the point 
x = 0. So we introduce one more notion. 

Let D C R® be an open set, and let f : D — R be a function. We say that f 
has a Stolz differential at the point x € D iff there exists an x* € R such that 


f(z) = f(a) + a*(z¢-2)+r(2,z) forz € D, (7.7.6) 


where the function r : R2% — R fulfills the condition 
jigy rg) (7.7.7) 


If it exists, x* in (7.7.6) is called the Stolz differential or the gradient of f at x, 
and is denoted by Vf (x) . 

In the above example function (7.7.5) has no Stolz differential at zero. In the 
opposite direction we have the following 


Lemma 7.7.2. Let DC R™ be an open set, and f : D — R be a function. If f has a 
Stolz differential V f (x) at a point x € D, then it is differentiable at x, and we have 


eae ran his x5). 


BG: (@)'" "Dew @) ee) 


and 


fy (x) = (VS (a))y- (7.7.9) 


Proof. Take an arbitrary y € R, y 4 0. Putting in (7.7.6) z = x+ Ay, A > 0, we 
have by (7.7.7) 


sag L@+4M)= Se) ~(WH@))~w _ 
S04 Aly| i: 


1 | f(e@+ Ay) — f(2) = 

0+ [yl Xr —(VF@))>9) =0. 
Hence we obtain (7.7.9). According to (7.7.4), (7.7.9) holds for y = 0. It follows from 
(7.7.9) that f/, (x) is a linear function of y. (7.7.8) results from (7.7.9) on putting 
y = e;, i =1,...,N (compare the proof of Lemma 7.7.1). 


In the sequel we will need one more notion. Let D C R™ be an open set, and 
let f : D—R be a function. Any x* € R% such that 


f(z) = f(w)+a*(z¢-2) forzeD (7.7.10) 


is called a subgradient of f at x. The set of all subgradients of f at x will be denoted 
by Of(a). Of course, it may happen that Of(x) = ©. 


6 Of course, every function f can be written in form (7.7.6) with every 2* € RY. It is enough to 
put r(x,z) = f (z) — f (x) — x* (z — x). Here the problem lies in that x* should be chosen in such a 
manner that the corresponding function r should satisfy (7.7.7). 
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The simple examples given above show that a function of several variables may 
have all partial derivatives at a point, but be non-differentiable at this point, and may 
be differentiable at a point, but have no Stolz differential at this point. However, the 
considerations of next section aim at showing that in the case of a continuous convex 
function all the three conditions (the existence of partial derivatives, the differentia- 
bility, the existence of a Stolz differential) are equivalent to each other. 


7.8 Derivatives of convex functions 
In this section we will be concerned with continuous and convex functions. 


Lemma 7.8.1. Let D C R% be a convex and open set, and let f : D — R be a conver 
and continuous function. At every point x € D the derivative fi (x) exist for every 
y € RX. Moreover, f'(x) is a convex, continuous and positively homogeneous function 
and, for every y € RN, 


aoe ol a ee Ba Co (7.8.1) 
Proof. Fix an x € D and y € RN, and put 
J={rXER|x+AyeE D}. 
J is an open interval containing zero. Further put 
g(A) = f(e@t+rAy) - f(z), AE. (7.8.2) 


The function g : J — R defined by (7.8.2) clearly is continuous, and we have for 
arbitrary A, € J 


2 (28) ar(o4 Atty) peas (CPW HE tM) _ Hy 


2 2 D 
J Pos Ay Tes) (x) 
_ f@+ry) — f(a) + [fe@t+oy)-f@)_ gA +9) 
so that g is convex. By Theorem 7.4.1 - exist the derivative 
0 (0)= im, 27 = ig, AE AID = (2). 


Now, we have for arbitrary u,v € RY, w € [0,1] and \ > 0 sufficiently small 


= [f (e+ d[uu+ (1-4) 9) — F (a)] 


a 
= 5 [F(w(e + aw) +1) (@ + 2) - FC) 
< 5 lef (w+ Au) + (1 ~ 1) (@ +0) ~ F(a) 
bb 
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and as \ — 0+ we obtain in the limit 


Fut (1—pyv () S bh, (@) + (1 — 4) fy (2) - 


By Theorem 7.1.1 the function f’ (x) is convex and continuous. Further, we have for 
arbitrary positive u € R and A > 0 sufficiently small 


flat rAuy)— f(@) _ f(a+ Any) — f (@) 


r Z Nu 
hence, letting 4 — 0+, we obtain 
Fny(@) = why (2), 


ice., f’ (x) is positively homogeneous. Finally we have for arbitrary y € RY by (7.7.4) 
and by the convexity of f’ (2) 


0= f5(2) = fray () <5 Ly (2) + Ly), 


whence (7.8.1) follows. 


Lemma 7.8.2. “ Let DC R™ be a convex and open set, and let f : D — R be a conver 
and continuous function. For every x € D, we have Of (x) 4 @ 


Proof. Consider the set 
A= {(x,y) ERY" |@e D,y> f()} 


The set A is open and convex (cf. Exercise 7.1)and the points (a, f(x)) € RN? are 
its frontier points. Take an x € D. According to Theorem 5.1.7 there exist a support 
hyperplane H of A passing through the point (x, f (x)). The hyperplane H has an 
equation of the form 

e(z— 2) +-a(y— f(x)) =0, (7.8.3) 


where c€ RX, aE R, and (z,y) is the current point of RY*+1. If we had a = 0, then 
every point (x,y) with an arbitrary y € R, would satisfy (7.8.3), and taking y > f(z) 
we would get that HM A ¥# @, and so A being open, would have points on both sides 
of H, which is impossible. Consequently a 4 0. So we may write (7.8.3) in the form 


c 
y= f(e) -<(e-2). 
The two halfspaces into which H divides RN*! are determined by the inequalities 


y>f(e)—<(2-2) andy < f(e)~ (2-2). 


7 The converse result is also true. Cf. Exercise 7.8. 
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For arbitrary y > f(a) the point (x,y) € A and clearly we have y > f(a) — “(x —2) 
a 
so that the set A must be contained in the half-space determined by the inequality 


c 
y > f() ~ £(2-2), 
Take an arbitrary z € D, and an arbitrary t > f (z). Then (z,t) € A, whence 
t> f(z) - —(z-2) : 
a 
Letting t — f(z), we obtain hence 


f(@) 2 f(@)-5(e-2), 


and this is valid for all z € D, which shows that Dee Of (x), and Of (x) 4 2. 
ray 


Lemma 7.8.3. Let D C R% be a convex and open set, and let f : D — R be a conver 
and continuous function. For every x* € RN we have x* € Of (x) if and only if 


fi, > ay (7.8.4) 
for ally € RN. 


Proof. By the definition of a subgradient, «* € Of (x) iff (7.7.10) holds. Fix a A > 0 
1 
and put y = x (2 —«). Then (7.7.10) goes into 


f(a + Ay) > f(a) + x* Ay. (7.8.5) 


Conversely (7.7.10) results from (7.8.5) on putting z = x + Ay. thus a* € Of (a) iff 
(7.8.5) holds for all y € RN and \ >0 such that «+ Ay € D. 
Now, if x* € Of(zx), then we have by (7.8.5) 


f(x + Ay) = f(x) 


r 2Ey 


for all y € RX and A > 0 such that x + Ay € D, whence on passing to the limit as 
\ — 0+ we obtain (7.8.4). 
Conversely, let (7.8.4) hold. Function (7.8.2) is continuous and convex, whence 
by Theorem 7.3.2 
g\A) 5 


rae 94(0) 
for A > 0, ie., by (7.8.4) 
f(x + Ay) = f(a) 
r 
Hence we obtain (7.8.5), ie., 2* € Of (zx). 
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Lemma 7.8.4. Let D C R% be a convex and open set, and let f : D — R be a conver 
function. Then, for every x € D andy ERY, 


fie) = sup avy. 
x*€Of (x) 


Proof. In virtue of Lemma 7.8.3 it is enough to show that there exists an x* € Of (x) 
such that 
fi (a) =a"y (7.8.6) 


(x € Dand y € RN fixed). If y = 0, (7.8.6) results from (7.7.4) and Lemma 7.8.2. So 
let y 4 0. By a simple transformation of the coordinate system we can make y = e}. 
We define a function y: RY — R putting 


By Lemma 7.8.1 y is convex, continuous and positively homogeneous. Next we define 
a function 7: RY~! > R putting 


Wl Coy .-<4Gn) = O(1, Ga, 00.5. Cw) 


It is easily seen that also the function w is convex and continuous. 

For every z = (1,...,¢v) € R® we write 2 = (G,...,¢v) € RN7!. By Lemma 
7.8.2 there exists a z§ € Of (0) (so that, in particular, zi ¢ R‘~!). By the definition 
of a subgradient we have 

V2) — WO) 2 202 (7.8.7) 
for every z € RN. 

Now let H C RN be the hyperplane 


H=(2= GeusQyyeR” [= 1). 
For z € H we have y(z) = ~(Z) whence by (7.8.7) 
plz) — ler) = U2) — W(0) > he, 2 eH. (7.8.8) 
Put z* = (y(e1), 24) € R”. For z € H we have by (7.8.8) 
p(z) > 2*2z, 2zEH. (7.8.9) 
In particular, according to the definition of z* 
yp(e1) = 2*e1. (7.8.10) 
Let P be the half-space 
PS (Gene a Ut, 


For every z € P there exist a 2 € H and a A> 0 such that z = Zz. Hence we get by 
(7.8.9) and by the positive homogeneity of w 


p(z) = y(AZ) = Ap(Z) AZZ = 2*2z, 2EP. (7.8.11) 
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Now take an arbitrary z € R% and consider the point 
Z=dAz+(1-A)ei (7.8.12) 


with A € R. When A — 0, point (7.8.12) approaches e; € P = int P so we may find 
a A € (0,1) such that for point (7.8.12) we have Z € P. Suppose that we have fixed a 
suitable X € (0,1) and Z € P given by (7.8.12) and that 


plz) < 2*z. (7.8.13) 
Then we have by (7.8.12), (7.8.10) and by the convexity of 
(2) < Ap(z) + (1 — A)y(er) < Az*z + (1— A)z*e1 = 2*(Azt (1 — A)e1) = 272, 


which contradicts (7.8.11), since Z € P. The contradiction obtained shows that sup- 
position (7.8.13) was false and that we actually have 

pz) 2 2z 
for all z € RY. By Lemma 7.8.3 2* € Of (x). (7.8.10) means that we have (7.8.6) with 
x* = z* and y = e1. 


Lemma 7.8.5. Let f : RY — R andg:R™ — R be additive functions. If f (x) < g(x) 
for allx € R%, then f =g. 


Proof. By Theorem 5.2.1 f and g are odd. Suppose that for an « € R% we have 
f(x) < g(x). Then 


i.e., g(—x) < f(—x), contrary to the assumption. Thus we must have f(x) = g(x) for 
alla e RY. 


Theorem 7.8.1. Let D C R™ be a convex and open set, and let f : D > R be a convex 
and continuous function. If at a point x € D the function f has Stolz differential 
Vf (x), then Of(x) = {Vf(x)}. Conversely, if Of(x) is a singleton, Of(x) = {a*}, 
then f has at x Stolz differential V f(x), and V f(a) = a*. 


Proof. Assume that at a certain point x € D the function f has Stolz differential 
Vf (a). By Lemma 7.7.2 (Vf(x))y = fy (2). Take any x* € Of(x). By Lemma 7.8.3 
f(z) 2 x*y, or 

(VE (z))y > aty (7.8.14) 


for all y € R‘. The expressions on both the sides of (7.8.14) are additive functions of 
y, whence by Lemma 7.8.5 (Vf(x))y = a*y for all y € R%. But this is only possible 
if c* = V f(x). Consequently Of(x) = {Vf(x)}. 
Conversely, assume Of (x) to be a singleton, Of (x) = {a*}. We define a function 
p:(D- 2) —R by 
p(y) =f (@+y) — f (2) —2*y. 
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Since x* is a subgradient, p > 0 in D — x, and moreover, as may be easily checked, 
we have for every u,v € D— ax and we [0,1] 


p(wu+(1—p)v) < pp(u) + (1-4) pv), 


whence it follows in virtue of Theorem 7.1.1 that the function p is convex and con- 
tinuous. Also the function g : R — R defined for a fixed, but arbitrary, y ¢ R“ by 
(7.8.2), is convex and continuous. Thus we have by Theorem 7.3.2 


f(et+rAy-Ff(@)_ 9A S| GA) 
Se ee a, 


for every y € RN and \ > 0 such that x + Ay € D. Taking \ = 1 we obtain hence by 
Lemma 7.8.3 
p(y =f(at+y)—flx)-a*y2 f,(x)-«* 20 (7.8.15) 


for every y € D —«. Since p(0) = 0, (7.8.15) can be written as 
p(y) 2 p(0)+0(y—0), 
which shows that 0 € Op (0). And if a y* € Op (0), then we have for all ye D—« 
p(y) 2PpO)+y¥ y—-9)=y"y, 


or 
faty> fat +y")y- 
This means that «* + y* € Of (a) = {a*}, whence 2* + y* = a*, and y* = 0. 
Consequently Op (0) = {0}, and by Lemma 7.8.4 p’,(0) = 0 for every u € R%. 
Now write 
p (Au) 


h(A; u) = 
Since p(0) = 0, we have 


h(a) = PRD PO) _ Os A) 0) 


and 
: wail. 2acet Ta 
vim, h(A; u) = p’,(0) = 0 (7.8.16) 


The set D — 1 is open, and 0 € D —2z, so by the Remark in 5.1 there exists a 
simplex 
S =conv{pi,...,pn+i} 
such that S C D—-2 and 0 € int S. Consequently there exists a closed ball K centered 
at the origin and with a radius r > 0, contained in S. Take an arbitrary u © Kk. Then 


N41 
by Theorem 5.1.3 there exist \1,..., Aw+1 € [0,1] such that S* A; = 1 and 
i=l 


N+1 


i=1 
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Hence we have, using the convexity and continuity if p, and Lemma 5.3.2, for A € 
(0,1), 
N+1 


pe atl 1s fe Ty POAP:) 
A(A;u) = yeu) ae 2, ri(Api) } < ys Ai x < ye R(A;pi), (7.8.17) 


i=1 i=1 


since for \ € (0,1) we have Ap; = Ap; + (1-— A)O E S C D—z, and since ; € [0,1], 
i= 1,...,N +41. Since evidently h > 0, relations (7.8.16) and (7.8.17) show that 
lim h(A;u) = 0 uniformly on K. 


Now take an arbitrary y © D—«. There exist a u € K and a X > 0 such that 
|u| =r, and y = Au. Hence we have for arbitrary « > 0 


PAU) = PONY): oz Daas 
ly| AES 8 


provided that is small enough. In other words 
f(e+y)~ f(a) — «xy _ ply) 
ly| ly| 


provided that |y| is small enough, which means that x* is Stolz differential of f at x. 


<eé 


Lemma 7.8.6. Let f : RY — R be a convex and positively homogeneous function, and 
let bj,...,bn be a base of RN over R. If 


f(-b:) =—-f(), @=1,...,N, (7.8.18) 
then f is linear. 
Proof. Since f is positively homogeneous, we have f (0) = f (2-0) = 2f(0), whence 
f(0) =0 (7.8.19) 
Further, for arbitrary \ < 0 we have in view of (7.8.18) fori=1,...,N 
f(Abi) = F(— JAl bi) = [AL F(—bi) = — JAIL F(bi) = AF (Oi), 
which together with (7.8.19) and the positive homogeneity of f shows that 
f(Ab;) =Af (bi) for AE Randi=1,...,N. (7.8.20) 
We also have, since f is positively homogeneous and convex, 


=i) eo fl) +t) 
2 2 


f(a+y) =2f ( SF AG). 


whence by introduction 


f (>: “| nay) (7.8.21) 


i=1 


for every n € N and 21,:-+ , an € RX. 
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It follows from (7.8.19) and (7.8.21) that for z € RY 


0=f(0)=f(w—2) < f(x) +f (-2) 


and so 
—f(—x)<f(z) forreR’. (7.8.22) 


Now take an arbitrary 2 € R%. There exist \1,--- , An € R such that 


N 
i=1 


By (7.8.20), (7.8.21) and (7.8.22) 


N N N 
i=l i=l ; i=l - i 
=—f (331-00) 2 os f (-ribi) = De rif (bi), 


whence it follows, in particular, that f is odd: 
f(—z)=-f(z) force R®. 
Thus, for arbitrary x, y € RY, 
fiaty)=—f(-¢-y) 2-[f(-a) + f(-wl=f@+f), 


which together with (7.8.21) yields that f is additive. Similarly, the argument leading 
to (7.8.20) shows that f is homogeneous. Thus f is linear. 


Theorem 7.8.2. Let D C R% be a convex and open set, and let f : D + R be a 
convex and continuous function. For every x € D the following three conditions are 
equivalent: 

(i) f has a Stolz differential at x; 

(it) f is differentiable at x; 
(iti) f has at x all partial derivatives. 


Proof. The implications (i) => (ii) => (iii) result from Lemmas 7.7.1 and 7.7.2. Now 
we are going to prove the converse implications. 

Assume that f satisfies (iii). By Lemma 7.8.1 the derivatives fi (x) exist for 
every y € RX, moreover the function f’ (x) is convex and positively homogeneous. 
Let €1,...,en be the usual orthonormal base of R™ over R. We have for i=1,...,N 


f (a+ r<ei)— f(x) _ Of 
AoO+ r 7 OE; (2) ‘ 
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and ‘ ‘ 
fe, («) = lim Pea Ne) te) = -5e (x) , 
Hence f’ ,. (x) = —ft, (x), i=1,...,N. By Lemma 7.8.6 the function f’ (2) is linear, 
which means that f is differentiable at x. 
Now assume that f satisfies (ii). In view of (7.7.4) there exist a y* € R™ such 
that 


fy, (2) = y"y. (7.8.23) 
Take an arbitrary «* € Of (x). By (7.8.23) and Lemma 7.8.3 y*y > a*y for every 
y € RX, whence by Lemma 7.8.5 y*y = a*y for all y € RX, ie., y* = x*. Thus 
Of (x) = {y*} is a singleton, and by Theorem 7.8.1 f satisfies (i). 


7.9 Differentiability of convex functions 


In this section we extend Theorem 7.4.3 to the case of functions of several variables. 
We start with some lemmas. 


Lemma 7.9.1. Let D C R% be a convex and open set, and let f : D — R be a conver 
and continuous function. Let an, € D and yn € RX, n €N, be convergent sequences: 
lim tp, = 2% € D, lim yn = yo ER. Then 

n— oo 


n— oo 
lim sup fy, (tn) < fi (®o)- (7.9.1) 
n— oo 
Proof. Since f is continuous and convex, f;,, (wo) exist. Take an arbitrary u > ff, (xo). 


Then 
f (xo + Ayo) — f(%o) 
aN 


for A > 0 sufficiently small. On the other hand, for every fixed n € N, the differences 
quotient [f(@n + Ayn) — f(an)] /A is an increasing function of A (cf. Theorem 7.3.2), 


whence for A > 0 
f (tn + A¥n) — f (en) 
r 


<p (7.9.2) 


> fi (an). (7.9.3) 


Moreover, 
Jim [f (@n + AYn) — f (@n)] = F (to + Ayo) — f (#0) » (7.9.4) 


since f is continuous. Let us find a \ > 0 such that (7.9.2) holds. We have by (7.9.3), 
(7.9.4), and (7.9.2) 


limsup f!. (tn) < lim flan + Nn) = F(@n) _ fo + Avo) = f(a) — 
Un n S = . 


n—0o Te! r 


Letting 4 — ff, (xo), we obtain hence (7.9.1). 


Corollary 7.9.1. Let D C R% be a convex and open set, and let f : D > R be a conver 
and continuous function. Then the function f’ : DxRN — R is upper semicontinuous. 
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Lemma 7.9.2. Let D C R% be a convex and open set, and let f : D — R be a conver 
and continuous function. Then, for every x € D and y € RX, 


lim inf L242); (7.9.5) 
Proof. By Lemma 7.8.1 —f, < fj, whence we obtain according to Lemma 7.9.1 
liminf f,(z) > lim inf(—f/,)(z) = —lim sup f1,(z) > —f1,(2). (7.9.6) 
Fix « € D, y€ RN, and let 
J={rXER|x+Aye D}. (7.9.7) 
J is an open interval, and we define a function g: J — R by 


g (A) = f (w+ Ay). (7.9.8) 


g is a convex and continuous function. For arbitrary \ © J we have 


i (c+ Ay) = lim Sf (a+ Ay + wy) — f(a + Ay) (7.9.9) 
pu 0+ LU 
GA tH gO) 3 
a ‘ 94 (A) 
and 
fl, (@+dy) = lim eee =e) (7.9.10) 
u—0+ UL 
By Theorem 7.4.1 we obtain in virtue of (7.9.9) and (7.9.10) 
im f,(e+v) = lim oA) = 9! (0) =—fly(e). (7.9.11) 


Relations (7.9.6) and (7.9.11) imply (7.9.5). 


Lemma 7.9.3. Let D C R% be a convex and open set, and let f : D — R be a conver 
and continuous function. Let ay € R™ be fired, and let 


Y={2eD| f(a) =—f,(@)}-. (7.9.12) 
Then the set Yo is the set of the points of continuity of the function f_,. Yo is dense 
in D, D\ Yo is of measure zero and of the first category in RN. More exactly 


D\Yo= (J Ss (7.9.13) 
k=1 


where the sets S,, k € N, are closed in D, and at most countable on every straight 
line with the direction y. 
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Proof. First assume that y 4 0. Take an x € Yo. Then by Lemmas 7.9.2 and 7.9.1 
lim inf f,, (z) = —fL, (2) = fy (x) > limsup f, (z) 
whence it follows that the limit lim f; (z) exist, and 


lim ce (z) = ft; (a). 


ZL 


Thus the function ff, is continuous at: 2. 
Conversely, let be continuous at an « € D. We have by Lemma 7.8.1 and 
Lemma 7.9.2 


fi, (2) > —f’y (w) = liminf fi, (2) = lim fi (2) = fi,(2), 


whence f(x) = —f, (x), and x € Yo. Consequently Yo is the set of points of 
continuity of the function ff. 
Now define a function h: D — R putting 


h(a) = f,(2)+fly(e), ee D. 
By Lemma 7.8.1, h > 0 in D, and we have Yo = {a € D|h(x) = 0}. Thus relation 
(7.9.13) holds with 
1 
S.= {re D|me)> zh, KEN. (7.9.14) 
Since by Corollary 7.9.1 h is upper semicontinuous in D, the sets (7.9.14) are closed 
in D. The straight line L, passing through a point 2 € R™ and with the direction y 


can be written as 
Ly = {ze RN |z=ax+dy,r(,€R}. 


Define the interval J by (7.9.7), and the function g : J — R by (7.9.8). Take an 
xz € RN and an arbitrary z € DOL, (if DN Le £ @). Then z= 2+ ry with A € J, 
and we have by (7.9.9) and (7.9.10) 


fyl2) =9A), fly(2) = -9Q) 
Hence h(z) = g!.(A) — g(A), and 


1 ' 1 
SpA Ly = {Ze DN Le | h(z) > 7} ={e=0+dve D| a0) - 00) > z} 
(7.9.15) 


Set (7.9.15) is at most countable, since it is contained in the set of the points of non- 
diffentiability (cf. Theorem (7.4.3) of the continuous and convex function g: J > R. 

Sets (7.9.14) being closed in D, are Lebesgue measurable. Let H be an (N — 1)- 
dimensional hyperplane perpendicular to y. Then 


m (Sr) = f m(S: Ls) de =0, KEN, (7.9.16) 
A 
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since m(S;. Lz) = 0 for every x € RN, the set (7.9.15) being at most countable. It 
follows by (7.9.13) that m(D \ Yo) = 0. This last property implies, in particular, that 
the set Yo is dense in D. 

Similarly, (7.9.16) implies that int 5, = 9, k € N. The fact that S; is closed in 
D means that S, = DM Fx, where Fy is closed (in RY), Thus both sets, D and Fx, 
belong to the class F,, and consequently so does also S;. By Lemma 2.1.1 Sx is of 
the first category, k € N, and by (7.9.13) also D \ Yo is of the first category. 

If y = 0, then by (7.7.4) Yo = D and in this case the theorem is evident. 


Theorem 7.9.1. Let D C R™ be a convex and open set, and let f : D — R be a conver 
and continuous function. Let 


Do = {x € D| f is differentiable at x}. 


Then the set Do is dense in D, D\ Do is of measure zero and of first category, and 
the function Vf : Do > R® is continuous in Do. 


Proof. Put 


Y= {ee D| FE lo exists b= {re D] fie) =-f,0} j=l,...,N, 


where €1,...,¢€y is the usual orthonormal base of RN (over R). By Theorem 7.8.2 
N N 
Do=()Y¥;. Hence D\Do=|J(D\¥)- 
jal j=l 


The properties of D \ Do result now from Lemma 7.9.3. Also by Lemma 7.9.3 it 
follows that all the partial derivatives of f are continuous in Do, and hence, in view 
of Theorem 7.8.2 and Lemma 7.7.2 (chs in particular, formula (7.7.8)), also Vf is 
continuous in Do. 


Corollary 7.9.2. Let D C R™ be a conver and open set, and let f : D > R be a convex 
and continuous function. Then f is differentiable almost everywhere in D. 


Corollary 7.9.3. Let D C R% be a convex and open set, and let f : D > R be a conver 
and differentiable function. Then f is of class C+ in D. 


We prove yet the following generalization of Theorem 7.5.2. 


Theorem 7.9.2. Let D C R™ be a convex and open set, and let f : D > R be a twice 
differentiable® function. The function f is convex if and only if the matrix 


(see (2) (7.9.17) 


is positive semi-definite for every x € D. 


8 Le., f is differentiable in D and fs is differentiable in D for every y € R% (in the sense of the 
definition in 7.7). 
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Proof. For every x € D and y € RN define the interval J = Jzy by (7.9.7) and the 
function g = gry : J > R by (7.9.8). Observe that g is twice differentiable in J, and 
f is convex in D if and only if g = gry is convex in Jzy for every choice of « € D and 
y € RX. In fact, if f is convex, then it is easy to check that gry is convex for every 
xz € D,y€ RY. Conversely, let gry be convex for every x € D, y € R, and take an 
arbitrary u,v € D. Put c=u, y=v—u. Then 


(22) =f(u+5(e-w) = an (5) < uO + dey) _ LE To) 


So f is convex. 
By Theorem 7.5.2 the function g is convex if and only if g” > 0 in J. Therefore 
da 
f is convex if and only if pel (x + Ay) > 0 for every choice of x € D and y € R*, 
and for every \ from the corresponding interval J,y. In other words, f is convex if 


2 
and only if af (2 + Ay) |e+ay=u> 0 for every u € D and y€ R%. But 


a N WN 6? f 
pal le + Ay) |a+ry=u= S- S- DEoe, nN: (7.9.18) 


i=1 j=l 


where y = (m,.-..,7n). But the condition that (7.9.18) is non-negative for every 
u € D and y € R® is equivalent to the fact that the matrix (7.9.17) is positive 
semi-definite. 


7.10 Sequences of convex functions 
First let us note the following variant of Theorem 5.3.3. 


Theorem 7.10.1. Let D C R% be a convex and open set, and let fy: DR, n EN, 
be a sequence of convex and continuous functions. If the sequence {fn} converges in 
D to a finite function f, then f is convex and continuous. 


Proof. Fix an arbitrary x,y € D and X € [0,1]. Then by Theorem 7.1.1 
fn(Av + (1—A)y) <Afn (x) + (1—A) fn (y) for alln EN. 
As n > oo, we obtain hence 
f(dw + (1—d)y) < AF(@) + (1A) F(Y). (7.10.1) 


Relation (7.10.1) holds for arbitrary x,y € D and 4 € [0,1], whence, again by Theo- 
rem 7.1.1, the function f is convex and continuous. 


Theorem 7.10.2. Let D C R% be a convex and open set, and let A C D be a dense 
subset of D. Let fn : D— R, n EN, be a sequence of conver and continuous 
functions. If the sequence { fn (x)} converges (to a finite limit) for every x € A, then 
the sequence {fn} converges uniformly on every compact set contained in D. 
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Proof. Fix a compact CC D, and an ¢ > 0. By Theorem 7.6.1 there exist a constant 
L > 0 such that 

[fn (2) — fn (y)] < Bla — y| (7.10.2) 
for all z,y € C and alln EN. For every x € A, let B, be the open ball centered at x 
and with the radius ¢/3L. Since A is dense in D, we have 


Cede |) Be 


zEeA 
Since C' is compact, there exist 71,...,%m € A such that 
Cel Ba (7.10.3) 
i=1 
Since the set X = {21,...,2m} is finite, the sequence f,, converges uniformly on X. 
Therefore there exist an no € N such that for every indices p,q > no we have 
€ 
\fo (x) — fq (2) < 3 forre X. (7.10.4) 
Take an arbitrary u € C. By (7.10.3) there exists an x; € X such that 
€ 
—2;|< —. .10. 
lu a3 < oF (7.10.5) 


Thus we have by (7.10.2), (7.10.5) and (7.10.4) for p,q > no 


lfo(u) — falu)| < |fp(u) — fp(xs)| + foes) — fa(as)| + lfoles) — Falu)| 
< Llu—2;| + foes) — fola;)| + Llu—2j| <e. 


Thus the sequence {f,,} satisfies on C the uniform Cauchy condition, and therefore 
converges uniformly on C. 


Corollary 7.10.1. Let D C RN be a convex and open set, and let f, fn: D — R, 
néN, be conver and continuous functions. If 


lim sup fn(z) < f(a) forxe D, (7.10.6) 
then to every compact CC D and every e > 0 there exists an index no € N such that 
for every inder n > no and every x EC 

fn (a) < f(x) +6. (7.10.7) 


Proof. Put gn (a) = max (fn(zx), f(x)), c € D, n EN. The functions g, : D > R are 
continuous, and by Theorem 5.3.4 they are convex. Relation (7.10.6) implies that 


lim gn (x)= f(x) forxe D. 
Consequently, by Theorem 7.10.2, given a compact C C D and an € > 0, we can find 
an no € N such that for n > no, nEN, 
In(x) < f(@) +. 
Since f(x) < max (fn(x), f(z)) = gn(z), we obtain hence (7.10.7). 
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Corollary 7.10.2. Let D C R™ be a convex and open set, and let A C D be a dense 
subset of D. Let fy : D— R,n EN, be a sequence of conver and continuous functions. 
If the sequence { fn (x)} is bounded for every x € A, then it is possible to choose from 
the sequence {fn} a subsequence uniformly convergent on every compact set contained 
in D. 


Proof. Since the space R% is separable, there exist a countable set Ag C A dense in 
D. Using the diagonal method of choice (cf., e.g., Lojasiewicz [208]), we can choose 
from {f,} a subsequence convergent at every point of Ag. The corollary results now 
from Theorem 7.10.2. 


Theorem 7.10.3. Let D C R% be a convex and open set, and let fy: DR, n EN, 
be a sequence of convex and differentiable functions, convergent in D: 


lim fom F 
If the function f: D— R is differentiable in D, then 
Jim Vie = Vd 
uniformly on every compact set contained in D. 


Proof. It is enough to show that for every y € RY, y 4 0, 
jim (Vfn())y = (VF(@))y 


uniformly on every compact set contained in D. (For y =e;,t=1,...,N, we obtain 
hence the suitable convergence of partial derivatives of f, and thus, by formula (7.7.8), 
of V ee) For an indirect proof suppose that there exist a compact C_ C D,ay © 
RY \ {0}, and an ¢ > 0 such that for infinitely many n € N there exist points r, € C 
such that 

I(Vfn(an))y a (Vi (2n)) yl ZE, 
i.e., either 

(Vfn(2n))y = (VF (an))y +é, (7.10.8) 
or 


(Vfn(an))y < (Vf (an))y —<, (7.10.9) 


which is equivalent to 


(Vin(tn))(—y) > (VF (an))(—y) + €, 


Of the two possibilities, (7.10.8) and (7.10.9), at least one must occur for infinitely 
many n. We may assume that (7.10.8) occurs for infinitely many n, for (7.10.9) may 
be reduced to (7.10.8) on replacing y by —y. Since C' is compact, we may assume that 
the sequence {x,,} converges to an 2 € C: 


lim ty = 20 
n—- oo 
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and that(7.10.8) holds for all n € N, for otherwise we replace {f,} and {x,} by 
suitable subsequences. The point 29 + Ay belongs to D for small 4 > 0, and hence 
Ln + Ay € D for small \ > 0 and large n € N. By Theorem 7.10.2 


Jim f(an) = f(#0), (7.10.10) 
and 
Jim f(tn + AY) = f(xo + Ay) (7.10.11) 


(cf., e.g., Lojasiewicz [208]). Thus we have by Lemma 7.7.2 and Theorem 7.3.2 for 
A >O0 and ne€N such that ¢, + Ay € D 


(Vfn(2n))y = Cfadgl@n) < alt) LL 


and letting n — oo, we obtain hence in view of (7.10.10) and (7.10.11) 


f (wo + dv) = f (wo), 


liminf (V fn(an))y < x (7.10.12) 
On the other hand, we have by Corollary 7.9.3 and by (7.10.8) 
(Vf(xo))y+e= lim (Vf(#n))y +e < liminf (V fn(an))y- (7.10.13) 
Relations (7.10.12) and (7.10.13) yield 
(Vf(xo)) te < F(eo + Ay) = Fao). (7.10.14) 


d 
for sufficiently small A > 0. When \ — 0+, (7.10.14) goes into (cf. 7.7.9) 


(VS(x0))¥ +e < fy(%0) = (VF (xo))y 


which is a contradiction with e > 0. 


Exercises 


1. Let D C R®% be a convex and open set. Show that a function f : D — R is 
convex and continuous if and only if the set 


{(2,y) €R**" | ce D,y> f (x)} 


is convex. 

2. Let f : RN — R be a convex function. Show that if f is bounded above on RN, 
then it is constant. 

3. Let f : RY — R be a convex and positively homogeneous function. Show that 
f is continuous. 
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. Let J C R be an open interval, and let f : J — R be a continuous function. 


Suppose that the derivative f’ (x) exists for « € Jo C J such that the set J\ Jo 
is at most countable. Show that f is convex if and only if f’ is an increasing 
function on Jo. 


. Let J C R be an open interval, and let Jo C J be a set such that the set J \ Jo 


is at most countable. Show that there exists a convex and continuous function 
f : J —R such that the derivative f’ exists if and only if x € Jo. 


. Let J C R be an open interval, and let f : J ~ Rand g: J — R be non-negative, 


increasing, convex functions. Show that the product fg is a convex function. 


. Let J C R be an open interval, and let f : J — R be a convex and continuous 


function. Prove that, for every x € J, we have Of (x) = [f! (a), fi («)]. 


. Let D CR be a convex and open set, and let f : D — R be a function. Show 


that if Of (~) 4 @ for every x € D, then f is convex and continuous. 

(Hint: Take arbitrary u,v € D,  € [0,1], and let e = Au+(1 — A) v, a* € OF (z). 
Then f(z) = Alf (#) +a* (u—2x)] + (1—A)[f(#) + a* (v—a)] < Af (u) + 
(1— A) f(e).] 


. Prove the following extension of Lemma 7.9.1: 


Let D C R% be aconvex and open set, and let f, : D > R, n € N, be a sequence 
of convex and continuous functions. Further, let x, € D and y € RY, n EN, be 
convergent sequences: 


lim t,=29€D, lim yx =yo € R*. 
n—oco 


If the sequence {f,,} converges in D to a finite function f: D> R 
lim fn =f, 
then 


lim sup (f',),,, (tn) < fj (#0) 


n—oo 
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Inequalities 


8.1 Jensen inequality 


Since the convex functions are defined by a functional inequality, it is not surprising 
that this notion will lead to a number of interesting and important inequalities. Some 
inequalities connected with the notion of convexity will be presented in this chapter. 


Nowadays the theory of inequalities is a well-developed mathematical subject 
with scores of results which have been gathered in various books and monographs de- 
voted to this topic (e.g., Hardy-Littlewood-Pélya [136], Mitrinovié [226], Beckenbach- 
Bellman [24]). A number of interesting results about inequalities (a.o. about inequali- 
ties connected with the notion of convexity) can be found in various articles published 
in Publikacije Elektrotehnitkog Fakulteta Univerzita u Beogradu. An ample bibliog- 
raphy of the subject can also be found in those sources. Here we will not endeavour to 
give complete references related to every particular inequality considered. The reader 
is referred to the above mentioned books and articles. Also, we do not claim to have 
exhausted the topic (cf. also Roberts-Varberg [267]). Simply we present here a number 
of inequalities connected with the notion of convexity which seem to us particulary 
interesting and important. 

Jensen’s inequality is inequality (5.3.1). Also direct consequences of (5.3.1), 
viz. (5.3.3), (5.3.7) and (5.3.13) are referred to as Jensen’s inequalities. Now we are 
going to derive further inequalities of this type, all known under the name of Jensen’s 
inequalities. 


Theorem 8.1.1. Let D C R% be a convex and open set, and let f : D > R be a 


continuous and convex function. Then for everyn € N, 21,...,2n € D, and for every 
n 

non-negative real numbers q1,.--,dn with Y~ q; > 0, we have 
i=l 


‘|S < ]—_. (8.1.1) 
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Proof. Inequality (8.1.1) results from (5.3.13) on setting \; = qi/ D> q;- 
j=l 


Theorem 8.1.2. Let (X,M, 4) be a measure space such that u(X) =1, and let J CR 
be an open interval. Let p: X — J be an integrable function, and let f : J — R be a 
continuous and conver function. Then 


Ft fodu) < [ (fondu. (8.1.2) 
x x 
Proof. (Zygmund [328]). Put t = f{ pdu. Clearly t € J. Take a k € Of (t). Then 
x 


fy-fOezky-t) (8.1.3) 
for all y € J. Replacing y by p(x), and integrating over « € X, we get from (8.1.3) 


[(fepau— f(t =e (fr =0, 


x 


which is equivalent to (8.1.2). 


Theorem 8.1.3. Let (X, 0, 4) be a measure space, and let J C R be an open interval. 

Letp: X > J andq: X — [0,co] be integrable functions such that the product pq 

is integrable and [ qdu > 0, and let f : J +R be a continuous and convex function. 
iX 


Then 
JS padu Sa(fop) du 
xX »¢ 


f\{+—]| <* 8.1.4 
fadu Jf adu eee 
x x 
Proof. Define the new measure v : Nt — [0,00] putting for A € M 
fad 
y(A) = 4 ; 
= J adp 
x 
In particular, we have v (X) = 1, and 
q 
dv = ——du. 8.1.5 
Jadu eo 
x 
By Theorem 8.1.2 
F{ f pv) < [(fop)av 
x xX 


whence by (8.1.5) we obtain (8.1.4). 
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Theorem 8.1.4. Let X C R™ be an open set, and let A > 0 be an additive function 
of intervals in X,0 < [dA < co. Let J C R be an open interval, let p: X > J 


x 
be a function integrable (in the sense of Lebesgue-Stieltjes) with respect to A, and let 
f:J—R be a continuous and convex function. Then 


fpdd\ — f (fop)daA 


xX xX 
xX xX 


Proof. Inequality (8.1.6) is a particular case of (8.1.2), where (A) = f dA/ f dA. 
A x 


From the above theorems we can derive some classical inequalities. 


Corollary 8.1.1. Let n € N, and let ay,...,an, b1,...,bn be arbitrary real numbers. 


Then : 
(>: ot) < (>: «) (>: «) (8.1.7) 


Proof. Assume first that a; # 0 for i = 1,...,n. Put in Theorem 8.1.1 D = R, 
f(x) =2?, x = %, q =a?,i=1,...,n. Then (8.1.1) becomes (8.1.7). If all a;’s are 
zeros, (8.1.7) is trivial. If some a;’s are zeros, we can rearrange sequences {a;} and 
{b;} so that a; 4 0 fori =1,...,m, a; =0 fori =m+l1,...,n,0<m<_n. Then, 
on account of what has already been proved 


(24) - (Seem) <(Ee) (Ex) 
(Se) (Le) <(Le) (Le). 


Inequality (8.1.7) is the famous Cauchy-Buniakowski-Schwarz inequality. 


and (8.1.7) holds true. 


Corollary 8.1.2. Let (X,M, 4) be a measure space, and let a,b : X — [—o0, co] be 
integrable functions. Then 


2 


[end < peu [van : (8.1.8) 
x x 


Xx 


Proof. Since b is integrable, it is equivalent to a finite function (i.e., b = b* a.e. in X, 
where b* is finite), and thus we may assume that b itself is finite: b: X — R. Assume 
first that a A 0 in X. Set in Theorem 8.1.3 J = R, f (x) = x”, p(x) = b(2) /a(z) 
and q(x) = a(x)*. Then (8.1.4) becomes (8.1.8). 


200 Chapter 8. Inequalities 


Ifa=0 ae. in X, inequality (8.1.8) is trivial. Otherwise put 
Y={xE xX |a(x) #0}. 


By what has already been proved 


2 2 
[eva = [end < ped [ian 
x Yy Y Yy 
— (pea [ian < peau [ian : 
xX Y xX x 

and (8.1.8) holds true. 
Corollary 8.1.3. Letn € N, and let 71,...,%n,q1,---;Qn be non-negative real numbers. 
Then 


n P n p-l 
(>: on) < (>: a] S- qx? forp>1andp<0, (8.1.9) 
i=1 i=1 i=1 


and if, moreover, x; >0 fori =1,...,n, then 
n P n P-1 
bs on) > be 0] S gia? for0<p<l. (8.1.10) 
i=1 i=1 i=1 


Proof. If all g;’s are zeros, (8.1.9) and (8.1.10) are trivial, so we assume that 5° q; > 0. 


Let p > 1 or p < 0, and assume that x; > 0 fori = 1,...,n. Set in Teor 8.1.1 
N =1, D= (0,00), f(a) = x”, and (8.1.1) becomes (8.1.9). If some x;’s are zeros, 
we argue as in the proof of Corollary 8.1.1. 

If 0 < p < 1 and all z,’s are positive, we take in Theorem 8.1.1 N=1, D= 
(0,00), and f(a) = —az?, and then we multiply the resulting inequality by (—1), 
arriving thus at (8.1.10). 


Corollary 8.1.4. Let n EN, and let 21,...,%n be non-negative real numbers. Then 
n P n 
(>=) ae es forp>1andp <0, (8.1.11) 
i=1 i=1 
and if, moreover, x; >0 fori=1,...,n, then 


n P n 
(32 Snr Soak for 0 < p<. (S49) 
t=1 i=1 


Proof. We obtain (8.1.11) and (8.1.12) from (8.1.9) and (8.1.10) taking g; = 1, i = 


1 n. 


pees 
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Corollary 8.1.5. Let n EN, let ay,...,@n, b1,...,6n be arbitrary non-negative num- 


1 
bers. Let p > 1 and let q be given by -+ —-=1. Then 
P 4 


n n l/pyn 1/q 
So aibi < ( ct) 63 st) (8.1.13) 
i= w=1 


i=1 
Proof. Assume first that a; > 0, b; > 0 fori =1,...,n. Taking in Theorem 8.1.1 N = 
1, D = (0,00), f (x) =a”, q; = 64, x; = (a? /b?)'/”, i= 1,...,n, we obtain (8.1.13). If 
some a,;’s and/or some 0,;’s are zeros, we argue as in the proof of Corollary 8.1.1. 


Inequality (8.1.13) is the famous Holder inequality. 


Corollary 8.1.6. Let (X,M, 4) be a measure space, and let a,b : X — [—o0, co] be 
functions integrable in p-th and q-th power, respectively, where p > 1, : + ; =! 
Then the function ab is integrable, and 


1/p 1/q 
ae < ( farau) Ci au) : (8.1.14) 
x x x 


Proof. The functions a and 6 are equivalent to finite functions, so we may assume 
that a and b are themselves finite. Assume first that a 4 0 and b £0 in X. Setting in 
Theorem 8.1.3 J = (0,00), p(x) = (la(x)|? /|b(a)|")"", a(a) = [b(@)I*, F (x) = 2”, 
we obtain inequality (8.1.14). The integrability of the product ab results from (8.1.14). 
If a, b are allowed to assume the value zero, we argue as in the proof of Corollary 8.1.2. 


Here again ab is integrable, since by the above the function ab restricted to the set 
{x € X | a(x) b(x) £0} is integrable. 


8.2 Jensen-Steffensen inequalities 


Now we are going to generalize the result of the preceding section (cf., e.g., Mitrinovi¢ 
[225], [226], Boas [34]). We start with a lemma. 


Lemma 8.2.1. Let J = [a,b] be a closed real interval, and let p,X : J — R be functions 
such that p is non-negative and monotonic in J and the Riemann-Stieltjes integral 


b 
J pdd exists’. Then, if p is decreasing 
a 


b 
p(a) inf [A(c) -—A(a@] < pom <p(a) sup [A(c) — A(a)], (8.2.1) 


axcdb ax<ccb 
a 

1 The Stieltjes integrals in this section denote Riemann-Stieltjes integrals. The Riemann-Stieltjes 
integral i pda certainly exists if one of the functions p,X is continuous in J, and the other has a 
finite variation in J. In the case of Lemma 8.2.1 the function p (being monotonic) is of the finite 
variation, so for the existence of the integral in question it is sufficient (but not necessary) that 
the function 4 is continuous. Note that if the function A is increasing, Lemma 8.2.1 is trivial, and 
Theorem 8.2.1 is a particular case of Theorem 8.1.4. The main interest of inequality (8.2.3) below 
lies in the fact that A need not be a monotonic function. Similarly, inequality (8.2.6) below is more 
general than (8.1.1) in that now q; need not be non-negative. 
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and if p is increasing, 
b 
p(b) inf. [A(b)-—A(o] < i <p(b) sup [A(b) — A(o)]. (8.2.2) 


axcxb ax<cgb 
a 


Proof. Assume p to be decreasing. Then 


b b 
[r@ac= [r@ar@-Ar@) 


b 
= [A (6) — A(a)] p () — / [A (x) — A(a)] dp (x) 
<0) pub. Pe) Ae) ot pha) (0) sup [te <A (a) 
PAG). SO she) Aa) 


This is the right inequality in (8.2.1). The left inequality in (8.2.1), and, in the case 
where p is increasing, inequalities (8.2.2) are proved similarly. 


Theorem 8.2.1. Let J = [a,b] be a closed real interval, and let p,A : J > R be 
functions such that X(a) < A(x) < A(b) in J, A(a) < A(d), p is monotonic in J, 


b 
and [ pdX exists. Let D C R be an open interval such that p([a,b]) C D, and let 


a 
f:D—R be a continuous and conver function. Then 


b b 
J pdr S(fop) da 


ens (8.2.3) 


I) x@—ate | SXW—rvw@) 


Proof. We assume that the function p is decreasing; in the case of an increasing p the 
proof is similar. Put 
b 
1 pdx 
t= —#__.. 8.2.4 
XQ) — Ma) oe 


We have 


b b b b 
[v0r—v00) 0) —d@))= f pdr— pH) f ar= | [p@ -PO)arle). 
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By Lemma 8.2.1 


b 
[v@-ro) dX (x) < [p(a) — p(®)] sup [A(c) — A(a)] 


ax<ccb 


Hence 


Similarly 


[d> POO) da). 
The above inequalities show that p(b) < t < p(a). 
Take ak € Of (t). Then 


fy)-fFO2ky-t) 
for all y € D. Put 
ry=fw-fO-ky-t), yeD. 


It is easily seen that r : D — R is a non-negative convex function, and r(t) = 0. 
It follows from Theorem 7.3.5 that r decreases in [p(b) ,t] and increases in [t,p 
Next put R(x) = r(p(zx)), T € p-'(t). Then R > 0, and R decreases in [a,T], R 
increases in [T’, 6]. By Lemma 8.2.1 


axcxb 


b TT b 
pra 4 [rane [Ran > R(a) inf [A(c)—d(a)]+R(b)_ int, [A(6) — A(0)] =0. 
a a T 


Next, by (8.2.4), 


= [ (Fon)ar— FO) —A(@]~R| f par —t(A) ~ A@))] 


Hence (8.2.3) results. 
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Theorem 8.2.2. Let J = [a, b] be a closed real interval, and letp: J Randq:J—>R 
be a monotonic and an integrable function, respectively, such that 


x b b 
o< fades faut for res, | qit>0. 


a 


Let D C R be an open interval such that p({a,b]) C D, and let f : D> R be a 
continuous and convex function. Then 


b b 
J paat J (fev) aat 
f 7 < a 


; (8.2.5) 
f qdt 


b 
J qdt 


Proof. We take in Theorem 8.2.1 A(a) = f q(t) dt, and (8.2.5) results from (8.2.3). 


a 


Theorem 8.2.3. Let n € N, and leta < 41 <--: < @p <b be real numbers. Further, 
let q1,---;Qn be real numbers such that for every k=1,...,n 


n n n 
0<Soa<dSoa, Sla>o. 
i=k i=1 i=l 


If f : (a,b) > R ts a continuous and convex function, then 


n n 
De ux: > af (24) 
i=l < i=l 
< 


f nr nr 
yo i rT 
i=1 t=1 


(8.2.6) 


Proof. Take arbitrary points &1,...,&€, such that 0 < €) <---<&, <1, and let p be 
an arbitrary continuous increasing function from [0,1] onto [a, b] such that p (&) = xi, 
i=1,...,n. Define the function X: [0,1] — R by 


Ee 


Then inequality (8.2.3) goes into (8.2.6). 


Originally inequalities (8.2.3) and (8.2.5) were obtained (Steffensen [296]) from 
the Steffensen inequality (Steffensen [295]) 


b atx 


[roas froma fra. sigehis fi otoee 
—X a 


b a a 
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valid for arbitrary integrable functions f,g : (a,b) > R such that f is decreasing and 
0 <g <1 in (a,b). The generalizations presented here are due to R. P. Boas [34]. 
Theorem 8.2.5 and 8.2.6 are also related to some results of Z. Ciesielski [45]. 


Theorem 8.2.4. Let J = [a,b] be a closed real interval, let p: J + R be a continuous, 
non-negative, decreasing function, let \: J > R be a function such that oa exists, 
and let 4: J > R be a function. Assume that the following conditions are fulfilled: 
A(a) < A(x) <A(B) +X forxe J, 
where A* > 0, and 
O<p(b)—pla), A(b)—Ala) +r" <u (b) — w (a). 
Let D C R be an open interval such that 0,p(a) € D, and let f : D— R be a 
continuous and convex function such that f (0) <0. Then 
b b 
finda J (fep) ar 


(6) =n (a) | <u) — Hla)’ 


8 


f (8.2.7) 
Proof. We shall distinguish a few cases. 


b 
I. \X* =0. Put A= f pda. For yo = \(b) — A(a) we have by Theorem 8.2.1 


b 


[iren) dv > yof (=) (8.2.8) 


a 


We will prove that the function F (y) = yf (4) is decreasing. With the exception of 
at most countably many points we have (cf. Theorem 7.4.3) 


r-r(2)-4r(3) 


Since f is continuous and convex and f (0) < 0, we have by Theorem 7.3.2 for u > 0, 


ue D, 
fw) . fw -F0) 


uo u—O0 < J(u). 


Thus F’ (y) < 0 (for y > 0 such that A/y € D and F” (y) exists). By Theorem 3.6.3 
F is decreasing. Consequently for y; = (b) — (a) > (6) — A(a) = yo we have by 


(8.2.8) 
b 
A A 
[(ten) dr > yof (=) >yif (=) , 


which is equivalent to (8.2.7). 
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II. A\* > 0 and p(b) = 0. We put 


5(x) = i‘ for 7 € (a, b) , ‘and w(z) a (a) af N*5(x), red. 
1 forx=b, 


w(a) << w(r%) <w(b) forxe J, 


w(b) — w(a) = A(b) + A¥ — A(a) < w(b) — wa). 
By the first part of the proof 


b b 
J pdw J (fop)dw 
tO =@).| * u@= ney oe) 
But 
b b b b b 
[vdeo = Prax a [vas f rar+r-p(e) = f vad, 
and 
b b b b b 
[(fopde= f(forar+e [(fopds= [ (for ar+xs(o)< f (For)aa 


and so (8.2.7) results from (8.2.9). 

III. A* > 0 and p(b) > 0. Then we extend the functions p, X, 4 onto an interval 
[a,c], where c > b, so that p is continuous, non-negative, decreasing in [a,c], p(c) = 0, 
and 

Aa) = rA(b), (x) = w(b) for x € [b,c]. 


By the second part of the proof 


| par I (fep)ar 
i Ona OL aes (8.2.10) 


fodied a | Rana) tones 


So (8.2.7) results from (8.2.10). 
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Theorem 8.2.5. Let J = [a,b] be a closed real interval, let p: J > R be a continuous, 
non-negative, decreasing function, and let gq: J — R be an integrable function such 
that 


x 


b 
[eats 0 forxe J, Jidlar>o. 


a 


Let D C R be an open interval such that 0,p(a) € D, and let f : D— R be a 
continuous and convex function such that f (0) < 0. Then 


b b 
J padt J (fop) dt 


f| + <4, (8.2.11) 
J \q| de J lq| ae 
Proof. We take in Theorem 8.2.4 
oe x b 
Ar = [et wo = / lqidt, A= / (lal — @) dt, 
and (8.2.7) becomes (8.2.11). 
Theorem 8.2.6. Letn EN, let r1,...,2n,a,b be real numbers such thata<0< 21 < 


+++ San <b, and let q,..-,dn be real numbers such that fork =1,...,n 


nm nm 
Soa 20, S-lail > 0. 
i=k j=l 


If f : (a,b) > R ts a continuous and convex function such that f (0) < 0, then 


> Xi > gf (x) 
= —— (8.2.12) 
2 lai » || 


f 


Proof. We take arbitrary 1,...,&, such that 0 < , <--- < & < 1, and let p be 
an arbitrary continuous, non-negative, decreasing function from [0,1] onto [0, b] such 
that p(&) = 7;,7=1,...,n. Define the function , 4: [0,1] — R and the number A* 
by 


A(z)= Soa, w@) =o lal, M =D (gil - 4). 


bi<u &,<@ 


Then inequality (8.2.7) goes over into (8.2.12). 
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8.3 Inequalities for means 

Let F be a strictly monotonic function on an interval J C R, let wj,...,wW,» be non- 
n 

negative real numbers (= wi > 0), and let a1,...,@n € F' (J) be arbitrary points. 


t=1 
The expression 


w EF! (a;) 
=1 


M,, (F;a; w) = F | ——_———_ (8.3.1) 
wi 
i=1 
is called a weighted quasiarithmetic mean of a1,...,@n, with the weights w1,..., Wn. 
In (8.3.1) and in the sequel a stands for (a1,...,d@n), and w stands for (w1,..., Wn). 


Theorem 8.3.1. Let J C R be an open interval, and let the functions F,G: J > R 
be strictly monotonic, F (J) = G(J). Let the function G~!o F be convex”. Then, for 
every n EN, every ai,...,dn € F (J), and every non-negative wi,...,Wn such that 
>> w; > 0, we have 
i=1 

M, (F3a;w) < Mn (G;a;w) (8.3.2) 
whenever G is increasing. If G is decreasing, inequality (8.3.2) gets reversed. 


Proof. We take in (8.1.1) f =G-1!o F, q, = wi, vj = F~1(a;), i=1,...,n. We get 
wt (ai) > wiG-t (ai) 
i=l i=l 


Cm go (8.3.3) 
do Wi do wi 
i=l i=l 


Applying to both the sides of (8.3.3) the function G we obtain (8.3.2) if G is increasing, 
and the reversed inequality if G is decreasing. 


Remark. If the function G~! o F is concave, then inequality (8.3.2) holds whenever 
G is decreasing, and gets reversed whenever G is increasing. 


The well-known inequality H, < Gn < An between the arithmetic mean 


1 
the geometric mean 
Gn = (a1-++ an)”, (8.3.5) 
and the harmonic mean 
Hane ea (8.3.6) 


(a1,..-,@n > 0) can be obtained from Theorem 8.3.1, since each mean (8.3.4), (8.3.5), 
(8.3.6) is a quasiarithmetic mean. Actually, we can prove a more general result. 


? Since the function G~! 0 F is monotonic its convexity implies the continuity. 
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n 
For every positive a1,...,@, and non-negative w1,...,wW, such that S> w; > 0, 
i=1 
and for every r € R, r £0, we put 


n n 1/r 
M7 |a; w] = (>: wiat/ > ») i (8.3.7) 


For r = 0 we assume 


n n nn wil = wi 
MP [a; w] = exp bs w; log / Som] a IIe: a (8.3.8) 
i=1 i=1 i=1 
We define also M7 for r = +00 and r = —oo: 
M |a;w] =maxa;, M,~ [a;w] = mina,. (8.3.9) 


In particular, we have for means (8.3.4), (8.3.5), (8.3.6) 

Aga Mla Als “Gy Me lay hl. Hae at l|,, 
where 1 means (1,...,1). 
Theorem 8.3.2. With fired n € N, a = (aj,..-,@n) and w = (wi,..-,Wn) (ai > 
0,w; >0,7=1,...,n; 32 w; > 0) the function p(r) = MF [a; w] is increasing on 

i=1 

[—00, ov]. 
Proof. Inequalities y(—oo) < y(r) < plow) for —co < r < & are obvious. Now 
the theorem results from Theorem 8.3.1. For r 4 0 (8.3.7) coincides with (8.3.1) for 
F(x) = «/", whereas (8.3.8) coincides with (8.3.1) for F (x) = e®. Taking r,s € R, 
r < s, we need only use Theorem 8.3.1 for F and G as follows. 

1. Ifr 40,540, then F(x) = 2/7, G(x) = x/*, whence G-! 0 F(x) = x°/". 
IfO0 <r<sorr <0 <5, then G is increasing and G~! 0 F is convex, and 
if r < s < 0, then G is decreasing and G~! 0 F is concave, so at any case 
g(r) < 9(s). 

2. r=0<s. Then F(x) = e*, G(x) = x/’. The function G-! 0 F(z) = e** is 
convex and G is increasing, so y (0) < y(s). 

3. r<0=s. Then F(x) = 21/", G(x) = e*. The function G~! 0 F (x) = 4 logz is 
convex since r < 0, and the function G is increasing, so y(r) < ¢ (0). 


We will prove one more generalization of the inequality between means (8.3.4) 
and (8.3.5). Let F be a strictly monotonic function on an interval D C R, let n EN, 
let I be a subset of {1,...,n}, and let a1,...,a@n € F(D), wi,...,Wn 20, 5 w; > 0. 

iel 
Let H : F(D) —R be a continuous function. Put 


HoF wel 
fo) = Sa a 


ier 


dD wik’* (ai) 
a(H; F;a;w;I) = («) 


el 
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With this notation, and under the conditions specified, we have 
Theorem 8.3.3. If the function F is continuous, the function H o F is convex, and 
I,J are disjoint subsets of {1,...,n}, then for fixed a and w the function a(F;I) = 
a(H; F;a;w;1) fulfils 
a(F;IUJ) <a(F;I+a(F;J). (8.3.10) 


If the function H o F is concave, the inequality gets reversed. 


Proof. Take in (8.1.1) n = 2, f = HoF,q = den a = > wi, 21 = ¥> wp) (a,) / 


te ST tel 
{> wi, 22 = YO) wiF-1 (a) / ) wi. Then 
ier ied ied 
w, EF! (a;) 
H ou — HH o F (a1) + @H o F (x2) 
oF ie a < ———— ig (8.3.11) 
1EIUT iCIUT 


whence, after multiplying by >°> w; we obtain (8.3.10). If Ho F is concave, then we 
i€IUS 
obtain (8.3.11) with H o F replaced by —H o F, and the reversed inequality (8.3.10) 
results on multiplying by — >> uj. 
i€IUI 


Now suppose that F,G : D — R are strictly monotonic continuous functions 
such that F(D)G(D) 4 @, H: F(D)UG(D) — R is continuous, H o F is convex, 
H oG is concave. By Theorem 8.3.3 


a(F;IUJ)—a(G;IUJ) <a(F;I)-—a(G;I)+a(F;J)—a(G;J). (8.3.12) 


Take in particular J = {1,...,n-—1}, J = {n}. Then a(F; J) = a(G;J) = 
k 
WnH (ay), and with notation (8.3.1) and W; = S> w; we get from (8.3.12) 


i=1 


a; w])} 


Wr {H (Mn [Fa w]) — H (Mn |G 
< Wr-1 {A (My-1[F; a; w]) — H (M,_-1[G;a;w])}. 


Specifying further w = 1, H (x) = G(x) = 2, F (a) = e”, we get hence with notation 
(8.3.4), (8.3.5) n(Gp — An) < (n- 1) (Gn-1 — An-1), or 
n(An — Gn) = (n- 1) (An-1 -— Gn-1)- (8.3.13) 


Since A; = G; for every a; > 0, inequality (8.3.13) implies that A, > G,, for n EN. 
From (8.3.13) one can obtain the inequality 


(8.3.14) 
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Inequalities (8.3.13), (8.3.14) are due to R. Rado®. Similarly one can derive the fol- 
lowing inequalities of T. Popoviciu4 


An Was An-1 a Ay, = 1 a; ve ay ain 
Gn ey Gn-1 : sas Gn ae os cia 2 ay a; : 


One can also show that if lim a, = oo, then lim n(A, — G,) = 00; and if lim ay, = 


n—Co n—- co n—-oco 


n—-Cco 


a <oo, then lim n(An — Gn) < oo if and only if 37 (an — a)? < co. 
n=1 


8.4 Hardy-Littlewood-Pélya majorization principle 


The Hardy-Littlewood-Pélya majorization principle ° reads as follows. 


Theorem 8.4.1. Let J C R be an interval®, let x;,y; € J, i=1,...,n, be real numbers 
such that 
212° San, WS Syn (8.4.1) 
k k n n 
Se Gs k=1,...,n—-1, ee as (8.4.2) 
i=1 i=1 i=1 i=1 


If f: J > R is a continuous and convex function, then 
SiG <a: (8.4.3) 
i=1 i=1 


Conversely, if for some x;,y; € J, i = 1,...,n, such that (8.4.1) holds, inequality 
(8.4.3) is fulfilled for every continuous and convex function, then relations (8.4.2) 
hold. 


Theorem 8.4.1 is a particular case of the following theorem of L. Fuchs [93]. 


Theorem 8.4.2. Let J C R be an interval, let x;,y; € J, 1=1,...,n, be real numbers 
fulfilling (8.4.1), and let pi,...,pn € R be such that 


k k n n 
So viti < So piv, k=1,...,n—-1, Se pite= > Dal (8.4.4) 
i=l i=1 i=1 i=1 


If f: J > R is a continuous and convex function, then 


do Pif (ei) < doi (yi). (8.4.5) 


3 Cf. Mitrinovié [226] 

4 Cf. Mitrinovié [226] 

5 Hardy-Littlewood-Pélya [135]. Sometimes Theorem 8.4.1 is inscribed to J. Karamata. (Karamata 
[164]. Cf., e.g., Beckenbach-Bellman [24]). 

6 Here and in the sequel, if the interval J is not open, the expression “f : J > R is a continuous and 
convex function” should be understood: “f : J — R is continuous, and fo = f | int J, fo: int J ~R 
is a convex function”. 
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Conversely, if pj > 0 fori = 1,...,n, and if for some x,y; € J, i = 1,...,n, 
such that (8.4.1) holds, inequality (8.4.5) is fulfilled for every continuous and convex 
function f : J >R, then relations (8.4.4) hold. 


The following theorem of M. Tomié [315] is very similar to Theorem 8.4.2. 


Theorem 8.4.3. Let J C R be an interval, let x;,y; € J, 1=1,...,n, be real numbers 
fulfilling (8.4.1), and let pi,...,pn € R be such that 


k k 
Ser Pa = eae (8.4.6) 
t=1 w=1 


If f: JR its a continuous, convex and increasing function, then inequality (8.4.5) 
holds. Conversely, if pj > 0 fori=1,...,n, and if for some x,y; € J, 1=1,...,n, 
such that (8.4.1) holds inequality (8.4.5) is fulfilled for every continuous convex, and 
increasing function f : J +R, then relations (8.4.6) hold. 

We will prove Theorems 8.4.2 and 8.4.3 simultaneously. 


Proof. I. Sufficiency. Adding the same term to both sides of (8.4.5) does not affect 


the inequality. Therefore we may assume that x; 4 y; fori =1,...,n. 
Put 
pe iat) ee? 
i — Yi 


We have by Theorem 7.3.2 and by (8.4.1) 
fli) — fy) 5 flvini) — fw) 5 fein) — fits) 


D; = a a 
ti Vi Tit — Yi Li41 — Yi+1 


=Disi. (8.4.7) 
Further, put 
k k 
Xpo=Yo=0, Xp= Spas Ye = So ivi, k=1,...,n. 


By (8.4.4) and (8.4.7), or by (8.4.6), (8.4.7) and the monotonicity of f, 


n-1 
k=1 
or 
n-1 n-1 
S> Xn (De — Desi) + XnDn < >> Ve (De — Desi) + ¥nDn. (8.4.8) 
k=1 k=1 
But 
n-1 n-1 n n 
S Xp (Dp — Desi) + XnDn = = X;,Dy -S> Xp Desi = 2, X,Dy -\ X;-1D¢ 
k=1 k=1 


Met 


(X_ — Xp_-1) De = Spd, (8.4.9) 
k=1 


> 
Il 
fant 
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and similarly 


n-1 
S2 Vie (De — Det) + Yn Dn = See (8.4.10) 
k=1 k=1 


Thus we get from (8.4.8), (8.4.9) and (8.4.10) 


n n n 


So prtrDr < S > peyeDr, Ley So Dk (tr — Yr) De < 9, 
k=1 k=1 k=l 


which is equivalent to (8.4.5). 
II. Necessity. Suppose that p; > 0 for i = 1,...,n, and that (8.4.5) holds for 


some x;,y; € J, i =1,...,n, and for every continuous and convex [and increasing] 
function f : J > R. Taking f (a) = x we obtain from (8.4.5) 
So pe < So idis (8.4.11) 
i=1 i=1 


ie., (8.4.6) for k = n. Moreover, if there is no restriction on the monotonicity of f, 
we take f (x) = —2 to obtain 


—Sopiai <-> opis. (8.4.12) 
i=1 t=1 


Relations (8.4.11) and (8.4.12) together yield the last equality in (8.4.4). 
Now take an arbitrary k, 1 < k <n, and f (2) = max (0,2 — yx). Thus f (x) > 0, 
f () > x — yr, and, since p; > 0 (i =1,...,n), we have 


pif (x) > pi (x — yx). (8.4.13) 


Putting in (8.4.13) « = 2;,i=1,...,k, and summing up over i = 1,...,k, we get by 
(8.4.5) 


Me 


k n 
Pi (zi — YR) < <a Xi) <) pif (yi) - (8.4.14) 


Now, by (8.4.1), since f (x) = 0 for x < yx, 


n k k 
Pit (yi) = pif (yi) = Pi (yi — YR) - (8.4.15) 


Relations (8.4.14) and (8.4.15) yield 


k k 
S/ pi (#1 — ye) < Si (Yi — Ye), k=1,...,n—-1, 
i=1 i=1 


whence the first n — 1 inequalities in (8.4.4) follow. 


t=1 
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8.5 Lim’s inequality 
From Theorem 8.4.1 we derive the following result: 
Theorem 8.5.1. Let a > 0,b>0,c>a+b be real numbers, and let f : [0,co) > R be 


a continuous and convex function: Then 


fla)+f(b+c) = f(at+tb)+f(o. (8.5.1) 


Proof. We use Theorem 8.4.1 with n = 2, 7, =c, 72 =a+, yy =b+6¢, yo =a, and 
(8.5.1) follows. 


Lim’s inequality (Lim [207]) is the special case f(x) = a", r > 1. 
Lim’s inequality can also be generalized as follows (cf. Stankovié-Lackovié [294]). 


Theorem 8.5.2. Let m Ve N, and let Q; > 0,1 =1,...,m, be real numbers. Let Q > 
;Jnax Q; and Qo = > Qi —nQ for a certain non-negative integer n. If[0 < Qo < Q, 


yess =1 
ny fe : [0,co) > R is a continuous and convex function such that f (0) =0, then 


(8.5.2) 


2 

- 

oh 
iM: 


Proof. We assume that Qo > 0. The case, where Qo = 0, will be covered by Theorem 
8.5.3. Then 


nQ <nQ+Qo= >_> Qi < mQ, 


i=l 


whence n < m. We may assume that Q,;’s are numbered in such a way that 


Qi 2++-2Qm, 
and we put in Theorem 8.4.1 (with n replaced by m) yr = +++ = Yn = Q, Yn+1 = Qo, 
y, = 0 fori=n4+2,...,m; 27, = Q;,1=1,...,m. Then 


m m 


nf (Q) + f (Qo) => fu) = >> fw) = SF (Qi), 


i=1 i=1 i= 


2 


i.e., we obtain (8.5.2). 


In order to obtain (8.5.1) from (8.5.2) (in such an argument f must be assumed 
to vanish at the origin) we put m = 2,n=1, Q1 =a+b, Q2=c¢,Q=b+6,Q0=a4. 


Remark. If n is not an integer, Theorem 8.5.2 fails to hold. Take, for example, m = 2, 
n= $3, Q1 = Q2 =Q=1, Q = 4, f (x) = 2. Then all the remaining assumptions 
of Theorem 8.5.2 are fulfilled, and (8.5.2) turns into the false inequality 


3. «1 
a eae 
at 


a 
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But for such a case we have the following 


Theorem 8.5.3. Let m € N, and let Q; > 0, i = 1,...,m, be real numbers. Let 
Q > max Qj, and let s € R be such that sQ = 5) Q;. If f : [(0,«) ~ Risa 


I= ese 


i=1 
continuous and convex function such that f (0) =0, then 


m 


sf (Q) 2 >_ F (Qi). (8.5.3) 


i= 


ran 


Proof. If Q = 0, then all Q,’s are zeros, and (8.5.3) becomes 0 > 0, which is true. 
Now assume that Q > 0. For every A € [0,1] we have 


f (Ax) = f (Ar+ (1 — A)0) < Af (x) + (1— A) f (0) = AF (2). 
Hence 


fan =1( $e) SEG), HEA wccit 


and 


LIQ<zZ (x2) F(Q)=sf(Q). 


i.e., we obtain (8.5.3). 


8.6 Hadamard inequality 

We start with the following, more general theorem of Lackovié-Stankovié [203]. 
Theorem 8.6.1. Let J = [a,b] be a closed real interval, let p: J — R be a non-negative 
integrable function such that fp > 0, let f : J > R be a continuous and conver 


function, let c € int J, and let k € Of (c). Then 


b b 

J xp (x) dx Jp (a) f (x) dx 
f (¢) + k= —— -ck <4 

J p(x) da p(x) dx 


Cc 


FOMROU errors TO rome: Af pe deed tote de 


< 


(8.6.1) 


Proof. Put 
g(x) =f(x)—ka, wed. (8.6.2) 
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Then g: J > R is a continuous and convex function, 0 € Og(c), and thus g(x) — 
g(c) > O in J. Since p > 0 we obtain hence 


p(x) g (c) de. (8.6.3) 


5 

Ss 

& 
a 

& 
= 
W 

oS: 


Relations (8.6.3) and (8.6.2) yield 


b b b b 
[r@ste)ar—k f ap (@ar> £00 [ p(a)dv—ke f p(a) ae. 
b 
Dividing by f[ p(x) dx > 0 we obtain hence the left inequality in (8.6.1). 


It follows from Theorem 7.3.5 that g (#) decreases in [a,c] and increases in [c, b] 
so that g(a) — g(x) > 0 in [a,c], and g(b) — g(x) > 0 in [c, b]. Hence 


b Cc b b 
[r@s@ar> [rag (a\ax, [e@srac> f o(e)g(a)ae, 
and thus 


By (8.6.2) we get hence 


c c b b 


F(a) f p(a)de— ha [ pa) de + f(b) f p(a)ae Kb | p(2)ae 


b 
Dividing by fp (a) dx we obtain hence the right inequality in (8.6.1). 


1 
Setting c= 5 (a+b), p(w) =1 for x € J, we obtain from (8.6.1) the Hadamard 
inequality (Hadamard [127]; cf. also Vasié-Lackovié [316]). 


Theorem 8.6.2. Let J = [a,b] be a closed real interval, and let f : J > R be a 
continuous and conver function. Then 


3) go [rear fla)+ fF) 


b-a 2 
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8.7 Petrovi¢ inequality 
The following inequality is due to M. Petrovié [253]. 


Theorem 8.7.1. Let [0,a) C R, 0 < a < ow, and let f : [0,a) > R be a continuous 


and convex function. Then for every n € N and every 21,...,%n € [0,a) such that 
a1 +-+++2n € [0,a) we have 
flair t-+++ an) > f(a1) +--+ + flan) — (n — 1) f(0). (8.7.1) 


Proof I. For n = 2 we obtain from (8.1.1) 


px + qy Pp q 
p (FEY) <2 per (8.7.2) 


for every p,q > 0 such that p+q > 0. Assume that 21,22 € [0,a) are such that 
X1+ 2X2 € (0,a), and set in (8.7.2) «= 214+ 22, y= 0, p= 21, ¢ = Xp. Then (8.7.2) 
goes into 


x2 


< + 0). 8.7.3 
F(e1) < fet.) +f 0) (8.733) 
Interchanging in (8.7.3) 21 and x2, we obtain 
XY 
< : 7.4 
F (02) < 2 f (01 +2) +f 0) (8.7.4) 


Adding (8.7.3) and (8.7.4) we get 


f (zi) + f (a2) < f (@1 + 22) + f (0), (8.7.5) 


which is (8.7.1) for n = 2. If a1 = x2 = 0, (8.7.5) is trivial. 
Further the proof runs by induction. 


We will give also another proof of Theorem 8.7.1. 
Proof II. Put 
g(®1,---,Un) = f (a1 +--+ + an) — f (a1) — +++ — f (an). (8.7.6) 


Fix a j, 1 < j < n. Differentiating (8.7.6) with respect to xj, we get by Theorem 
7.4.3 


a— (1,.--,2n) = f! (a1 +++ + an) — f' (aj) 20 


except for at most countably many values of x;. By Theorem 3.6.3 g is increasing 
with respect to each variable. Hence, in particular, for 7,...,%p € [0,a) such that 
a1 +++++an € (0,4) 


g(%1,.--,%n) > g(0,...,0) = (1—n) f (0). (8.7.7) 


Relations (8.7.6) and (8.7.7) yield inequality (8.7.1). 
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8.8 Mulholland’s inequality 


The results in this section are due to H. P. Mulholland [234]. 
Consider the two sets of conditions: 
(<) The function y : [0,00) — [0,co) is continuous, strictly increasing, convex, 
vy (0) = 0, and log y is a convex function of log x (i.e., the function F : R > R, 
F (t) = log y(e’) is convex). 
(ii) There exists a function y : R > R, continuous, convex and increasing and such 
that 
p(x) = xexp|y(log2)] fora >0, y(0)=0. (8.8.1) 


Lemma 8.8.1. Conditions (i) and (it) are equivalent. 


Proof. 1. Assume (7) to be fulfilled. Put 


y (e*) 


¥(t) = log = logy (e") —t. (8.8.2) 


It is clear that y is defined by (8.8.2) for t € R, and it is continuous and convex. For 
x > 0 the function 
p(x) _ v(x) — (0) 
x z—0 


is increasing in virtue of Theorem 7.3.2, and thus ¢ (e") /e’, and hence also y(t) is an 
increasing function of t. Formula (8.8.1) results from (8.8.2). 

II. Assume (#7) to be fulfilled. Then we have (8.8.1) with 7 given by (8.8.2). 
Hence 


F(t) = logy (e’) = y(t) +t 
is a convex function. Moreover, since y is increasing, we have for 0 < x < 1 the 
inequality y (log x) < 7 (0), whence by (8.8.1) 
0 < p(x) < xexpy(0), 


whence lim. p(x) = 0. Thus if we put ¢ (0) = 0, y will be defined and continuous in 


[0, co), since y is continuous in R. It follows from (8.8.1) that y is strictly increasing. 
Further, we have for xz > 0 


1 
Dt y (x) = eM) 4 geVB*)/ (log x) = 


and thus Dt is an increasing function. By Theorem 7.5.3 y is convex. 


Lemma 8.8.2. Let satisfy condition (i), and put f (x) = p(x) /a, x >0. Letn EN, 
and let 51,...,8n be positive real numbers. Put 


O=1e=Ginscea eR Oka < sui = beh AO, ca30) fs 


8.8. Mulholland’s inequality 219 


and define the function &: Q — R by 


@(%1,...,%n) = deaf (si) (2 (ssc ; 


i=1 
Then ® admits the maximum at the point (s1,...,8n). 


Proof. By Theorem 7.3.2 f is an increasing function. We have on suitable subsets of 
Q (where the derivative in question exists), and for every j = 1,...,n, 


() () ” 3) ” 
—lgd = —1 MACH eee F 
Jay OB® = 9, oD a (8) - 5 oe (Sot ) 


= fF hogy (soc | 
do vif (si) i=l 
i=l 
where ~ = y' is concave in virtue of Theorem 7.2.2. For the function F(t) = 
log y (e*) we have F~! (t) = log w (e‘), and again by Theorem 7.2.2, since F is convex 
and increasing, F~! is concave, and thus its derivative (F ray is decreasing on the 
set where it exists. But 


—1)\/ _ y (u) uU 
(F~*) (log u) = ea 
Consequently 
; ‘ ¥ (Se@) 
ane” (ssc = SS Y' (23) 


& — 
Ny aS 
Ms Ms 
6 6 
e & 


os 
Il 
ua 


Jn a_ - “OS 


v(Sve@)) Ver 7 Sele) 
< Vielen) eas) (es) _ ele) _ Fs) 
¥ (P (23) Sele) Vee) Las la) 
Thus 
3° wif (i) f (83) — Yo aif (52) f (25) 
— log b> _f (si) 7 _f (25) — i=l = al 
og 2, tif (s;) 2, tif (xi) ( & eif(si)) ( » #if(22)) 
Let 


e,=a7 (ty. 2ST a (8.8.3) 
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be a regular curve passing inside Q. Then 


d "(9a ; 
GOB P (a1 (t) +--+ (t)) = S- (== 108) a 


2 > (xi f (ai) f (83) — wif (si) f (ws) 2% 
We have 
YY (wslod sla) mF ad He) 
> (aif (wi) f (ss), aif (se) f (ay) a’, +205 f (ay) f (81) 24 — ay f (sy) f (wi) a4) 
-> (Fed Foi) Fle) Fo) (wens —aget)= De a 
where 


Ai = (f (xi) f (s;) — f (xj) f (s:)) (ai, —x;x'), OP ee peers 


Now take the functions 2; (t) of the special form x; (t) = kit, k; > 0, or x(t) = 
s;. In order to evaluate the sign of A;;, we must distinguish four cases. 

1. aj (t) = kit, vj (t) = kjt. Then ax) = xjxj; = kikjt, whence Aj; = 0. 

2. x(t) = si, vj (t) = sj. Then 2; = x; = 0, and A;; = 0. 

3. a; (t) = kit, x; (t) = sj. Then 


Aij = f (83) (F (@i) — f (s)) (hiss) 2 0. 


(Note that x; < s; and f is increasing.) 
A. x; (t) = s;, 2; (t) = kt. Then 


Aij = f (si) (f (83) — f (x3) sik 2 0. 


d 
Ultimately en log ®(21(t),...,@n(t)) is non-negative whenever it exists, and we could 


carry out this argument for Dt log ®(a1(t),...,¢n(t)). By Theorem 3.6.3 log ®, and 
hence also @&, is increasing along every line (8.8.3), where every x;(t) is either k;t, 
k; > 0, or s;. Since every point in Q different from (s1,...,5,) can be joint with 
($1,---,8n) by segments of lines of this form, the value of @ at (s1,...,8,) exceeds 
or equals any other value of @ in Q. 
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Theorem 8.8.1. Let a function vy : [0,00) — [0,00) fulfil condition (i), let n € N, let 
a;,b;,1=1,...,n, be non-negative real numbers. Then 


an (>: p (a; + m) < er (>: ote) + oo (>: z) ‘ (8.8.4) 


Proof. It is enough to prove (8.8.4) for a; > 0, 6; > 0, i =1,...,n. By the continuity 
of y (8.8.4) then results for arbitrary non-negative a;,b;, i= 1,...,n. 
Put in Lemma 8.8.2 7; = a;, §; =a; +0;,i=1,...,n. Then 


3 aif (a; + bi) Sa A Fa) 
St >< SS _____.. (8.8.5) 


e(Se@) (SE ea+s)) 
Similarly, putting x; = bj, s; =a; +6;,7=1,...,n, we get 


Ye bif (arto) Yo (a +i) f(a +i) 
————————— (8.8.6) 
ee (3 yp (ay + b)) 


i=1 


Multiplying (8.8.5) by y7! i (a) and (8.8.6) by y~ abs pb )). and adding 
i=l i=1 
together the resulting expressions, we obtain 


S "(ait bi) f (ai +i) < = nents y* (Sse(0] +y7* (se) ; 
g=1 pol (3 (a +0)) atl i= 


whence (8.8.4) results. 
Taking in Theorem 8.8.1 v(x) = a", r > 1, we obtain 


Corollary 8.8.1. Let n EN, let aj,b;, 1=1,...,n, be non-negative real numbers, and 
letr >1. Then 


(8.8.7) 


Inequality (8.8.7) is the famous Minkowski inequality. 


Theorem 8.8.2. Let a function yp : [0,00) — [0,0c0) fulfil condition (1), and let the 
function f (x) = p(x) /x be strictly increasing. Put g = f~! and w(x) = xg (x) for 
x>0,wv(0)=0. Letn EN, and let a;,b;,1 =1,...,n, be non-negative real numbers 
such that 

0< GOK). FT. (8.8.8) 
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Then 
do aibi Sc: (Ss0) pt (Sy+00). (8.8.9) 


Proof. Taking in Lemma 8.8.2 2; = a;, 8; = p+(¥(d;)), i=1,...,n (cf. (8.8.8)), we 
have 


S aif (si) » sif (si) 
+. < St _ . (8.8.10) 
(Sea) (See) 
Put 
. = Y sif (si) ¥ 9 (si) r 
A=) 9(si)= So ¥(), B=—=H ae Syed 
i=l 5 y-l (3 os) yt (3 o)] yp 1 (A) 
7 7 (8.8.11) 
Then 
py" (A) = A/B, 
whence rr c 7 
4=o(5)~55 (5), ma 1(5)-8 
4 =s-'(B)=9(B), and ¥(B) = Bg(B)= A 
Hence a 
B=y~ (A= (>: wv «) (8.8.12) 


Relations (8.8.10), (8.8.11) and (8.8.12) yield 
Saf (si) < gy" (sse1) yo! (> 6) : (8.8.13) 
i=1 i=l i=1 

Now, 

p(si)=¥(b;), t=1,...,n. (8.8.14) 

On the other hand, 

y (si) = sif (si) = o [Ff (si) f (si) = VF (si)], 2=1,...,n. (8.8.15) 

Relations (8.8.14) and (8.8.15) yield 

(bi) =¥[f(si)], t=1,...,2, 
and, since w is one-to-one, 
(8.8.16) inserted into (8.8.13) yield (8.8.9). 
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8.9 The general inequality of convexity 


Let E be an arbitrary set, and let P be a family of functions f : E — [0,0o) such 
that fi + fo € P and Af € P whenever f, fi, fo € P and \ > 0 (thus P is a cone in 
the space of all functions f : E — R). Let M : P — [0,00] be a function such that 
M (0) = 0 and 


M(Af)=AM(f) forrA>0,feP, (8.9.1) 
M(ft+g)<M(f)+M(g) for f,geP, (8.9.2) 
f<g3M(f\<M(Q)_ for f.geP, (8.9.3) 


where f < g means f (x) < g(a) for all x € FE. Thus M is positively homogeneous, 

subadditive, and increasing. E.g., if (£7, St, 2) is a measure space, we may take P to 

be the family of all integrable functions f : E — (0,00), and M (f) = f fdy. Another 
B 


example: £ = {1,..., N} a finite set, P = RY, where 


RY ={a#=(a,...,2nv) €R™ | 21 30,...,2n 20}, 


and M any standard norm in RN. 


Theorem 8.9.1. Let y : RY — [0,co) be a continuous and positively homogeneous 
function such that p(a1,...,0N) > 0 whenever x1 >0,...,2n > 0, and the set 


K ={2=(a,...,¢n) €R® | o(ai,...,2n) 21} 


is convex. If fi,...,fn € P are such that M(fi) < oo fori = 1,...,N, and 
p(fi,..-, fw) € P, then 


M(¢(fi,-.-,fw)) <¢(M (fi),..-,M(fw))- (8.9.4) 


Proof. By Theorem 5.1.8 the set K is equal to the intersection of all the closed half- 
spaces containing kK, determined by all the support hyperplanes of kK. Thus K is the 
set of points (%1,...,2N) € R™ such that 


ar +++: +ayan — B, 20 
for all 7 from a certain set T of indices. If x; >0,...,7nN > 0, then 
p(Ar1,-..,AtN) = Ay (£1,--.,£N) ZS 1 


for \ sufficiently large, and thus (Av1,...,Avy) € K for X sufficiently large. In other 
words, 
A(ajz1 +--+ +ayen) — 6, 20 


for A sufficiently large, whence a7 > 0 for? =1,...,N andall7t € T. Ifforar € T we 
had 3, < 0, then the point 0 = (0,...,0) would lie on the suitable support hyperplane 
of K. If we draw a line from 0, passing through a point « = (x1,...,”%N~) such that 
zt, > 0,...,2n > 0 (note that K C RY) and crossing the support hyperplane in 
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question, then for large \ the points Ax would lie on the other side of the hyperplane, 
and thus do not belong to K, which is impossible. Consequently G, > 0 for all 7 € T. 
Let 


C= {(a1,...,0n,¢N41) € RY | evai < y(a1,---,2N) }. 


If cv41 = 0, then (21,...,2Nn,@n41) € C for every (a1,...,2n) € RY, and also 
0= B-@Nn41 < Qy@1 Sa anNLN 


for every (1,..., ay) € RY. If ey 41 > 0, then, by the positive homogeneity of y, the 


x x 
inequality rv+41 < y(21,...,2@n) is equivalent to 1 < y ( Sieg x ), which, 
ZN4+1 UN+1 
in turn, is equivalent to 
Brtng1 KS ajei+---+ayrn forallr eT. (8.9.5) 
Thus condition (8.9.5) is necessary and sufficient for (4,...,0N,UN41) € C. 


Now take arbitrary fi,..., fn € P such that M (f;) < oo fori=1,...,N, and 
let « € E be arbitrary. We have 


(fi(a), ae , fn (x), o( fila), ee , fr(2))) eG, 
whence 
Brp(filz),...,fn(2)) < af fi(z)+---+0Rfn(e) for allt eT. (8.9.6) 


Relation (8.9.6) holds for all « € E, consequently G-y(fi,..., fn) < offi t--- + 
at fw (for all 7 € T), and by (8.9.1), (8.9.2) and (8.9.3) 


Br-M(~(fi,-.-,fn)) = M(Brp(fi,.--, fn) ) 
<M(oajfit-::+anfn) < aM (fi) +--+ +anM (fy) 


for all 7 € T. But this means that 


(M(fi),..-,M(fw), M(v(fi,-.-,fw))) €C, 


which is equivalent to (8.9.4). 


Example 8.9.1. Let N = 2, and let y(a1, 22) = ataxk, wherea >0,8>0,a+6=1. 
a./B 


Then y(a1,%2) = 1 means x2 = x, ‘", and consequently the set K is the part of 


the first quadrant lying above the hiperbola x2 = a7! B , Le., it is a convex set. From 
inequality (8.9.4) we obtain a generalization of the Holder inequality (8.1.13) 


M (ff?) <M (fi) M (fa)’. (3.9.7) 
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l/r l/r 


Example 8.9.2. Let N = 2, and let y(a21,22) = (« + £5 ) , where r > 1. Then 


T 
yp (x1,%2) = 1 means x2 = (1 - a) , and consequently the set K is the part of the 


first quadrant lying above the curve rg = (1 = a") , Le., it is a convex set. From 


inequality (8.9.4) we obtain 


M [fl +8”) | < [MC + (f)"] 


Replacing in (8.9.8) f; by f7, 7 = 1,2, we obtain a generalization of the Minkowski 
inequality (8.8.7) 


r 


(8.9.8) 


l/r 


M((fit fe)" <M (ft) + M (fg). 


Exercises 


1. Let D C R% be a convex and open set, and let f : D — (0,00) be a positive 
function. Show that if the function log f is convex, then f also is convex. 

2. Let f : [(0,00) — R be a continuous and concave function such that f (0) < 0. 
Show that for every n € N and 21,...,2%n € [0,00) we have f (a1 +---+2n) < 
f (a1) +--+ + f (tn). 

3. Let f : [0,co) — R be a continuous and convex function. Derive inequality 
(8.7.1) from Theorem 8.5.3. 

4. Derive inequality (8.1.13) from (8.9.7). 


5. Prove that ifn € N, x; >0,q >0 fori=1,...,n, and S> gq; =1, then 
i=1 


n nm 
di 
I[< < S GiX;. 
j=l 


i=1 


6. Under conditions of Exercise 8.5, show that, for every p > 1, 


n p n 
(>: on) < S- OMe. 
i=l i=l 


7. Lettn EN, x; 20, y, S0,2=1,...,n. Show that 


n 1/n a 1/n ni 1/n 
(I[e+m) > (Es) + (I) 


(cf. Roberts-Varberg [267]). 
(Hint: Note that 


(TL, (ei + ys)” IT Lit Yi 


and use Exercise 8.5.] 
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8. Let J C R be an open interval, and let f : J — R be a continuous function. 
Prove that f is convex if and only if 


h 


fa<s f fe+tyat 


—h 


for every x € J and for every h > 0 such that « —h,x +h € J. (Beckenbach 
[23], [22].) 


Chapter 9 


Boundedness and Continuity of Convex 
Functions and Additive Functions 


9.1 The classes 2,8,€ 


The Theorem of Bernstein—Doetsch (cf., in particular, Corollary 6.4.1) says that if 
D CRN is a convex and open set, f : D — R is a convex function, T C D is open 
and non-empty, and f is bounded above on T, then f is continuous in D. Are there 
other sets T with this property? What are possibly weak conditions which assure the 
continuity of a convex function, or of an additive function? In this and in the next 
chapter we will deal with such questions. 

In order to simplify the notation we introduce the following classes of sets (Ger- 
Kuczma [115]). 


AY ={TCR" | every convex function f: D—R, where TC DC RY 

and D is convex and open, bounded above on T is 

continuous in D}, 

B ={TCR" | every additive function f : RY — R bounded above on T 

is continuous}, 

¢€ ={TCR" | every additive function f : RY — R bounded on T 
is continuous}. 


If we want to stress that the classes %,%8,€ refer to a particular space R%, we will 
write Ay, By, En instead of 2, B,C. 
Since every additive function is convex (cf. 5.3), it follows directly from the 
definition that 
AcCBce. (9.1.1) 


In the next chapter it will be proved (Theorem 10.2.2) that actually 
A=. (9.1.2) 


Relation (9.1.2) implies that the class 2 is independent of the choice of the convex 
and open set D occurring in the definition. Relation (9.1.2) implies also that there 
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are no special conditions guaranteeing that a set T € 8 which would not guarantee 
at the same time that also T € 2. In the sequel of this chapter we will freely use 
relation (9.1.2), deferring its proof to 10.2. 


On the other hand, the inclusion $ C € is strict, i.e., the class € is strictly larger 
than %. Namely we have the following 


Theorem 9.1.1. €\ BAZ. 


Proof. Let fo : RY — R be a discontinuous additive function, and put 


T={xeER* | fo(x) < 0}. (9.1.3) 


Then T ¢ 8, since there exists a discontinuous additive function (viz. fo) bounded 
above on T’. We will show that T € €. 


Let f : RY — R be an arbitrary additive function which is bounded on 7’. Thus 
there exists a constant M > 0 such that 


If(@)l< Mi for eT. (9.1.4) 


Take an arbitrary 79 € R%. By Theorem 5.2.1 


f(kxo) = kf (xo), (9.1.5) 


and 
fo(kxo) = k fo(xo) (9.1.6) 


for every k € Z. By (9.1.6), depending on the sign of fo(ao), kvo € T for k = 
1,2,3,..., or for k = —1, —2,—-3,.... Making use of (9.1.5) and (9.1.4) we get hence 


|kf(xo)| < M 


for k = 1,2,3,..., or for k = —1, —2, —3,.... This is possible if and only if f(ao) = 0. 
Consequently f(ao) = 0 for arbitrary zo € RX, ie., f = 0, and hence it is 


continuous. Thus every additive function f : RY — R bounded on T is continuous, 
ie, TE €. Hence TE €C\B. 


Let us also note the following 


Theorem 9.1.2. Let f : RN — R be an additive function bounded below on a set 
T € B. Then f is continuous. 


Proof. If f is an additive function bounded below on T, then —f is an additive 
function bounded above on T. Since T € B, this implies that —f is continuous, and 
hence also f is continuous. 
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9.2 Conservative operations 


We recall that P(X) denotes the collection of all subsets of X (cf. Axiom 1.1.4). 

A function F : P(RY) — P(RY) is called an %-conservative operation iff, for 
every set T C R% and every additive function f : RY — R, if f is bounded above 
on T, then f is bounded above also on F(T). A function F : P(R”) — P(RY) is 
called a €-conservative operation iff, for every set T C RN and every additive function 
f: RY —R, if f is bounded on T, then f is bounded also on F(T). 


Lemma 9.2.1. Every 2-conservative operation is also €-conservative. 
Proof. Let F : P(R*) > P(RY) be an 2-conservative operation, let TC RY, and let 
f : RX —R be an additive function bounded on the set T. Then both the additive 


functions, f and —f, are bounded above on T, and hence also on F'(T). Consequently 
f is bounded on F(T), which proves that F is €-conservative. 


But, as we shall see later, there exist €-conservative operations which are not 
2-conservative. 


Theorem 9.2.1. Jf F : P(R“) — P(RY) is an A-conservative operation and, for a 
certain T CRY, F(T) €&, then also T € A. 


Proof. Let f : RN — R be an arbitrary additive function bounded above on T. 
Then f is also bounded above on F(T), and since F(T) € % = B (cf. (9.1.2)), f is 
continuous. Consequently T € 8 = 2. 


Theorem 9.2.2. If F : P(RY) — P(RY) is a €-conservative operation and, for a 
certain T CRY, F(T) € €, then also T € €. 


Proof. Let f : RY — R be an arbitrary additive function bounded on T. Then f is 
bounded on F(T), and since F(T) € €, f is continuous. Consequently T € €. 


Theorem 9.2.3. The composition of 2-conservative [€-conservative] operations is 2- 
conservative [€-conservative]. 


Proof. We will prove Theorem 9.2.3 for 2-conservative operations only. The proof for 
¢-conservative operations is similar. 

Let F, Fh: P(R”) — P(R*) be A-conservative operations, let T C RY, and let 
f : RX — R bean arbitrary additive function bounded above on T. Then f is bounded 
above on F(T), and hence also on F» (Fi (T)). Thus F5 0 F{ is 2-conservative. 


By induction this generalizes to an arbitrary finite number of operations 
F,,...,F,. Trivially we have 


Theorem 9.2.4. Any operation F : P(R‘) — P(R%) such that F(T) C T for every 
set T CR is A-conservative. 


Corollary 9.2.1. If AC BCR and AE [A€ €], then also BEA [BE €. 


Proof. By Theorem 9.2.4 and Lemma 9.2.1 operation F(T) = ANT is 2-conservative 
and €-conservative, and F(B) = A. Theorems 9.2.1 and 9.2.2 complete the proof. 
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But a real interest lies in operations F’ such that F(T) is larger than T. Below 
we exhibit a number of such conservative operations. For every n € N we define 
Sn: P(RY) — P(RY) by 

S,(A)=At+---+A 


(n summands). The operations J and Q are defined in 5.1. 
Theorem 9.2.5. The operations J, Q and S,, for everyn € N are A-conservative. 


Proof. Let T CR, and let f : RN — R be an additive (and hence convex) function 
bounded above on T 
f(a) <M for xweéT. (9.2.1) 


By Lemma 6.1.2 and Corollary 6.1.1 f is bounded above on Q(T) and J(T), which 
shows that the operations J and Q are 2-conservative. 
Take a y € S,(T). Then y= t, +---+tn, where ¢; € T for i=1,...,n. Hence 


fly) = f(t) +--+ f(tr) < M+---+M=nM. 


Thus f is bounded above on S,,(T) by the constant nM, which shows that the oper- 
ation S;,, is 2-conservative. 


Now we define the operations R and U 
R(T) =T-T (9.2.2) 
U(T) ={2 ER | « = t14+(to—tg), t1, t2,t3 © T} = T+(T—-T) =T+R(1). (9.2.3) 
Theorem 9.2.6. The operations R and U are €-conservative. 


Proof. Let T C RX, and let f : RN — R be an arbitrary additive function bounded 
on T 
|f(x)| << M for «ET. (9.2.4) 


If y € R(T), then there exist t1,t2 € T such that y = t; — ta, whence 
If(u)| = F(t.) — F(t2)1 < F(t) + | f(t2)| < 2M. 
If y € U(T), then there exist t1, t2,t3 € T such that y = t; + (te — t3), whence 
IF) = lf) + F(te) — F(ts)| < [FC] + [F(42)| + [Ff (ts)| < 3M. 


Thus f is bounded on R(T) and on U(T), which shows that the operations R and U 
are €-conservative. 


On the other hand, R and U are not %-conservative. Let fo : RN - R bea 
discontinuous additive function, and define the set T Cc R% by (9.1.3). Then fo is 
bounded above on T. Let xo € R% be such that fo(ao) < 0. Then we have (9.1.6) for 
all k € Z, whence kro € T for k € N. Hence 


—kxo = 0 (k t 1)x9 T T= R(T) 
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for every k € N, and 
jim fo(—kvo) = lim ( — kfo(20)) = 00. 


Consequently fo is not bounded above on R(T). Similarly it can be shown that fo 
is not bounded above on U(T). It follows that the operations R and U are not 2- 
conservative. 

Let us note also the following two simple results. 


Theorem 9.2.7. The operation F : P(R‘) + P(R%) defined by 
F(T) =a, (9.2.5) 


where a is a fixed rational number, is €-conservative. If a > 0, then F is I-conserva- 
tive. 


Proof. Let T C RN, and let f : RY — R be an arbitrary additive function fulfilling 
(9.2.4). If y € aT, then y = at for a certain t ¢ T. Hence by Theorem 5.2.1 


IF(Y)| = [Flot)| = lof()| = lal |F@| < lala. 


Thus f is bounded on aT, which means that operation (9.2.5) is €-conservative. 
If f fulfils (9.2.1) and a = 0, then 


f(y) =af(t) < aM, 


and f is bounded above on aT’. Consequently in this case operation (9.2.5) is 2- 
conservative. 


Theorem 9.2.8. The operation F : P(R‘) + P(R%) defined by 
Vy oa eee (9.2.6) 
where t € R% is fired, is A-conservative. 


Proof. Let T C RN, and let f : RY — R be an arbitrary additive function fulfilling 
(9.2.1). IfyeT+t, then y=2+t, where x € T. Thus by (9.2.1) 


fy) =fa@)+fOQ<M+ ft. 


This means that f is bounded above on T'+¢, and operation (9.2.6) is 2-conservative. 


9.3 Simple conditions 


In this section we give some sufficient conditions and some necessary conditions for a 
set T C R% to belong to the class & or €. 


Lemma 9.3.1. If TC RN and intT 4 @, then T € %. 
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Proof. Corollary 6.4.1 says that int T € 2. The operation F(T) = int T fulfils the 
condition of Theorem 9.2.4, and hence is 2l-conservative. In virtue of Theorem 9.2.1 
we have T € I. 


Theorem 9.3.1. [Theorem of Ostrowski]. [fT C RN and m;(T) > 0, then T € A. 


Proof. By the Theorem of Steinhaus (Theorem 3.7.1) int S2(T) # @, whence by 
Lemma 9.3.1 S(T) € 2. Theorems 9.2.5 and 9.2.1 now imply that T € Q. 


For N = 1 Theorem 9.3.1 was proved by A. Ostrowski [248]. The generalizations 
to higher dimensions are due to A. Csdszar [50] and S. Marcus [218]. 

The topological analogue of the Theorem of Ostrowski is the following theorem 
of M. R. Mehdi [224] (cf. also Kominek [172]). 


Theorem 9.3.2. [Theorem of Mehdi]. If T Cc R% contains a second category set with 
the Baire property, then T € 2. 


Proof. By the Theorem of S. Piccard (Theorem 2.9.1) int S2(T’) 4 @, and the proof 
runs as that of Theorem 9.3.1. 


From Theorems 9.3.1 and 9.3.2 and from Theorems 9.2.5 and 9.2.1 we obtain 
the following 


Theorem 9.3.3. Let T C R™. Each of the following conditions is sufficient for T to 
belong to 2: 


Dee TS yO: 
it)n S(T) contains a set of the second category and with the Baire property. 
( 


i(J(T)) > 


J(T) contains a set of the second category and with the Baire property. 
Q(T) > 


4 
(T) contains a set of the second category and with the Baire property. 


2. 
= 
ro 

ae 


3. 
eS 
~ 


v) 


vt) 


( 
( 
(iii 
(i 
( 
( 


© 3 


Condition (¢)2 is due to S. Kurepa [199]; (i), for arbitrary n to R. Ger [97] 
(cf. also Kemperman [165], Marcus [218]). Condition (diz) is found with R. Ger-M 
Kuczma [115] (cf. also Kuczma [176]), condition (v) with R. Ger [97]. 

From Theorem 9.3.3 we obtain immediately (cf. Exercise 2.11 and Exercise 2.13) 


Corollary 9.3.1. C € & = 2). 


Concerning the mutual relations of the conditions occurring in Theorem 9.3.3, 
we have the following 


Lemma 9.3.2. With the notation of Theorem 9.3.3, 
he Wadi. SN, 
()n => (tit), neN, 
(tit) > (v). 
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Similarly 
(ti) n => (Waa ne N, 
(ti)n > (tv), neéN, 
(iv) > (vt). 


None of these implications can be reversed. 
Proof. Fix ann € N,T C RN, and take a ty € T. Clearly we have 

Sn(T) + to C Sn4i(T). (9.3.1) 
Relation (9.3.1) proves the implication (i), => (¢)n41 and (ti)n => (t¢)n41. 


Now, to a given n EN, choose a p so that m = 2? > n. Take an © — S,,(T). 
m 
There exist t1,...,tm € T such that 


1 m m | 


i=1 
By Theorem 5.1.3 « € J(T), which shows that 


= S(t) CIT). (9.3.2) 


By what we have already proved, (i)n => (i)m and (ti)n = (tt)m. Inclusion (9.3.2) 
proves now the implication (7)n = (diz) and (ti), = (iv). 

Since every @Q-convex set is, in particular, J-convex, we have J(T) C Q(T) for 
every TC RY. Hence we obtain the implications (ii) > (v) and (iv) => (vi). 

Now we are going to show, by suitable counterexamples, that none of the impli- 
cations in Theorem 9.3.3 can be reversed. These counterexamples are due to R. Ger 
[97]. 

Fix an n EN, and consider the set Tp C R: 


T= {repilr= oe, ei =Oor lie N}. 
i=l 


Then for every x € S,(T) the expansion of x with the base (n + 2) does not contain 
the digit (1+ 1). By Theorem 3.6.4 the set S;,(T>) has measure zero, and it is easy 
to check that S;,(Zo) is nowhere dense. On the other hand, $;,41(TZo) contains all the 
numbers from the interval [0,1]. The set T = Ty x RN~! C R% has similar properties: 
S;,(T) is nowhere dense and of measure zero, whereas S,,41(7) contains the strip 
[0,1] x RX~+. Consequently conditions (i)p41 and (#i)n41 are fulfilled, whereas (7)n 
and (it)n are not. 

Now let H Cc R% be a Hamel basis, and put T = QH = {2 € RX |x = Ah, XE 
Q,h € H}. Suppose that for a certain n € N condition (7), or (#é), is fulfilled. By 
Theorem 3.7.1 or 2.9.1 


int S2,(T) = int [S,(T) + S,(T)] 4 2. 
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Every x € int S2,(T) (except, at most, 7 = 0) may be written in the form 
z= dy (x)hi (x) + +++ + Aga) (2) haa (2), (9.3.3) 


where \;(x) € Q, Ai (x) £0, hi(~) € H,i=1,..., k(x), k(x) € N. Moreover, 


k(x) < 2n, (9.3.4) 
since  € S2,(T'), and due to the uniqueness of expansion (9.3.3) (Lemma 4.1.1). 
Write m = sup k(x). By (9.3.4) there exists an a € int So,(T) such that 
x€int Son (T) 
k(ao) =m. Let 


Lo = A1(X0)h1 (x0) tose Am(0)hm (Xo), di (Xo) x O71, ects 


be the Hamel expansion of xo, and take an ho € H, ho # hi(xo), i = 1,...,m. We 
have Z = a + Aho € int S2,(T) for sufficiently small positive \ € Q. For such a A we 
have 

E = A1(xo)h1 (ao) +--+ + Am(Xo)hm(Xo) + ARo, 


and Z € int So,(T), whence k(%) = m+ 1, which contradicts the maximality of m. 
Consequently none of conditions (7)n, (i7)n, n € N, can be fulfilled. 
In order to show that conditions (diz) and (uv) are fulfilled, we will prove that 


J(T) =R%. (9.3.5) 


Take an arbitrary z € R%. x has an expansion (9.3.3), where \;(x) € Q, hi(x) € H, 
i =1,..., k(x). Let p € N be chosen so that m = 2? > n, take arbitrary h; € H, 
j +1,...,m, so that hj A hi(w), i =1,..., k(x); 7 = k(x) +1,...,m, and put 
= k(x) +1,...,m. Then 


mx = mA, (x) hi (x) + MAk(x) (x) hex) (2) + Ak(w) +1 k(@) 41 +--+ +Amhm € Sm(T), 


1 
whence x € —Sm(T), and by (9.3.2) « € J(T). Consequently RN Cc J(T), and since 
m 


the converse inclusion is obvious, we obtain (9.3.5). 
Now, again, let H C R™ be an arbitrary Hamel basis, and put 


T={reERN |r=) dihi, 4 EZ, hi CH, i=1,...,.n; nEN}. 


i=1 


The set J(T) contains those « € R% whose coefficients in the Hamel expansions are 
diadic numbers. A sum of such 2’s again has such a form, whence J(T) + J(T) C 
J(T). Consequently if either of conditions (7i7), (iv) were fulfilled, we would have 
int J(T) A @. Let x € int J(T) have a Hamel expansion 


x= Ayhy+---+Axhe, (9.3.6) 
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A ED, hy € H,i=1,...,k, and take an ho € H, ho hi, i =1,...,k. The point 
E= rh +--+ +Aphe +3 "ho 


does not belong to J(T) (since 3-" ¢ D), and, if n is large enough, belongs to int J(T). 
The contradiction obtained shows that neither (iti), nor (iv) is fulfilled. 

On the other hand, we have clearly Q(T) = R’. Consequently conditions (v) 
and (vi) are fulfilled. 


We are going to show yet that neither of the conditions 


(vii) mi( U Sn(T)) >0, 


C 8 


(viit) S(T) contains a set of the second category and with the Baire property, 


n=1 


does imply that T € €. Let H C R™ be a Hamel basis, and put 
T={2eR* |= rh, AXE QnK[-1,1], he A}. 


First we show that T ¢ €. Let g : H — R be given by g(h) = 1, h € H, and let 
f : R* —R be the additive extension of g (Theorem 5.2.2). By Corollary 5.2.2 f is 
discontinuous, and by Theorem 5.2.1 we have for x € T, x = Ah, 


[f(#)| = |FOAR)| = F(A) = g(r) = [AL <1. 


Consequently f is bounded on T, and hence T ¢ €. 
Now take an arbitrary 2 € R%. x has a Hamel expansion (9.3.6), which may be 
written as 


c= Ah peers Mip, h1 eth Anihe fetes kp, Vk; 
where A;; € QN [1,1], Aa +-+- + Ap, = AX, 1 = 1,...,k. Consequently xz € S(T), 


co 
where m = p,; + ---+ pg. Hence RY Cc U Sn, ie, U Sn = RX, which shows that 
n=1 n=1 


conditions (viz) and (vidi) are fulfilled. 
Also this example is due to R. Ger [97]. 


Theorem 9.3.4. None of the conditions occurring in Theorem 9.3.3 is necessary for 
the set T to belong to 2. 


Proof. None of conditions (2)n, (it)n, n € N, (tit), (tv) is necessary, as results from 
Lemma 9.3.2. It remains to exhibit an example of a set T € 2 which does not fulfil 
(v) nor (vt). Because the set we are going to construct is of a more general interest, 
we will employ a special letter (Vo) to denote it. 

Let H C R™ be a Hamel basis. By Theorem 1.7.1 H can be well ordered, and 
so we can arrange the elements of H into a transfinite sequence of the type 7 (where 
+ is the smallest ordinal with 7 = c): 


AH = {hatacy: 
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Now every element 2 € RY, except for 2 = 0, can be uniquely written in the form 
y y 
t= rhe, $:+++Anhan: (9.3.7) 


where n EN, 4; €Q, A, 40, i =1,...,n, a1 < +++ < Qn. We define Vo as the set of 
those x € R which in expansion (9.3.7) have \, > 0 (the last non-zero coefficient is 
positive). Additionally we assume that 0 € Vo. 
It is easily seen from this definition that Vo is a cone in the linear space 
(RX; Q; +; -); in particular, 
Vo + Vo Cc Vo. (9.3.8) 


Moreover, Vo is Q-convex, and so Q(Vo) = Vo. 

If the set T = Vo fulfilled either of conditions (v), (vi), then we would have by 
(9.3.8) int Vo # @. Suppose that an x with expansion (9.3.7) belongs to int Vo. Then, 
for sufficiently small positive \ € Q, we have x — Aha, 41 € int Vo. On the other hand 
for such A we have x — Nha, +1 € Vo, since the coefficient of ha, +1 is negative. This 
contradiction shows that T = Vo fulfils neither (v), nor (vt). 

In order to prove that Vo € & consider an arbitrary additive function f : RY + R 
bounded above on Vo. Take an arbitrary h € H. There exists an a < y such that 
h = ha. The points Aha + ha+1 belong to Vo for every A € Q, and f(Aha + ha+1) = 
Af (ha) + f(ha+1). When ranges over Q this expression should remain bounded 
above, which is possible only if f(ha) = 0. Consequently f | H = 0, whence by the 
uniqueness of the extension f = 0, i.e., f is continuous. This shows that Vo € 2. 


For the class € we have the following 


Theorem 9.3.5. Let TC R%. Each of the following conditions is sufficient for T to 
belong to €: 


(iz) m(R(L)) >0. 

(x) R(T) contains a set of the second category and with the Baire property. 
(vi) measurable;(U(T)) > 0. 

(ait) U(T) contains a set of the second category and with the Baire property. 


Theorem 9.3.5 results from Theorems 9.3.1 and 9.3.2 and from Theorems 9.2.6 
and 9.2.2. 

Again, none of the above conditions is necessary for a set T to belong to €, as 
may be seen from the example of the set T = Q- H considered in the proof of Lemma 
9.3.2. Note that for this particular T we have —T = T so that R(T) = S2(T) and 
U(T) = $3(T). 

Now we pass to some necessary conditions for a set to belong to €. 


Theorem 9.3.6. Let TCR. IfT € €, then T contains a Hamel basis. 


Proof. Suppose that T’ does not contain a Hamel basis. It follows from Corollary 4.2.2 
that then 
E(T) £ RN. (9.3.9) 
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Let B C T be a base of E(T) (Corollary 4.2.2), and let H be a Hamel basis of RY 
such that B C H (Corollary 4.2.3). By (9.3.9) we have H \ B # @. Define a function 


g: H — Q putting 
0 forxeée B, 
g(2) = 
1 force H\B, 


and let f : RY — R be the additive extension of g (Theorem 5.2.2). By Corollary 
5.2.2 f is discontinuous (f #4 0, since f | H\ B=g|H\ B=1), and, as is easy to 
see, f vanishes on E(B) = E(T). Thus, in particular, f is bounded on T Cc E(T), 
which shows that T ¢ €. 


From relation (9.1.1) and Theorem 9.3.6 we obtain 
Corollary 9.3.2. Let TC RN. IfT € A, then T contains a Hamel basis. 


The converse to Theorem 9.3.6 or to Corollary 9.3.2 is not true. Any Hamel 
basis yields an example of a set containing a Hamel basis, but belonging neither to 
A, nor to € (cf. 11.1). But we have the following (Kominek [173]) 


Theorem 9.3.7. Let T C R. If T is analytic and contains a Hamel basis, then T € €. 


Proof. For every \1,...,n € R the function g : R"Y — R% 
O(@1,---5%n) = Aa +++ + Anen 


is continuous. By Theorem 2.5.3 the set T” = T x---x T (n-fold product) is analytic, 
and hence, by Theorem 2.5.2 the set 


g(f") = AT +--+ + AnT 


is analytic, and hence, by Theorem 3.1.8, Lebesgue measurable. 
Let H C T be a Hamel basis. We have 


RY=(|J U (uf t+---+ nT). (9.3.10) 


In fact, if ¢ € RY, then 
x= ayhy+---+ axhg, 
where a; €Q,h;€ HCT,i=1,...,k. Hence x € a,yT +---+a,T, which is one of 
the summands in (9.3.10). Consequently (9.3.10) holds. 
As pointed out above, the summands in (9.3.10) are measurable. If they all 
had measure zero, also RN would be of measure zero, since the union in (9.3.10) is 
countable. Consequently there exist 1,..., An € Q such that 


These + iAP 


has a positive measure: m(To) = m;(To) > 0. 
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Let f : RY — R be an arbitrary additive function bounded on T: 
lf(z)| <M for «ET. 
Then we have for x € To 
[F(@)| < [Ar] M+ ++ + [An |< (max |Ai|) M. 


Thus f is bounded on To. By the Theorem of Ostrowski (Theorem 9.3.1) and by 
(9.1.1) To € €, which implies that f is continuous. Consequently T € €. 


From Theorem 9.3.6 and Corollary 9.3.1 we obtain yet 
Corollary 9.3.3. The Cantor set C contains a Hamel basis for R. 

Next we prove 
Lemma 9.3.3. Let T CR. If m(J(T)) =0, then m(E*(T)) =0. 
Proof. We will distinguish two cases. 

I. 0 € J(T). Fix arbitrarily A1,...,n € QN [0, co). We may write 

Ni = a;/d, tle ae hy (9.3.11) 

where a; € NU {0}, 6b € N. (We may assume that all A;’s have been written with a 
common denominator). There exists a p € N such that a; +---+ a, < 2”. Take an 


arbitrary x such that 
xe rS(T) +++: +AnJS(T). (9.3.12) 


Then 


1 
w= Ati te + Antn = plait +++ antn), t; € J(T), pS lek, 


or 
1 QP gy +++ + Sop 
where 
8,=t, for i=1,...,a1, 
n-1 n 
8; =t, for i=) a +1, >> ax, 
k=1 k=1 


8; =0 for i= So ay +1,...,2?. 


Since J(T) is J-convex, we have by Lemma 5.1.3 27?(s; +--+ + sar) € J(T), and 
hence 


Ad (LT) +++ + And (L) C 7 W(f). 
Since m(J(T)) = 0, we get hence 
mA J(L) +--+ + And (TL)] = 0. (9.3.13) 
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Relation (9.3.13) is valid for arbitrary Aq,...,An € QM [0,co) (n € N). We have 


Et (A(T)) = VU U [id (L) +++ + And (T)], (9.3.14) 


jen €QN[0,00) 
whence m(E*(J(T))) = 0. (The union in (9.3.14) is countable.) Since T C J(T), we 
have E*+(T) Cc Et (J(T)), whence m(Et(T)) =0. 

Il. 0 ¢ J(T). Take an a € J(T) and put To = J(T) —a. The set To is J-convex: if 

1 
x,y € To, then x = 2’ —a, y = y'—awith 2’, y' € J(T), whence (tty) = 5 (ety) — 
a€ J(T)—a=Tp. Hence J(Tp) = To. By Corollary 3.2.2 m(J(To)) = m(J(T)) = 0. 
Clearly 0 € Tp = J(Zo). By Part I of the proof m(E*(Zo)) = 0. We will show that 
Et((L))c (J (Bt) +a). (9.3.15) 
AEQN[D,co) 
Let x € E*(J(T)). Then x may be written as 
x= Ayty +--+ +Antn + Aa, 
where n EN, Ao,.--, An € QN[0, co), t1,...,tn € J(T). Hence 
v= Ay (ty — a) +++ +An(tn — a) + (Ao + AL t+ + Anja. 
Now, 4 € QN[0,co), 2 = 1,...,n; A= Ano HAL H+ +s HAn € QN (0,00); t; —a € 
J(T) —a=T , i=1,...,n. Hence 
ZEEt(T)+r4ac  |J (E*(T) +a), 
XEON[0,c0) 

which proves (9.3.15). 

Relation (9.3.15) yields m(E* (J(T))) = 0, whence also m(E*(T)) = 0. 
Corollary 9.3.4. Let T CR‘. If m(J(T)) =0, then also m(Q(T)) = 0. 

This follows from the inclusion J(T) C Q(T) C E*(T) and from Lemma 9.3.3. 
Lemma 9.3.4. Let TC RN. If m(S,(T)) =0 for alln EN, then also m(J(T)) = 0. 


Proof. Take an x € J(T). Then, by Theorem 5.1.3 
x= Ayty +--+ +Antn, 


n 
where n € N, t; € T, Ay € D, i =1,...,n, 35 Ay = 1. 2,’s may be written in form 
1=1 
n 


(9.3.11), where 6 = 2? for a certain p € NU {0}, and a, EN, i =1,...,n, a; =. 
i=1 
By a similar argument as in the proof of Lemma 9.3.3 we get « € 27? So»(T), whence 


CO 


I(T) c (J 2°? S20(T), 


p=0 


and the lemma follows. 
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Lemma 9.3.5. Let TC R%. If m(R(J(T))) =0, then also m(E(T)) = 0. 


Proof. Again we distinguish two cases. 

1.0 € J(T). Fix arbitrarily \1,..., An € Q. They may be written in form (9.3.11), 
with a; € Zi = 1,...,n; b € N. Moreover, they may be numbered in such a way 
that a; > 0 fori =1,...,q¢; a; < 0 fori =q+1,...,n. There exists a p € N such 


that : a 
2? > max (> ai, = lail). 
i=1 


w=qt1 


Take an arbitrary x fulfilling (9.3.12). Then x = y; — y2, where 


1 
yo = 7 [(tqti to + tata) + b (in bee tty) $O+--*4 0], 


2P 2P 
whence (similarly as in the proof of Lemma 9.3.3) y1, y2 € ZI) and x € 7 [J(L)— 


oP 
HD FRU). Hence it follows that 


OF 
NIT Sos LOC = 


R(J(T)), 


and since 


ET) =P UO Psy 4+ nd (P)], 


we obtain hence m(E(T)) = 0. 
Il. 0 ¢ J(T). Take an a € J(T) and put Tp = J(T) — a. Then J(To) = To, and 


R(J(L)) = J(L) — I(T) = [J(L) — a - (F(T) - a] = RlI(T) - a] = R(J(1)). 


By the first part of the proof m(E(Tp)) = 0. As in the proof of Lemma 9.3.3 we can 
show that 
E(J(T)) c LJ (Eo) + Aa). 
AEQ 


Hence m(E(J(T))) = 0, whence also m(E(T)) = 0. 
Theorem 9.3.8. Let TCR. If T € €, then me(R(J(T))) > 0. 


Proof. Suppose the contrary. Then m(R(J(T))) =0, and by Lemma 9.3.5 m(E(T)) = 
0. Hence E(T) # RX, and T cannot contain a Hamel basis. 
By Theorem 9.3.6 T ¢ €. 


A full characterization of the classes 2l and € (necessary and sufficient conditions 
for a set T C RX to belong to & resp. €) will be given in the next chapter. 
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9.4 Measurability of convex functions 
We start with the following result. 


Theorem 9.4.1. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. Further, let T C D be a Lebesgue measurable set of positive measure, and 
letg: T > R be a measurable function. If 


f(x) < g(x) for «eT, (9.4.1) 


then the function f is continuous. 


Proof. Put 
Tr = {x eET|k-1< g(a) < kh}, keZ. (9.4.2) 


Since the function g is measurable, all sets T;, are measurable. Moreover, the sets Ti, 


Co 
are pairwise disjoint and (J) T, =T. Hence 
k=—0o 


Co 


S> m(Tk) = m(T) > 0. 


k=—00 
Thus there exists a kg € Z such that 
m(Tk,) > 0. (9.4.3) 
By (9.4.1) and (9.4.2) 
f(x) < g(x) < ko for x € Thy, 


and thus f is bounded above on a set of positive measure (cf. (9.4.3)). By the Theorem 
of Ostrowski (Theorem 9.3.1) f is continuous. 


Taking in Theorem 9.4.1 T = D and g = f, we obtain the following (Sierpiriski 
[277], Blumberg [33], Bonnesen-Fenchel [35]). 


Theorem 9.4.2. [Theorem of Sierpiriski]. Let D C R* be a conver and open set, and 
let f: D—R be a convex function. If f is measurable, then it is continuous. 


Since every additive function is convex, we obtain as a particular case of Theorem 
9.4.2 the following result, which we will formulate as a separate theorem. 


Theorem 9.4.3. [Theorem of Fréchet]. Every measurable additive function f : RN +R 
ts continuous. 


In the case N = 1, Theorem 9.4.3 was first proved by M. Fréchet [90], [91]. 
Various other proofs were then supplied by W. Sierpiriski [279], [280], S. Banach [19], 
M. Kac [160], A. Alexiewicz-W. Orlicz [13] and T. Figiel [80]. 

Concerning other measures than the Lebesgue measure cf. Kuczma-Smital [190], 
Paganoni [251]; cf. also Fischer-Stodkowski [85]. 
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Theorem 9.4.2 explains why all examples of discontinuous convex functions are 
non-effective. In fact, all such functions are necessarily non-measurable, and non- 
measurable functions exist only under the assumption of the Axiom of Choice. Such 
functions are highly pathological (cf. also Chapter 12), and have no practical impor- 
tance. Therefore, when dealing with convex functions, it is of importance to know 
possibly weak conditions which would guarantee that the functions dealt with are 
continuous. The theorems in the present chapter furnish such conditions. 


9.5 Plane curves 


We have seen that in R there exist sets of measure zero and of the first category which 
nevertheless belong to the class €;. (The Cantor set C is such a set; cf. Corollary 
9.3.1). Do there exist sets with similar properties in spaces of higher dimensions? In 
the present section we answer this question in the affirmative for N = 2. The case of 
an arbitrary N > 1 will be dealt with in 9.6. The results in the present section are 
due to M. Kuczma [184]. 

Suppose that N > 1, let D C R‘~! be an arbitrary set, and let yp: D — R be 
an arbitrary function. By Gr(y) we denote the graph of y, i.e., the set 


Gr(y) = {(,y) ERY | xe D, y= 9(a)}. 
If the function y is continuous, then the set Gr(y) C R% is of measure zero and 


nowhere dense. 


Theorem 9.5.1. Let DC R‘~! be an arbitrary set, and let p: D — R be given as 
p(x) =c+ f(z) forxzé D, (9.5.1) 


where f : RN-! => R is an additive function, and c € R is a constant. Then 


Gr(y) ¢ En. 
Proof. Assume first that D = R‘—!. Suppose that Gr(y) € €y. Let e = (0,...,0,¢) € 
RY. We have Gr(f) = Gr(v) —c. By Theorems 9.2.8 and 9.2.2 we get hence Gr(f) € 
Cn. 

Take arbitrary pi,...,Pn € Gr(f), and arbitrary \1,...,An € Q. We may write 
pi = (@i, yi), Where 2; € RN7!, y; = f(a;), i=1,...,n. Hence by Theorem 5.2.1 


Aryt tee FAnyn = Af (a1) Hes FH An f (Gn) = fre +--+ + Antn). (9.5.2) 


Relation (9.5.2) means that the point Ayp1 +---+AnDn € Gr(f). Hence! E( Gr(f)) C 
Gr(f) # R. By Theorem 9.3.6 Gr(f) ¢ €n. This contradiction shows that also 
Gr(y) ¢ En. 

Now, if D4 R~!, then take the extension Yo of y onto RN—!; 


yo(r) =c+t f(x) for c € RN}, 


We have Gr(y) C Gr(yo), and, as we have already shown, Gr(yo) ¢ €x. By Corollary 
9.2.1 also Gr(y) € En. 


1 Actually we have the equality, since the converse inclusion is trivial. 
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Now we restrict ourselves to the case N = 2, so x is a single real variable. If 
D C Riis an interval, and a function ¢ of form (9.5.1) is continuous, then also f is 
continuous on D, and hence bounded on every compact subinterval of D. By Lemma 
9.3.1 f is continuous in R, and hence, by Theorem 5.5.2, of the form f(x) = ax with 
a certain a € R. Thus (9.5.1) reduces to 


p(x) =c+axr for x € D. (9.5.3) 


Theorem 9.5.2. Let D C R be an interval, and let p: D— R be a continuous function 
which is not of form (9.5.3) for any constants a,c € R. Then Gr(y) € Ae. 


Proof. There exists an interval [a, 3] C D such that y is not of form (9.5.3) for 
all x € [a,G]. Put G(x) = v(x + a) — y(a) for x € [0, B— a]. We have Gr(y) = 
Gr(@) — (a, y(a)), and thus, by Theorems 9.2.8 and 9.2.2, it is enough to prove that 
Gr(@) € My. Note that also the function ¢ is not of form (9.5.3) for « € I = [0, B-al. 

Put A(z, t) = G(t) + G(x — t) for x € I, t € [0, x]. Suppose that for every x € I 
and for all t,s € [0, x] we have 


(x, t) = O(a, 8), 


p(s) + O(a — s). Setting, in particular, t = x, we obtain 
x—s), or, with u=s,v=2—s, (since G(0) = 0), 


ie, @lt) + @lx—1) = 
P(x) + (0) = G(s) + HL 
P(u + v) = G(u) + Gv). (9.5.4) 


1 
Relation (9.5.4) holds, in particular, for all u,v € ai In 13.5 we will show that then 
@ can be extended onto R to an additive function, and thus, being continuous, is of 


1 1 
the form ¢(x) = ax for x € re Now take an arbitrary « € J. Then gre gf whence 


1 1 1 
a) (5°) = 5 at. Setting in (9.5.4) u=v = at we get 


Bese a a pte 

Ol) =O | 52 @( se] = 500+ gat = ae. 

Thus ¢ has form (9.5.3) (with c = 0) for all « € I, contrary to the supposition. 
Consequently we may assume that there exists an xg € J such that 


M= sup (xo, t) > inf (xo, t) =™, 
te [0, xo] te (0, xo] 


and due to the continuity of @ we may even assume that xo € int J. Since ¢(z0, t) 
is a continuous function of t, there exist in the interval [0, xo] points tp and To such 
that 

(xo, to) =m, o(x0, To) =M. 
Put d = M — m. Again by the continuity of ¢ (now with respect to x) we can find 
an £1 € (%o, 8 — a) such that 


1 1 
O(a, to) <<m+ 3h d(x, To) > M— 3¢ for x € [zo, 21]. (9.5.5) 
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1 1 
Now take a p = (a, y) € R = (20,21) X (m+ gM — 5) # @. It follows from 


(9.5.5) and from the Darboux property (intermediate value property) of ¢(a, t) (as 
a function of t) that there exists a t between to and To (and so in [0, zo]) such that 


O(a, th=y. (9.5.6) 
Put s = 2—t. Then, by (9.5.6) and by the definition of @, 
z=tt+s, y = O(t) + G(s). (9.5.7) 


Relation (9.5.7) shows that p € Gr(@) + Gr(@). Consequently R Cc Gr(¢) + Gr(¢) so 
that int[Gr(@) + Gr(@)] 4 @. By Theorem 9.3.3 Gr(G@) € 2, whence also Gr(y) € 


Alo. 


Theorem 9.5.2 has been extended by R. Ger [102], [103] to higher dimensions, 
but he had to make stronger assumptions concerning the regularity of y. In the next 
section we will present one of these generalizations (Ger [103]). At any case, this result 
implies, in particular, that in the space RY (N > 1) there exist sets belonging to Ay 
which are nowhere dense and of the N-dimensional Lebesgue measure zero (cf. also 
Exercise 10.6). 


9.6 Skew curves 


Also in this section we assume that N > 1. Let D C R be an interval, and let 
y: D—R* bea C! function such that? y(0) = 0. The function vy can be written 
as y = (¥1,---,; Yn), and the functions y; : D> R, i=1,..., N, are of class C! in 
D. The function y describes a curve in RY. We assume that this curve does not lie 
entirely on an (NV — 1)-dimensional hyperplane. Analytically this means that there do 


not exist constants ¢1,...,¢~ € R such that |c;|+---+ |ew| > 0 and 
apgit---+enyn=0 in D. (9.6.1) 
In other words, the functions y1,..., yn are linearly independent over R. Then also 
the functions y/,..., yy are linearly independent (over R), for if we had 
appt: tenyy =0 inD (9.6.2) 


with certain ci,...,¢, € R, then, integrating relation (9.6.2), we would get (9.6.1). 
We may form the determinant d: DN — R: 


yi(ti), +--+, 9i(en) 
d(a1,...,anN) = : : (9.6.3) 


pylti), ---, Yy(ew) 


? This assumption is not essential, since it can always be realized by a suitable shift. 
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and the linear independence of y{,..., yy implies that d(%1,...,%y) # 0 for some 
@1,...,&n € D. Write p = (£1,...,£n), then d(p) 4 0. The continuity of the deriva- 
tives of y implies that there exists a neighbourhood U of p such that 


d(p) #0 for p€U 


(p S( Pins ,ZN)). Define the function ¢: U — RN by 


O(a1,.--,0nN) = (Sela)... Senta). 


8d: 
The derivative of ¢ is an N x N square matrix with the entries ae = Plea), 


vj 
i,j =1,...,N. Hence 


det ¢'(a1,...,2N) = d(z1,...,@N), 


whence det ¢’(p) 4 0 in U. Consequently there exist intervals (a;, G:) C D,i = 
1,...,N, such that %; € (a;, G:), i = 1,...,N, and ¢ is a diffeomorphism of V 


N 
x (a;, 8;) onto a suitable domain in R%, and V CU. 
i=1 


I 


For any A Cc D put 
Ha={peR” |p= (a), re A}. 
Theorem 9.6.1. With the above notation, assume that Z C D is a set of positive 
one-dimensional Lebesgue measure and that %;,i=1,...,N, are density points of Z. 


Then Hz € Ayn. 


Proof. Put 
4, = 20 (a, (Be); t=1,.. 


Since %;,7 = 1,..., N, are density points of 7, the one dimensional Lebesgue measure 


N. 


“9 


N 
of Z; is positive for 1 = 1,...,.N, whence also m/( x Zi) > 0 (m stands here for the 
i=1 


N-dimensional Lebesgue measure). Further, we have 


tee encore / | det ¢'(p)| dp > 0, 


N 
since det d’ £0 in x ZC V CU. On the other hand, 
i=1 


Hz, +::-+Hz, C Hz+---+Hz =Syn(Hz) 


so that m(Sw(Hz)) > 0. By Theorem 9.3.3 Hz € Ay. 
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The condition that %;, i = 1,...,N, are density points of Z can be replaced 
by the condition, which is less general but easier to verify that the one-dimensional 
measure of ZM(a, 3) is positive for every interval (a, 3) C D. Another possible variant 
is that d(a1,...,2n) 4 0 for almost every (a1,...,2nN) € DN such that x; 4 x; for 
i#j. Then %1,...,%y can always be chosen so that d(Z1,...,%nv) #Oand %1,...,n 
are density points of Z. Taking these remarks into account, we may formulate the 
following corollary to Theorem 9.6.1. 


Theorem 9.6.2. Let D C R be an interval, and let yp : D — R% be a function of class 

C! defining in RX a curve which does not lie entirely on an (N — 1)-dimensional 

hyperplane. Let Z C D be a measurable set of positive one-dimensional measure. If 

either of the conditions is fulfilled: 

() The one-dimensional measure of ZM(a, 3) is positive for every interval (a, 3) C 

D; 

(ii) The determinant (9.6.3) is non-zero for almost every (a1,...,en) € DN such 
that x; A x; fori # Jj; 

then Hz € An. 


The set Hz is very small. It may even be much smaller than the curve y = y(z), 
which is of N-dimensional measure zero and nowhere dense. Thus in every space RY 
there exist very small sets belonging to Ay. 

As an example consider the curve 

gi(a) =2,...,gi(t) =2",...,pn(2) = 2%, 
x € D, an interval. We have (cf. (9.6.3)) for x1,...,en € D such that x; 4 x; for 
t#j 


N-1 N-1 N-1 N-1 
Na; press Noy xy Ln 


pees 


+ 


since the last determinant is Van der Monde’s determinant. The condition (7i) of 
Theorem 9.6.2 is fulfilled. For any set Z C D of positive one-dimensional measure we 
have Hz € Ay. 


9.7 Boundedness below 


In the definition of the class 8% the boundedness above may be replaced by the boun- 
dedness below. In fact, if f : RN — R is an additive function bounded below on a set 
T € 8, then —f is an additive function bounded above on T. Thus —f, and hence 
also f, is continuous. 

But in the definition of the class 2( the boundedness above cannot be replaced 
by the boundedness below. There exist discontinuous convex functions even globally 
bounded below (cf. the end of 6.4). But Theorem 6.2.2 suggests that one might look 
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for conditions that would imply that a convex function is locally bounded below at 
every point of its domain of definition. In this connection J. Smiftal [289] introduced 
the classes D(D) which may be defined as follows. 

Let D C R™ be a convex and open set. D(D) is the class of all sets T C D with 
the property that every convex function f : D — R which is bounded below on T is 
locally bounded below at every point of D: 


2(D)={TCD|_ every convex function f : D — R bounded below on T is 
locally bounded below at every point of D}. 


Later, in 10.6, we will show that the classes D(D) actually depend on D. 

By Theorem 6.2.2 every open set G C D belongs to D(D). Now we will prove 
the following 
Lemma 9.7.1. Let D C R™ be a convex and open set, and let f : D > R be a convex 
function. Let T C D be a set fulfilling one of the following conditions: 

(i) TEL and m(T) > 0; 
(it) T is of the second category and with the Batre property. 
Then? 
my(t) < K < f(a) forxeT (9.7.1) 


cannot hold for any real constant K. 


Proof. Suppose that (9.7.1) holds with a certain constant K € R. If (2) holds, then 
take s to be an arbitrary density point of T. If (#7) holds, then 


T=(GUP)\R, (9.7.2) 


where G # © is open, and the sets P, R are of the first category. Note that then for 
every set U C G the set U \ T is of the first category. Let s be an arbitrary point of 
the set G\ RCT. 

Fix an ¢ > 0, and, for any x € R% and r > 0, let K(x,r) denote the open ball 
centered at x and with the radius r. Put 


S = K(s, 2e). 


If condition (i) is fulfilled, then we may choose « so small that for every open ball 
U CS centered at s we have 


m(U NT) > sm(U), (9.7.3) 


and, moreover, S C D. If condition (iz) is fulfilled, then we assume that ¢ is so small 
that S C G (whence also $ C D; cf. (9.7.2)) so that for every set U C S the set 
U \ T is of the first category. 


3 Concerning the definition of my cf. 6.3. 
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2 
So = @S+(1-g)s=K(s, =)cs neéN, (9.7.4) 
and 
T= 1 FSH neéeN. (9.7.5) 
There exists an L € R such that 


my(s)<L< kK, 


and, by the definition of m,, for every n € N there exists a point x, € D such that 


lan —8| < aD and f(a) < L. (9.7.6) 


Further put for n €¢ N 


ae I pron, tote nha \ 
=5 5+2%\s Ln) go tin=ZSt5st+(2 —1)(s— 2p) 


= K(s, ce) + (2"—-1)(s—a,) CS, 


since by (9.7.6) |(2” — 1)(s — a)| < =; and 


By = 2°Tn4i1 + (1 — 2")tn C Un CS. 


We have by (9.7.5) Un\ Bn = 2°(Sn41\Tn4i)+(1-2") an = 2"(Sn41\T)+(1-2") an. 
If, in particular, condition (i) is fulfilled, then S,,41 \ T is of the first category by 
(9.7.4), and hence also U,, \ By, is of the first category (Un \ Bn = g(Sn41\T), where 
g(x) = 2°%+(1—2")z,, is a homeomorphism) for every n € N. Note also that since U, 
are open balls with a fixed radius ¢, whose centers lie not further apart from s than 


=, there is an open set Ug C U,, for all n € N. We may take, e.g., Up = K (s. =): 


2 
Put also 2 = 
On= |) Ba V2) Us (9.7.7) 
OS(s. MSG (9.7.8) 
n=1 n=1 
so that we have 
Qn+1 C Qn, Vn+1 © Vn forn EN. (9.7.9) 


Hence it follows that Up C V, for all n € N, and hence Up C V. Since Up is open (and 
non-empty), it is of the second category*, and also V is of the second category. 


4 Cf. the proof of Theorem 2.9.1. 


9.7. Boundedness below 249 


Now, if (z) is fulfilled, then we argue as follows. All U,, are open balls with a 
fixed radius €, so there is a positive number c such that m(U;,) = ¢ for all n € N. 
Hence m(V,,) > c for all n € N, and by (9.7.8) and (9.7.9) 


m(V) = lim m(V,,) >. (9.7.10) 
Moreover, by (9.7.3), 
1 
MT) = MS, AT) > 5 m(Sn), (9.7.11) 


and by (9.7.11) 


1 1 
m(Bn) = 2°% m(Tn41) > 2% *m(Sn41) = 5 m2" Sn41) = 3% nen, 
whence also 1 
mM(Qn) > 5° neN, 

and by (9.7.8) and (9.7.9) 

: 1 

m(Q) = lim m(Q,) = 5% 

Hence 

Q#®. (9.7.12) 


If condition (iz) is fulfilled, then we argue as follows. For every n € N the set 
U,, \ By, is of the first category, as pointed out above. Since B, C Un, this means that 


Un = By U (Ux \ Ba), neéN, 


and 2 

Vn =QnU(J Ui\ Bi),  neN. (9.7.13) 
Thus V, \ Qn Cc U (U; \ Bi) is a set of the first category for every n € N. Similarly, 
we obtain from (9.7.13) and (9.7.8) 


VeOU U (U; \ Bi). (9.7.14) 


i=1 


Since V is of the second category, (9.7.14) implies that also Q is of the second category, 
whence (9.7.12) results. 

Thus (9.7.12) is valid in either case. Now take an arbitrary x € QC Qm, MEN. 
There exists an index n > m such that x € B,,. Therefore 


ao = 2"t+(1—-2")an 
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with at € T. Hence 


and 


Hence it follows (note that 1 — 2” < 0) that 
f(x) > 2" f(t) + (1 — 2") f(an) > 2"K 4+ (1-2")\L=L+2"(K —L). 
Letting m — co (whence also n — oo) we obtain hence, since K — L > 0, 
f(x) = 00, 


which contradicts the assumption f : D — R. The contradiction obtained shows that 
(9.7.1) is impossible. 


Part (i) of the above Lemma, similarly as Theorem 9.7.1 below, is due to A. 
Csaszar [50]. 


Theorem 9.7.1. Let D C R™ be a convex and open set, and let f : D — R be a conver 
function. Let T C D be a measurable set such that m(T) > 0. Then for no measurable 
function g: T — R we may have 


my(x) < g(x) < f(z) for x éT. (9.7.15) 


Proof. Suppose that (9.7.15) holds for a certain measurable set T Cc D of positive 
measure, and for a certain measurable function g: T — R. Put for 4 € Q 


T= {ee T \ingle) HX < ole) }: 
T), A € Q, are measurable sets, and 


Pe Ty (9.7.16) 
AEQ 


If all T), had measure zero, we would get from (9.7.16) m(T’) = 0. Consequently there 
exists a Ao € Q such that m(T),) > 0. For x € Ty, we have by (9.7.15) 


my(x) < Ao < f(z), 


contrary to Lemma 9.7.1. 
We also prove the following Theorem of Hukuhara’. 


Theorem 9.7.2. Let D C R% be a convex and open set, and let T C D be a set fulfilling 
one of conditions (i), (it) of Lemma 9.7.1. Then T € D(D). 


5 M. Hukuhara [148] proved part (i) of Theorem 9.7.2 in the case N = 1. This result has then been 
extended to higher dimensions by S. Marcus [218] and A. Csdszar [50]. 
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Proof. Suppose the contrary. Let f : D — R be a convex function bounded be- 
low on T: 
f(z) >K for x € T, (9.7.17) 


but locally unbounded below at a point of D. By Theorem 6.2.2 f is locally unbounded 
below at every point of D so that 


m (x) = —0o for a € D. (9.7.18) 


Relations (9.7.17) and (9.7.18) imply (9.7.1), contrary to Lemma 9.7.1. 


Of course, in Theorem 9.7.2 and Lemma 9.7.1 condition (i) may be replaced by 
the condition 
m(T) >0, (i’) 
since by the definition of the inner measure (3.1) condition (i’) implies that there 
exists a measurable set Ty C T fulfilling (i), and (9.7.17) (resp. (9.7.1)) holds for 
x € To as well. 
A more thorough study of the classes D(D) is deferred to 10.6. 


9.8 Restrictions of convex functions and additive functions 


Theorem 6.1.1 says that for every convex function f : D — R and for every a,b € D 
the restriction f | Q(a,b) is continuous. We may ask what can be inferred from the 
fact that for a certain set T Cc D the restriction f | T is continuous. This gives rise 
to the following definitions (cf. Kominek-Kominek [171]). 

N EN being fixed, let %¢ denote the class of sets T C RN such that if D is a 
convex and open set such that TC D, and f : D — R is a convex function such that 
the restriction f | T is continuous, then f is continuous in D: 


Ac={T CR" | every convex function f : D — R, where D is a convex and 
open and T Cc D CRN, such that the restriction f | T is 
continuous, is continuous}. 


Similarly, Bc is the class of sets T CR such that if f : RN — R is an additive 
function such that the restriction f | T is continuous, then f is continuous in R%: 


Bo={TCR | every additive function f : RY — R such that 
the restriction f | T’ is continuous, is continuous}. 


Let us note that the definition of the class %¢ makes the latter independent of D. 

The classes 2%¢ and Boe will be studied also in the next chapter. In particular, 
the relation 2%¢ = Be does not hold. But directly from the definition it follows, since 
every additive function is convex, that 


Ac C Be. 


Before proving analogues of Theorems 9.3.1 and 9.3.2 we will prove some other 
criteria for a set T CR to belong to 2c or Bo. 
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We start with a lemma which will be proved in Chapter 11 (cf. Theorem 11.8.1). 
The operation R has been defined in 9.2. For any operation F : P(R“) — P(RY) we 
define the iterates F”, n € N, as follows 


MSF F°+1(A) = F(F"(A)), neN. 
Lemma 9.8.1. Let H C R% be a Hamel basis. Then there exists ann € N such that 
me(R"(H)) > 0. 
Theorem 9.8.1 below is due to F. B. Jones [158]. 

Theorem 9.8.1. Let T C R be an analytic set containing a Hamel basis. Then 
T € Bo. 
Proof. Let f : RN — R be an additive function such that f | T is continuous. Put 

T= {x eT ||f(x)|<k}=TOF((-k, k)) =(F|T)'((-k, k)), KEN. 


Since f | T’ is continuous, (f | T)~'((—k, k)) is open (in T). Hence there exists an 
open set G; C R™ such that T, = TN Gx. It follows that Ti, is analytic (Theorems 
2.5.5 and 2.5.6) for every k EN. 


We have T, C Th41, k € N, and T= (J T;,. We want to show that 
k=1 


R(T) = U RG): (9.8.1) 
k=1 


If x € R(T), then « = u—v, where u,v € T. There exists a k € N such that u,v € Ty, 
whence « € R(T;,) C U R(T). Thus R(T) Cc U R(Zy). The converse inclusion is 
k=1 k=1 


obvious. 
Obviously, we have also for arbitrary A,B C RX 


AC B= R(A) Cc R(B). (9.8.2) 


Repeating the above argument and making use of (9.8.1), we prove by induction that 


R"(T) = UJ R(T),  néN. (9.8.3) 


k=1 


If A C R® is an analytic set, then by Theorem 2.5.3 A x A also is analytic, and 
since the function g: A x A — R% defined as g(a, y) = x — y is continuous, also the 
set R(A) = g(A x A) is analytic (Theorem 2.5.2). Hence it follows that all the sets 
R(T), n,k € N, are analytic. 

Let H Cc T be a Hamel basis. By Lemma 9.8.1 there exists an n € N such that 
me(R"(H)) > 0. By (9.8.2) R"(H) C R"(T), whence also m.(R"(T)) > 0. Relation 
(9.8.3) implies (cf. Exercise 3.3) that 


me(R"(T)) = lim me(R"(Tr)), 
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whence it follows that there exists a k € N such that me(R"(T;)) > 0. But R" (Ti) 
is an analytic set, and therefore measurable (Theorem 3.1.8). Thus 

m(R"(T,)) > 0. (9.8.4) 


We have |f(a)| < & for x € T,. Now (9.8.4) implies in virtue of Theorem 9.3.1 
that R"(T,) € € and by Theorems 9.2.3, 9.2.6 and 9.2.2 T, € €. f is bounded on Ty, 
and hence it is continuous. 


Before stating the next theorem we need some more definitions. If a,b € RY, 
a= (a1,...,an), b= (b1,...,bn), then we say that a < bresp. a < b iff a; < bj resp. 
a; <b; fori =1,...,N. Ifa < b, then the open interval (a, b) and the closed interval 
(a, b] are defined as in the one-dimensional case: 


(a,b) ={a ER |a<a<b}, [a,b] ={r2 eR |a<a<bd}. 


If N = 2, then the interval (open or closed) is a rectangle (open or closed), its lower 
left and upper right vertices being the endpoints of the interval (the sides of the 
rectangle are parallel to the coordinate axes). 

The following theorem is due to Z. Kominek [173]. 


Theorem 9.8.2. Let T Cc RN be a set such that for certain a,b € RN, a <b, and for 
a certain n EN, either 
1 
{a} U (a,b) C = Sn(T) C [a, BI, (9.8.5) 
or f 
(a,b) U {b} Cc . S(T) C [a,b]. (9.8.6) 
Then T € Ag. 


Proof. We assume that relation (9.8.5) holds. If (9.8.6) is fulfilled, the proof is analo- 
gous. 


1 
Since T C — S,(T), we have T C [a,b]. Relation (9.8.5) implies that a € 
n 


1 
— S(T), ie., 
= (T), ice 
1 : 
a=— (ty +---+tn), t; € T, = Issa 5h: (9.8.7) 
n 
Thus ¢; € [a,b], in particular, t; > a, i = 1,...,n. If, for some i, we had t; 4 a, we 


1 
would get from (9.8.7) . >> t; £ a. Consequently all t; = a, which shows that a € T. 
i=1 


Now let D C R™ be a convex and open set such that T C D, and let f : D> R 
be a convex function such that f | T is continuous. Let, for any « > 0, K(a,¢) be the 
open ball centered at a and with the radius ¢. We will show that there exists an ¢ > 0 
such that f is bounded above on (a,b) K (a, ¢). Hence it will follow by Lemma 9.3.1 
that f is continuous in D, i.e., T € Ac. 
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1 
Supposing the contrary, for every p € N we can find a point zp € (a, b)NK (« *) 
Pp 
such that f(x,) > p. It follows that 


lim tp =a, lim f(x») = 00. (9.8.8) 
poo poo 


1 
By (9.8.5) tp € - S(T), p EN, ie, 


1 
Lp = — (tor te + ton); ty € T, GS Te ani peEN. (9.8.9) 
We have tp; € [a,b], p € N, i=1,...,n. It is easily seen that (9.8.8) implies 


lim tpi = a for t= 152.0243: (9.8.10) 


poo 


Since f | T’ is continuous, a € T, and t,; € T for p€ N,i=1,...,n, (9.8.10) implies 
that 
lim f(tp:) = f(a), ee laren (9.8.11) 


pro 


By Lemma 5.3.1 and by (9.8.9) 


1 : 
f(t) <= [Fin) +--+ Flim PEN, f= 1m (98:12) 
Letting p — oo, we obtain from (9.8.8), (9.8.11) and (9.8.12) 


which is a contradiction and completes the proof. 


1 
Since for the Cantor set C we have 5 S2(C) = [0,1] (cf. Exercise 2.13), we obtain 
from Theorem 9.8.2 


Corollary 9.8.1. C € Ac. 


The following two theorems are due to B. Kominek-Z. Kominek [171] and 
Z. Kominek [173]. 


Theorem 9.8.3. Let T CR be a set such that m;(T) >0. Then T € Ac. 


Proof. The condition m;(T’) > 0 implies that there exists a compact set C C T such 
that m(C) > 0. Let D C R% be a convex and open set such that T Cc D, and let 
f:D—R be a convex function such that the restriction f | T is continuous. Hence 
also the restriction f | C = f | T | C is continuous, and hence bounded. Thus f is 
bounded above on C’, and by Theorem 9.3.1 f is continuous. 


Theorem 9.8.4. Let T C R% be a set of the second category and with the Baire 
property. Then T € Ac. 
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Proof. The conditions on T imply that 
=(GUP)\R, 


where G is a non-empty open set, and P, R are of the first category. We may find 
a,bé€G\ R such that a < b and [a,b] C G. Put 


Ty = (a, b]\ RC [a, 8. 


Then also ecm 
! — C [a, 8). (9.8.13) 


Since a € G\ R, we have a € To, and hence 


To + To 
€ 5 , 


Now take an x € (a,b). There exists a y € R% such that x+y € (a,b) and x—y € (a,b) 
(since (a,b) is open), and hence y € [(a,b) — 2] M [x — (a,b)]. Consequently the last 
set is non-empty, and being the intersection of two open sets, it is itself open. It 
follows that it is of the second category (cf. the proof of Theorem 2.9.1). Since the 
set (R — x) U (a — R) is of the first category, we have 


(9.8.14) 


{[(a,b) — «] 9 [x — (a,5)]} \ {((R- a) U(e-R)} FB. (9.8.15) 
Further, 
{[(a,b) — 2] N [x — (a, b)|} \ {(R-2) U(a@—- R)} 
= {|(a,b) — 2] \(R—-2)} 0 { [x —(a,d)] \ (xe — R)} 
Se a a (9.8.16) 
Write shortly W = (a,b) \ R. (9.8.15) and (9.8.16) yield 


(W-—2)N(a-W)4@. 
Hence also the translation 
WN (2x-W) = [(W-2)N(x-W)| +242. 
Thus there exists au € WM (2x —W). In other words, u : W and u = 2x— 0, where 


1 1 
v € W. Hence x = . (u+v), where u,v € W, ie, x € = > (W+W) C5 (To + To). 
Since x has been arbitrary in (a,b), we obtain hence 
To + Ti 
(a,b) c 2a. (9.8.17) 


Relations (9.8.13), (9.8.14) and (9.8.17) imply in virtue of Theorem 9.8.2 that T> € 
Ac. Since To C T, we infer hence that T € Ac. 


Theorems 9.8.3 and 9.8.4 will be obtained again on another way in 11.5. 
Finally let us note that it is not known if the conditions of Theorem 9.8.1 imply 
that T € Ac. 
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Exercises 


1. 


Show that Theorem 9.2.7 fails to hold if a is not assumed to be rational (Kuczma 
[184]). 

[Hint: Let H be an arbitrary Hamel basis of R containing 1 and V2. Let g : 
H — R be an arbitrary function such that g(1) = 0, g(V2) =1. Let f: R-R 
be the additive extension of g. Take T = Q and a= V2.] 


. Show by suitable examples that none of the conditions occurring in Theorem 


9.3.5 is necessary for T € €. 


. Show that conditions (4iz) and (iv) occurring in Theorem 9.3.3 are equivalent; 


similarly, conditions (v) and (vi) are equivalent. 


. Let D C R® be a convex and open set, let f : D — R be a convex function, and 


let W: R—R be a polynomial, W ¥ const. Show that if the function W(f) is 
continuous, then also f is continuous. 


. Let A C R4~! be an arbitrary set, and let gy: A — R be a continuous function. 


Show that Gr(y) is a set of N-dimensional measure zero. 
[Hint: It is enough to consider the case, where A is bounded. Let G Cc RN7! 
be a bounded open set such that A C G. Fix an e > 0. Let Q be the family of 
closed cubes Q C G such that sup f — inf. f < e. Use Vitali theorem.] 

ANQ ANQ 


. Show that every subset of a circle with positive linear measure belongs to 2g. 
. A function f : X — Y (where X, Y are separable metric spaces) is said to satisfy 


the Baire condition iff for every Borel subset B of Y the set f~!(B) satisfies the 
Baire condition. This is equivalent to the condition that there exists a residual 
subset T of X such that f | T is continuous (cf. Kuratowski [196]). Show that 
every convex function which satisfies the Baire condition is continuous. 


Chapter 10 
The Classes 2, 8B, € 


10.1 A Hahn-Banach theorem 


The main objective of the present chapter is to prove equality (9.1.2), and to give 
some characterizations of the classes 2{, € introduced in the preceding chapter. Thus 
we do not assume equality (9.1.2) as valid, it will be proved in the sequel!. To this aim 
we will need a rational version of the Hahn-Banach theorem, which we will presently 
prove. We start with a definition. 

Let ACR be a set. We say that A is Q-radial at a point a € A iff for every 
y € RX, yA 0, there exists an ¢, > 0 such that a+ Ay € A for every 1 € QN (0, €y). 


Lemma 10.1.1. Let D C R™ be a set Q-conver and Q-radial at a point xo € D, and 
let L CRN be a linear space (over Q), ro € L. Let f : D— R be a function fulfilling 
the inequality 

f(Av + (1 = A)y) < Af (x) + (1- A) F(y) (10.1.1) 


for all x,y € D and all X € QN [0,1], and let g: L — R be a homomorphism?. Let 
z¢L, and put L; = E(LU {z}). If 


g(x) < f(x) forx Ee DOL, (10.1.2) 
then there exists a homomorphism G : L, — R such that 

G(x) < f(z) force DN, (10.1.3) 
andG|L=g. 


Proof. For every x,y € L and every >, « € QN (0, oo) such that «+ wz € D and 
y — Az € D we have by (10.1.2) and (10.1.1) 


» m = r m 
ote) + ay) =9 (set Hw) 


' Theorem 10.2.2. The results of Chapter 9 (where equality (9.1.2) was postulated) will not be used 
in 10.1-10.2 of the present chapter, except for Theorem 9.2.8, in whose proof relation (9.1.2) was 
not used. 

2 From the space (L; Q; +; -) into (R; Q; +; -). 


258 Chapter 10. The Classes 2, B, € 


A ot shy) 
A+ Lb Cae 


(2+ 12) + Hy A2)) 


II 
SY 
eNO 
»~ 


A+ bb A+ bE 
Lb 
S ae Tesh HE) es f(y — Az). 
Hence 
g(x) — fla+uz) — fly—rz)—- 9) 

ft 7 r 

as (x) — fw+uz) .. fy—dz) aly) 
a= sup a < inf a cna = B, (10.1.4) 

where 


U={(a,u)eLxQl|y>0,r+pz€ D}, 


V={(y,A) € Lx Q|A>0, y— Az D}. 


Since D is Q-radial at xo, we have (xo, 4) € U for wp € QN (0, €z) and (ao, A) E V 
for A € QN (0, e_z). Consequently U #4 @ and V # @. Observe also that (10.1.4) 
implies that —co <a < 6B < +co. In particular, fa, 6] 4 2. 

Choose any c € [a, 6]. Every t € ZL; may be uniquely written as 


t=ax2+2z, (10.1.5) 
where x € L and 4 € Q. For such a ¢ define 
G(t) = g(x) — A. 


It is easily seen that G: L; — R is a homomorphism and that G | L = g. Now take 
an arbitrary t € DM L;. t may be represented in form (10.1.5). Consider three cases: 
I. \ =0. Then t = a, and by (10.1.2) 


G(t) = g(x) < f(z) = F(t). 


Consequently (10.1.3) holds. 
II. \ > 0. Since t € D, we have (x, A) € U. Since c > a, this implies 


g(z) - fle+rz) — 


or 


Again we obtain (10.1.3). 
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III. A < 0. Since ¢ € D, we have (a,—A) € V. Since c < @, this implies 
ng Heats) = 060) 


or 
—X< flat rz) — g(2), 


Le., 


G(t) = g(a) — cA < f(a + rz) = fb). 
Thus (10.1.3) holds in this case, too. 


Hence we derive the rational version of the Hahn-Banach theorem (cf. M. E. Kuczma 
[191], Berz [31]). 


Theorem 10.1.1. Let D C R be a set Q-conver and Q-radial at a point x € D, 
and let L C R% be a linear space (over Q), xo € L. Let f : D> R be a function 
fulfilling inequality (10.1.1) for all x,y € D and all X € QN [0,1], and letg: LR 
be a homomorphism fulfilling (10.1.2). Then there exists a homomorphism (i.e., and 
additive function) G: RN — R such that G| L = g and (10.1.3) holds in D. 


Proof. Let R be the family of all couples (X, A), where X is a linear space (over Q), 
Lc X CRY, and A: X —R is a homomorphism such that A | L = g and 


A(x) < f(x) forv e DON X. (10.1.6) 


(L, 9) € R, so R # SW. We introduce the order in FR in the usual manner: for (Xj, A1), 
(Xo, Ag) € R we agree that (X41, Aj) < (Xo, Ag) iff X, C Xo and Ag | X, = A,. If 
ZT CR is any chain, then put 

see lb) es 


(X,A)ET 


and define B: Y — R putting B(y) = A(y) if y © X and (X, A) € TZ. The couple 

(Y, B) is an upper bound of J in R. In fact, if x,y € Y and a € Q, then there exists 

an (X, A) € Z such that z,y € X. Then alsorw+yexX CY andare X CY, 

which shows that Y is a linear space (over Q). Since L C X C R% for all X such 

that (X,A) €Z,albo LC Y= UW X CRY. Similarly it is shown that B is a 
(X,A)eI 

homomorphism fulfilling (10.1.6) and such that B | L = g. 

By Theorem 1.8.1 (Lemma of Kuratowski-Zorn) in R there exists a maximal 
element (Z, G). The only thing we need to show is that Z = RY. Supposing the 
contrary, let z € R* \ Z. By Lemma 10.1.1 there exists a homomorphism G* : 
E(ZU{z}) — R such that G* | Z = G, whence G* | L=G|L=g, and 


G* (a) < f(z) for c€ DN E(Zu {z}). 


Consequently (E(Z U {z}),G*) € R, and clearly (Z,G) < (E(ZU {z}), G*), which 
contradicts the maximality of (Z,G). Consequently we must have Z = RY. 
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Theorem 10.1.2. Let D C R™ be a set which is symmetric with respect to 0 (i.e., 
—D=D), and let f : D—R be an even function: 


f(—2) = f(z) for cE D. (10.1.7) 


Further, let L C RN be a linear space (over Q), and let g: L + R be a homomorphism 
fulfilling (10.1.2). Then 


lg(x)| < f(a) for cE DOL. (10.1.8) 
Proof. Take an arbitrary « € DML. We have by (10.1.2) and (10.1.7) g(—z) < 
f(—x) = f(x), whence 
This together with (10.1.2) yields 


—f(x) < g(x) < f(a), 


which is equivalent to (10.1.8). 


10.2 The class 8 


First we prove the following lemma. 
Lemma 10.2.1. Let TC R be a set Q-conver and Q-radial at a point xo € T. Then 
T € & if and only if intT 4 @. 


Proof. If int T # @, then every additive function bounded above on T is continuous, 
as results from Corollary 6.4.1. Consequently T € %. In order to prove the necessity 
of the condition int T 4 @ we will show that if intT = @, then T ¢ B. 

At first assume that 29 = 0. Since int T = @ and T is Q-radial at zero, there 
exist «,y € R such thatO<a<y,c¢T,y€T. Put 


S={(E,n)€QxQ|(1+)x+ny €T, 7 > Of. 


Observe that (—1,1) € S, so S 4 S. Write 


Since T' is @-radial at 0, there exists an e > 0 (€ = e_,) such that —ay € T for 
a € QN (0, ¢). We will show that 


1 
ges) (10.2.1) 
E 


. Then 


mM | rR 


Supposing the contrary, we would be able to find (£, 7) € S such that ~ > 


3 Im 


necessarily € > 0, and we have 
O0<t<e. 


g 
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Hence a y € T, and, by the definition of S,(1+ €)a+ ny € T. Since T is Q-convex, 
this implies that 


contrary to the choice of « ¢ T. The contradiction obtained proves (10.2.1). 
Since (—1,1) € S, we have 
s>-l. (10.2.2) 


Put L = E({zx,y}). Observe that x and y are linearly independent over Q. 
Supposing the contrary, let ax + Gy = 0 for some a,3 € Q, a? + 6? > 0. Since 
x,y # 0, we must have a,3 4 0, a@ < 0. And since 0 < x < y, we must have 
|B| < |a|. Since 0, y € T and T is Q-convex, 


o=-Fy+(14+2)oer, 
a a 


This contradiction shows that x and y are linearly independent over Q, and conse- 
quently form a base for LZ. By Theorem 4.3.1 there exists a unique homomorphism 
g: L —R such that 


We propose to show that 
g(z) <1 for zE TOL. (10.2.3) 
Suppose that there exists a z € TM L such that g(z) > 1. We have 
z= r+ py 
with some A, pw € Q. Hence 


g(2) = Ag(a) + wg(y) = A— Bs, 
and g(z) > 1 means 
ps <A-1. (10.2.4) 


We must distinguish three cases. 
I. uw > 0. Then (A—1, w) € S, and the inequality (10.2.4) yields 
rA-1 
s<—, 
Lt 
which contradicts the definition of s. 
II. « = 0. Then (10.2.4) turns into A > 1. Moreover, Ax = Aw + py = 2 € T. 
Hence also 


e=F00)+(1-s)oer, 


a contradiction. 
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IIL. . <0. Then, by (10.2.4), 


g 


1-—A 
Consequently there exists a pair (€,7) € S such that > > ——. This means that 
1) —H 


An > 9 + HE. (10.2.5) 
Put 
= Sw +t 8) 
7) — bh 
By (10.2.5) An — w(1+&) > —- p, whence « > 1. 
Since (€,7) € S, we have 


(14+ §)a4+ ny € T. 


Since z € T, we have 


Ax + py € T. 
Hence also 
1 1 1 
u=—(Art py) =—(Art+py)+(1—--JOoeT, 
kK K kK 
and 1 
1 1 
v= = [G+ 80+ ny] = 210+ ee +m) + (1-2 )oeT7, 
Finally, 


a contradiction. 
Thus (10.2.3) has been proved. By Theorem 10.1.1 (where N = 1, f(x) = 1) 
there exists an additive function G: R — R such that G | L = g and 


G(z) <1 for ze T. (10.2.6) 


The function G is discontinuous. If G were continuous, then we would have G(z) = cz 
for z € R with a certain real c, whence in particular G(x)/x = G(y)/y. But then 


2, Gly CW) _- 2 
a ans as | 


whence —s = 2 > 1, which is a contradiction with (10.2.2). 
av 


Thus there exists a discontinuous additive function bounded above on T (cf. 
(10.2.6)). Consequently T ¢ 8. 
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Now assume that xp 4 0. Then the set T’— 2g is Q-convex and Q-radial at 0 and, 
similarly as T, has empty interior. By what has already been proved, T — ao ¢ B. 
Consequently there exists a discontinuous additive function G : R — R bounded 
above on T' — xo. By Theorem 9.2.8 G is also bounded above on T. This means that 
T ¢ 8, which completes the proof of the lemma. 


The above Lemma 10.2.1, similarly as all the theorems in the present section, is 
due to M. E. Kuczma [191]. 


Theorem 10.2.1. Let T Cc R be a set Q-convex and Q-radial at a point xo. Then 
T € & if and only if intT 4 @. 


Proof. The sufficiency results from Corollary 6.4.1 similarly as in the proof of Lemma 
10.2.1. Thus we need only prove that if intT = 9, then T ¢ 8. 
First assume that x9 = 0. Let e1,...,en be a base of R% over R. For i = 
1,...,N, let 
T={c@E€R| re, €T}CR. 


First we show that if int T; 4 @ fori=1,...,N, then intT 4 @. 
So assume that intT; #4 @ for i = 1,...,N. Then there exist open intervals 
J, CT; \ {0}, =1,...,N. Put 


G={xeER | x=ayrje, +--- + anenen, 


a EQN, 1), 4 € Jj, 1=1,...,N, Soa =1}. 
The set G # @ is open. For let « € G, y € RX. x may be written as 


N 
T= A1%1e, +++: + anrtnen, a, € QN(O, 1), a, € Jj, 1=1,...,N, Soa =1. 
a 


(10.2.7) 
The points 71e1,..., yey are linearly independent over R (just like e1,...,en), 
and since dimR™ = N (over R), {x1e1,...,vven} is a base of RN over R. Hence y 


may be written as 
y = Brie, +-:-+ Bnenen, GER, a eee 
Hence (cf. (10.2.7)) 
y= a+ (G1 —a1)a1e1 +--+: + (Bn — an)tNnen, 
or 


=O —-aa 
ee (21+ Ry) ey t+ tow (ey + 22% ay) ew. 
ay aN 


In other words 
yY=ayyie1 +++: +Anynen, 
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where 
jeg apt Oe t= lye... 
ay 
If y is sufficiently close to x, then |G; — a;| are arbitrarily small for i= 1,...,N, and 
yi € J; fori=1,...,N. Hence y € G. Consequently G is open. 

Since T is Q-convex, we have by Theorem 5.1.3 G C Q(T) = T. This shows that 
int TA S. 

Thus if int T = @, there exists an 7, 1 <i < N, such that int TJ; = @. Clearly T; 
is Q-convex and Q-radial at zero (in R). By Lemma 10.2.1 there exists a discontinuous 
additive function g : R — R bounded above on T;. Let LD = Re;, and define G: L — R 
by 

G(xe;) = g(x). 
It is easily checked that G is a homomorphism bounded above on TM L. By Theorem 
10.1.1 G may be extended onto R% to an additive function A : RN — R bounded 
above on T. Since A | L = G is discontinuous, also A is discontinuous. Consequently 
TES. 

The case where x 4 0 may be reduced to that where x9 = 0 like in the proof 
of Lemma 10.2.1. 


The following example (cf. M. E. Kuczma [191]) shows that the assumption that 
T is Q-radial at a point xo is essential. 


Example 10.2.1. Let H C R% be a Hamel basis and let Vo be the cone defined in the 
proof of Theorem 9.3.4. We have E* (Vo) = Vo, whence also Q(Vo) = Vo, i-e., Vo is 
Q-convex. Let f : RN — R be an additive function bounded above on Vo: 


f(t) <M for cE Vo. (10.2.8) 


Take an arbitrary h © H. There is an a < y such that h = ha. Then Ah+ hai € Vo 
for every \ € Q. Hence by (10.2.8) 


Af(h) + fhati) = FAR + hati) <M 


and letting A range over whole Q we obtain f(h) = 0. Consequently f | H = 0, and 
since both, 0 and f, are additive extensions of f | H onto RY, we get by Theorem 
5.2.2 f = 0. Consequently f is continuous, and thus Vo € %. On the other hand, 
int Vo = 2, since arbitrarily close to any x € RN there are points which do not belong 
to Vo. In fact, if x has form 


B= Atha, +:+° +Anhans 
where n EN, \; € Q, ha, € H,i=1,...,n, a1 < +++ < Qn, then the points 
y=«x-—Mhao, 41; AE QN(O, co), 
do not belong to Vo and approach x when X tends to zero. 


The same argument shows also that Vo is not Q-radial at any point. 
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Lemma 10.2.2. Let D C RN be a convex and open set, let f : D — R be a conver 
function, and let M € R be a constant such that M > inf f. Then the set 


T={xE D| f(x) < M} 
is Q-conver and Q-radial at every point x € T. 


Proof. lf x,y ¢T Cc Dand A € QN (0,1), then Ax + (1 — A)y € D and by Theorem 
5.3.5 
f(Avt (1 —A)y) < Af(z) + (1 - A) f(y) < AM + (1-A)M = M. 


Consequently Ax + (1 — A)y € T. This means that T is Q-convex. 
If ¢ € T and y € RN, then by Theorem 6.1.1 


lim f(a + Ay) = f(@), 
AEQ 


since for A € QN[0, 1] x+Ay = (1—-A)x+ (x+y) € Q(x, e+ y). Thus there exists 
an € > 0 such that for A € QM (0, €) we have f(a + Ay) < M, and «+ Ay € T. This 
means that Tis Q-radial at x. 


Now we prove the theorem which has been our main aim. 


Theorem 10.2.2. 2% = B. 


Proof. The inclusion 2( C %8 is obvious, so we need only prove that B C A. Take a 
set T CR such that T ¢ 2. We must show that T ¢ B. 


Since T ¢ A, there exist a convex and open set D C R% and a discontinuous 
convex function f : D— R such that T C D and f is bounded above on T: 


f(a) <M for «ET. (10.2.9) 


Put 
To ={xED| f(x) < M}. (10.2.10) 


Thus T C To. By Lemma 10.2.2 Tp is Q-convex and @-radial at every its point. 


If we had int Ty # @, the function f would be continuous by Corollary 6.4.1. 
Thus int Ty = 9. By Theorem 10.2.1 Tp ¢ 8, and hence also T ¢ B. 


Incidentally we can observe that at the same time we have obtained a new proof 
of the fact that Q is an 2%-conservative operation. In fact, if f : RY — R is an additive 
function bounded above on a set T (i-e., (10.2.9) holds), then the set To defined by 
(10.2.10) is Q-convex and contains T, and hence also contains the smallest set with 
these properties, i.e., Q(T): 

Q(T) C To. 


Moreover, f is bounded above on Tp (cf. (10.2.10)), and hence also on Q(T). 
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10.3. The class € 


The results in this section are due to J. Smital [287] and J. Moégcicki [231]. We start 
with some lemmas. 


Lemma 10.3.1. Let T C R™ be a set Q-radial at zero. Then T contains a Hamel basis. 


Proof. Put L = E(T). Suppose that L 4 R’. Then there exists a y € RY \ L. Since 
T is Q-radial at 0, there exists a positive \ € Q such that Ay € T C E(T) = L. Hence 


1 
also y = i (Ay) € L, a contradiction with y € R% \ L. By Corollary 4.2.2 there exists 


a Hamel basis contained in T. 


Lemma 10.3.2. Let T C R™ be a set which is Q-convex and symmetric with respect 
to zero. Then T contains a Hamel basis if and only if T is Q-radial at zero. 


Proof. If T is Q-radial at zero, then it contains a Hamel basis in virtue of Lemma 
10.3.1. Conversely, let H C T be a Hamel basis. Take an arbitrary y € RY. y may be 
written as 

y= ayhy +--+ +Qnhn, 
where a; € Q, a; > 0, hi © HU(—H) C TU (-T) = T, since by the symmetry 
—-T=T. Put a=a;,+---+a, > 0. Then 


2 hit + Antin; 
Qa 


where A; € Q, A > 0, Ar +--+: +An = 1. Hence (cf. Lemma 5.1.3) a € T, since T is 
a 


@-convex. By the symmetry also = € T, whence also 
a 


=3(E+(-D)en 


jyeot +(1—ad)0ET 
a 


and 


1 
for AE QN (0 *). This means that T is Q-radial at zero. 
a 
Theorem 10.3.1. Let T C R% be a set which is Q-conver and symmetric with respect 
to zero. Then T € € if and only if intT 4 ©. 


Proof. The sufficiency results from Lemma 9.3.1 and from (9.1.1). To prove the ne- 
cessity, assume that int T = @. We must distinguish two cases. 

I. T is Q-radial at zero. Then by Theorem 10.2.1 T ¢ B, i.e., there exists a 
discontinuous additive function g : RY — R bounded above on T: 


g(x) <M for « € T. 
Hence it follows by Theorem 10.1.2 that (we take f(x) = M) 
lg(z)|<M for ve T, 
i.e., g is bounded on T. Consequently T ¢ €. 
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II. T is not Q-radial at zero. By Lemma 10.3.2 T does not contain any Hamel 
basis, and by Theorem 9.3.6 T ¢ €. 


Theorem 10.3.2. Let TC R™ be an arbitrary set. The following conditions are equi- 
valent: 


(7) TEE, 
(ii) int Q(R 
(it) int R(Q 
(iv) i 


Proof. Assume (i). The sets Q(R(T)) and Q(T'U(—T)) obviously are Q-convex and, 

by Corollary 5.1.1, symmetric with respect to zero. Since T C TU(-T) Cc OF U 

(—T)), (i) implies that Q(T'U(—T)) € €. Take at € T. Then T = (T—t)+t, whence 

by Theorems 9.2.8 and 9.2.2 T—t € €. Since T—t CT —T = R(T) C Q(R(T)), we 

get hence Q(R(T)) € €. By Theorem 10.3.1 conditions (ii) and (iv) are fulfilled. 
Now assume (iz). By Lemmas 5.1.6 and 5.1.5 


)) 
)) 


CE # , 
QD) #2 


Q(R(L)) = Q(-T) = Q(T + (-T)) = QL) + Q(-T) = Q(T) - Q(T) = R(Q(T)). 


Thus (iz) implies (#27). 
Now assume (iti). By Theorems 9.2.5, 9.2.6, 9.2.3, 9.2.2 and by Lemma 9.3.1 
T € @,ie., (é) is fulfilled. 


Finally assume (iv). If f : RY — R is an additive function bounded on T: 
lf(z@)| <M for x eT, (10.3.1) 
then for « € —T we have |f(«x)| = |— f(x)| = |f(—2x)| < M by (10.3.1). Consequently 


F: P(RY) = P(RY) given by F(T) = TU(—T) is a €-conservative operation. Hence, 
like above, it follows that T € €, i.e., (2) is fulfilled. 


10.4 The class 2 


Theorem 10.3.2 gives a characterization of the class €. In this section we prove a 
similar characterization for the class 2 = %. The results are due to J. Smital [288] 
and J. Moéscicki [231]. 


Theorem 10.4.1. Let TC R™ be an arbitrary set. The following conditions are equi- 
valent: 


(1) T € A, 

(ii) For every set A C RN, Q-radial at a point, int Q(T + A) 4 2, 
(iii) For every set AC RN, Q-radial at a point, int (Q(T) + Q(A)] 4 2, 
(iv) For every set AC RY, Q-radial at a point, int Q(T U A) 4 @. 
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Proof. Assume (i). The sets Q(T + A) and Q(T U A) obviously are Q-convex and 
Q-radial at a point. We have T C Q(TUA), whence Q(TU A) € &. Similarly, with an 
a € A, we have by Theorems 9.2.8 and 9.2.2 T+a€ 2, and since T+aCT+AcC 
Q(T + A), we get hence Q(T + A) € A. By Theorems 10.2.1 and 10.2.2 conditions 
(ii) and (tv) are fulfilled. 

Now assume (iz). By Lemma 5.1.6 Q(T + A) = Q(T) + Q(A), whence (iii) 
follows. 

Finally assume that either (ii) or (iv) is fulfilled. Let f : RY — R be an 
arbitrary additive function bounded above on T: 


f(t) <M for «ET. 


Put 

A={xz ERY | f(x) < M}. 
By Lemma 10.2.2 the set A is Q-convex and Q-radial at every point. Moreover T C A, 
whence TUA = Aand Q(T) C Q(A) = Aso that Q(T)+Q(A) C A+A = S9(A). Thus 
condition (iz) resp. (tv) implies that int S2(A) # @ resp. int A 4 @. By Theorem 
9.3.3 resp. Lemma 9.3.1 A € 2. Since the function f is bounded above on A, f is 
continuous. Consequently T € 8. By Theorem 10.2.2 T € 2. 


We may observe that in conditions (iz), (#i2), (tv) of Theorem 10.4.1 we may 
restrict ourselves to sets A which are Q-radial at a point and such that T C A. Hence 
we get the following 


Theorem 10.4.2. Let TC R% be an arbitrary set. Then T € & if and only if for every 
set A which is Q-radial at a point and such that T C A we have int Q(A) 4 @. 


The proof of Theorem 10.4.2 does not differ from that of Theorem 10.4.1, since 
the set A constructed there has the property that TC A. 

Similarly, in the “if” part of Theorem 10.4.2 it would be enough to assume that 
A is Q-radial at every point. 

In Theorem 10.4.1 we can replace A by —A, since A is Q-radial at a point if and 
only if —A is Q-radial at a point. It is less obvious that we can replace T by —T. 


Theorem 10.4.3. Let T C R™ be an arbitrary set. The following conditions are equi- 
valent: 


(1) T € A, 
(it) For every set A, Q-radial at a point, intQ(A—T) 4 2, 
(iit) For every set A, Q-radial at a point, int [Q(A) — Q(T) AD. 
Proof. Let condition (¢) be fulfilled. If A is an arbitrary set Q-radial at a point, then 
the set —A also is Q-radial at a point. By Theorem 10.4.1 intQ(-A+T) 4 2. 


But Q(-A + T) = Q(-(A-—T)) = —Q(A — T) (cf. Lemma 5.1.5). Hence also 
int Q(A — T) # @, ie., condition (#7) is fulfilled. By Lemmas 5.1.5 and 5.1.6 


Q(A— T) = Q(A) - Q(T), 


so (iz) implies (#77). 
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Now suppose that condition (di) is fulfilled, and let A C R% be an arbitrary set 
Q-radial at a point. Then also —A is Q-radial at a point, and by (dé) int [Q(—A) - 
Q(T)| 4 @. But 

Q(-A) - Q(T) = -[Q(4) + Q(T], 


so int [Q(A) + Q(T)| 4 @. By Theorem 10.4.1 T € 2. 


10.5 Set-theoretic operations 


The theorems of 9.3 say that every reasonably large set belongs to the class 21. Conse- 
quently the sets which do not belong to 2l may be described as “small”. Consequently 
it is rather surprising that the union of two “small” sets may be “large”. 


Theorem 10.5.1. There exist sets T;, Tz C RX such that T; ¢ €,i = 1,2, 7, is 
countable and T, UT) € . 


Proof. Let H C R% be an arbitrary Hamel basis, and write 
HSH a: 
where H, is countable, H, MN H2 = @. Put 
Th Tye BAD: 
Since H is linearly independent (over Q), we have for arbitrary hi € Hy, ho € H2 
hy ¢ To, ho ¢ Ty. 


Consequently T,; 4 RY, T2 4 R™. Suppose that T, contains a Hamel basis Ho. Then 
RY = E(Ho) C E(T:) = T; 4 R*, a contradiction. Similarly we show that also T> 
does not contain a Hamel basis. By Theorem 9.3.6 T; ¢ € and Th ¢ €. Moreover, 
since H is countable, so is also T;, in virtue of Lemma 4.1.3. 

Write T = T; UT», and let f : RY — R be an arbitrary additive function 
bounded above on 7. For every h € H we have Ah € T for every A € Q. Hence 
Af (hk) = f(Ah) remains bounded when J varies over the whole Q, which is impossible 
unless f(h) = 0. Consequently f | H = 0. Zero is an additive extension of f | H 
onto RN, and so is also f, whence by Theorem 5.2.2 f = 0 in RY. Consequently f is 
continuous. This means that T € 8. By Theorem 10.2.2 T € 2. 


Now we are going to deal with cartesian products. Write N = p+q, p, dE N, 
and consider R% as the product RY = R? x R¢. 


Theorem 10.5.2. Let TC R? and S C R¢ be arbitrary sets, and putW =TxS CRN. 
Then W € An [W € En] if and only if T 6 A,, SEA, [LT € Cp, S € Ey]. 


Proof. Assume that, e.g., T ¢ &,. Then there exists a discontinuous additive function 
g : RP > R bounded above on T. For every z € R% write x = (ap, 2q), where x, € R?, 
Xq € R*. Put 

f(x) = g(a»). 
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The function f is additive, discontinuous, and bounded above on W. This shows that 
W ¢ Bn = An (cf. Theorem 10.2.2). 

Conversely, let W ¢ 2%ny = By. Then there exists a discontinuous additive 
function f : RN — R bounded above on W. By Theorem 5.5.1 


F(x) = fo(2p) + fal2q), (10.5.1) 


where f, : R? — R and f, : R4 — R are additive functions. Since f is discontinuous, 
at least one of the functions fp and fy, say fp, must be discontinuous. Fix an xq € S. 
Then, as 2p varies over T’, 


fp(Xp) = f(x) — faq), r= (Zp, Lq), 


remains bounded above. Consequently T ¢ B, = Ap. 
The proof for the class € is analogous. 


Now consider an arbitrary set W C R. For every 2, € R? and xq € R? write 


W,[xq] = {Zp € R? | (zp, Tq) € WH, 
W, [xp] = {xq € R" | (Zp, tq) € WH, 


(cf. 2.1), and 


W, = {tp € R? | There exists an xq € R% such that (rp, xq) € W}, 
W, = {xq € R‘? | There exists an x, € R” such that (xp, z,) € W}. 


The sets W, and W, are the projections of W onto R? and RY’, respectively, the sets 
W,[xq| and W,|x,] are sections of W. 


Theorem 10.5.3. Let W C R™ be a set such that W ¢ €n and the set W, is bounded. 
If there exists an Zp, € R” such that W,[Zp] € Cq, then Wp € Cp. 


Proof. There exists a discontinuous additive function f : RY — R bounded on W. f 
can be written in form (10.5.1). Thus 


fa(tq) = f(x) — fr(Zp), r= (Zp, Lq). 


When 2g varies over W|Zp|, fg(vq) remains bounded. Since W,[%,] € Cy, fg is con- 
tinuous. By Theorem 5.5.2 fq(aq) = ctq with a certain c € R4. Hence fy is bounded 
on bounded sets, in particular on W,. Varying x = (xp, vq) in such a manner that 
Xp runs over the whole W, and x € W, we see from (10.5.1) that f,(x,) remains 
bounded. Moreover, f, is discontinuous, since f is discontinuous and f, is continu- 
ous. Consequently W, ¢ €p. 


The assumption that W, is bounded cannot be dropped, as may be seen from 
the following example. 
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Example 10.5.1. Let p = q = 1, N = 2, and let f; : R — R be a discontinuous 
additive function. Put 


W= {x = (x1, x2) € R? | fi(ai) <%< fi(ai) + 1}. 


For every 21 € R the set Wa[21] is the open interval (fi(x1), fi(a1) + 1) and con- 
sequently (Lemma 9.3.1) belongs to €;. Also the set W ¢ €, since the additive 
function 


f(x) = x2 — fila) 


is discontinuous and bounded on W: 
0< f(a) <1 for « € W. 


But the set W; = Re €j. 

Theorem 10.5.3 says that if the set W, is bounded and W ¢ €y, then either all 
sections W,,[x,4] are not in €,, or all sections W,[z,] are not in €,. (Of course, here the 
assumption of the boundedness of W, could be replaced by that of the boundedness 
of W,). One could expect that if W € €w, then all (or, in some sense, almost all) 
sections W,[xq] and W,[zx,] are in €, resp. €,. In particular, the following statement 
would be an analogue of the Fubini theorem: If W € €y, then 


{Lp € R? | Walap] € Cg} € &. 


However, this is not the case, as may be seen from the following example. 


Example 10.5.2. Let p = q = 1, N = 2, and let J C R be a non-trivial finite closed 
interval. Further, let y : J — R be non-linear and one-to-one continuous function 
[e.g., p(x) = x? for x € I]. Put W = Gr(y). By Theorem 9.5.2 W € %_ C Cy. Also 
the sets W, = I and W2 = (J) are bounded. But for all x € R the sets Wi[a] and 
W2|2] contain each at most one point, and thus are not in €). 


10.6 The classes D 


The classes (D) have been defined in 9.7. The results in this section are due to 
J. Smital [289]. 

Our knowledge of the classes D(D) is much narrower than that of the classes 2, 
%, €. Here we give only some sufficient conditions for T € D(D). (Other such sufficient 
conditions are contained in Theorem 9.7.2). No characterization of the classes D(D) 
is known. 

Theorem 9.7.2 suggests a likeness between the classes D(D) and 2. In fact, we 
have the following 


Theorem 10.6.1. Let DC R™ be a convex and open set. We have 
O(D) c A. (10.6.1) 


Proof. Let T € D(D), and let f : RY — R be an arbitrary additive function bounded 
above on T: 
f(x)<M for x eT. 
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Put g = —f | D. Then g: D — R is a convex function bounded below on T: 
g(x) > —M for x € T. 


Since T € D(D), this means that g is locally bounded below at every point of D, and 
hence f is locally bounded above at every point of D. By the Theorem of Bernstein- 
Doetsch (Theorem 6.4.2) f is continuous. Hence T € B = A. 


But actually the inclusion in (10.6.1) cannot be replaced by the equality, as may 
be seen from the following example. 


Example 10.6.1. Let N = 1, and let D C R be an open interval such that 0 € D. There 
exists non-trivial compact interval S C D symmetric with respect to zero (—S' = S). 
By Lemma 9.3.1 S € €. By Theorem 9.3.6 S contains a Hamel basis H. Let B be a 
countable subset of H. Put 


T={e@e D|Ifx=ayhi +--+ anhn, a CQ, i € AH, i=1,...,n, 
then a; ¢ (0,1) whenever h; € B}. 
Take an arbitrary x € D. Then 


r=ayhyt---+anhn, a; €Q,h € A, i=1,...,n. 


Choose hn41, knoe € H\ B different from hi,...,hn. Since hn41,hn+2 € H, they are 
linearly independent over Q, i.e., incommensurable. It follows from Lemma 3.8.1 that 
the set E({ha41, hn+2}) is dense in R. Thus we can choose (1,.-.-,8n, V1, Y2 € Q in 
such a manner that 
3; > max(1, a;), g=1,...,n, 
and ¥1 An+i + Y2 hn+2 is close to 5>(G; — a;)hy. Put 
i=1 
y= Pihit-:++ Bahn - V1 hn41 — Y2 hn+2; 
where 71, Y2 have been chosen so that y— a € D and y= a+ (y—2) € D. By the 
choice of 3; we have also y€ T, x-—yeT. Hence x =y+(a4-—y) €T+T = S(T). 
Consequently D C S2(T), and hence by Theorem 9.3.3 T € Q. 


On the other hand, T ¢ D(D). To show this, arrange B into a sequence B = 
{bg}ren, and for every k € N, let g, : R — R be the function 


1 
—2kt for t < >? 


gx(t) = ; 
ak(t—1) for t > 5. 


Thus gz is a broken linear function, convex in R, and with the properties 


1 


9x(0) = gr) =0, gk (5) =-k, gx(t)>0 for t¢(0,1). (10.6.2) 
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Now we define a function f : D — R as follows. If « € D, then x may be written as 


x= ay bp, +--+ +n be, + G1 hi +--+ + Bm hm, 


where a;, 3; € Q, be, € B, hj © H\B,i=1,...,n; j=1,...,m. For such an z put 
#2) => gus(aa). 
i=1 


The function f is convex (cf. Example 5.3.2, where we must take gp, = gx for by € 
B, gn = 0 for h € H \ B). For x € T we have for the corresponding coefficients 
a; ¢ (0,1), whence gz,(a;) > 0, and consequently also f(x) > 0. Thus f is bounded 
below on T. 


1 
We have 6b, € B CS, k EN. Since 0 € S, also 5 ok € S fork EN. Since S$ 


1 1 
is compact, we can choose from the sequence {5 ox} a subsequence {5 i, } 


keEN neN 


convergent to a point of S: 


1 
lim 5 Oke =TESCD. 


n—Co 


According to the definition of f we have by (10.6.2) 


so that 


This shows that f is not locally bounded below at £. Consequently T ¢ D(D). 
Example 10.6.1 shows also that the condition int S2(T) 4 @ is not sufficient for 
T € QD(D). 


Lemma 10.6.1. Let D C RN be a convex and open set such that 0 € D, and let T Cc D 
be an arbitrary set. If there exists a point a € D such that for every set A which is 
Q-convex and Q-radial at zero (0 € A) a € int(T — A), then T € D(D). 


Proof. Let f : D— R be an arbitrary convex function bounded below on T: 

f(z) > -—M for x € T, (10.6.3) 
and we may assume that M >0 and M > |f(0)|. Put 

B={xeED| f(x) < M}. (10.6.4) 


By Lemma 10.2.2 the set B is Q-convex and Q-radial at zero. Take a A € QN (1, 2) 
such that Aa € D. Write ; 
A=(1--~]B. 
Ge 
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It is easily seen that also A is Q-convex and Q-radial at zero. By the conditions of 
the theorem a € int(T — A), whence Xa € int \(T — A). Let 


G = Dnint X(T — A). 


Then G is a non-empty (Aa € G) open set. 
Take an arbitrary z € G. Then z € A(T — A), which means that there exist a 
t€ T and anz € Asuch that z = \t— Aw. Hence z = At—(A—1)b, where bE BC D. 


Consequently 
1 1 
t=< 1—=)0. 
T z+ ( 5) 


By Theorem 5.3.5 


whence by (10.6.3) and (10.6.4) 
f(z) = Af -— (A- 1) f (0) = -AM — (A-1)M = (-2A4+1)M >-3M. (10.6.5) 


Relation (10.6.5) says that f is bounded below on G. By Theorem 6.2.2 f is locally 
bounded below in D, i.e., D € D(D). 


It may be shown by a suitable example that the condition occurring in Lemma 
10.6.1 is not necessary for T € D(D) (cf. Smital [289]). Now, using Lemma 10.6.1, we 
prove a theorem which shows that the classes D(D) actually depend on D. 


Theorem 10.6.2. Let D; C D2 C R™ be convex and open sets such that 0 € D, and 
D, # Dg. Then there exists a set T C Dy such that T € D(D2) \ D(D1). 


Proof. Let H Cc RN be a Hamel basis. Since the linear spaces Eg(H) and Eo(H) 
spanned by H over R and Q, respectively, evidently fulfil Eo(H) C Er(H) c RY, 
and E9(H) = RN we have Eg(H) = R%. Thus, by Corollary 4.2.2, H must contain a 
basis of RY over R. Let {b1,..., bv} C H be sucha basis. Fix an ho € H\{bi,..., bw}. 

Let B denote the frontier of D,, and let f : D; — R be a bounded below convex 
function such that 


lim, f(x) = +00. (10.6.6) 
(One can take, e.g., 
1 
xr) = ; 
fia) o(x, B) 


where @ denotes the Euclidean distance in R%.) Define go : H — R putting 
go(ho) =1, go(h) =0 for he H\ {ho}. (10.6.7) 


By Theorem 5.2.2 the function go can be extended to an additive function g: RN — R, 
and by Corollary 5.2.2 g is discontinuous, and hence locally unbounded below at any 
point of RY. (Otherwise —g would be an additive function locally bounded above at 


10.6. The classes D 275 


a point of R%, and hence, by Theorem 6.4.2, continuous, and thus also g would be 
continuous.) We define the convex function F': D; — R by 


P=f+g. 


Thus F is locally unbounded below at any point of R’. Consequently the set 


T = {x € D, | F(x) > 0} (10.6.8) 

does not belong to D(D;): 
T ¢ D(Dj). (10.6.9) 

We are going to show that 
T € (D2). (10.6.10) 


To this aim take an a € BN D2 and an arbitrary set A which is Q-convex and 
Q-radial at zero, 0 € A. Consequently there exists an ¢ > 0 such that for every 3 € Q 
with |G] < € we have 

3b; € A, QS Lawes lV, 


and clearly we can choose ¢ rational. Let 


C= Q({teb; }i=1.... n)- 


The set clC is convex (cf. Exercise 5.2). Since for every i = 1,...,N the rational 
segment Q(—eb;,¢b;) is contained in C, the real segment —eb;,eb; is contained in 
clC. Hence it follows easily that 0 € int cl C. Consequently there exists an open ball 
S centered at the origin and contained in cl C: 


Scale. (10.6.11) 


Since a € Dg, and Dz is open, there exists a small ball around a contained in D2. In 
other words, there exists a A € QM (0,1) such that 


a+AS Cc Do. 


Take an arbitrary u € (a + AS) \ D1. (Note that (a + AS) \ Di # @, since a is a 
frontier point of D,.) We have (u+AS)D; # @, since a € B, and since by (10.6.11) 
AS Cc clC, also (u+clC)N D, 4 @ and (u+C)N D, 4 S. Consequently there exists 
acéC such that u+ceE Dj,. Put 


s=inf{EEeQn[0, 1]|u+éEce Dy}. (10.6.12) 


Since € = 1 belongs to the set on the right-hand side of (10.6.12) and D, is open, we 
have 
s<l, 


and since D, is convex, for every € € (s, 1] Q we have u+ €c € Dj, whence 


F(u + &c) = f(ut &c) + glu) + €g(c). 
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Now, cE CC Eq ({bi,..-,bw}), so there exist a1,...,ay € Q such that c = a, 6) + 
++» + ay by. Since b; 4 ho for i= 1,...,.N, we obtain hence by (10.6.7) 


g(c) = a1go(b1) +--- + ango(bn) = 0, 


and 
F(ut+ &c) = f(u+ ce) + g(u). 
Since u ¢ D; and u+ &c € Dy, and by (10.6.6) f becomes infinite at the frontier of 
Dy, there exists an 7 € QM (s,1) such that F(u+ nc) > 0. According to (10.6.8) this 
means that u+ nc € T. 
Now, +¢b; € A,i=1,...,N, whence 


C= Q({ £ eb; }izi,..,n) C Q(A) = A, 


since A is Q-convex. Consequently c € A, and nc = nce+ (1—7)0 € A. Thus u = 
(u +c) — nc € T — A. Since u could have been arbitrary in (a+ AS) \ Di, we infer 
that 


(a+AS)\ Di CTA. (10.6.13) 
Similarly, for arbitrary u € (a+ AS) M Di we have (u+C)\ Di # @, and so 
there exists ac € C such that u+c¢ D,. Let 
s=sup{&e€Qn[0, l]|u+éEce Dy}. 
Since u € D, and D, is open, we have s > 0. By the convexity of Dy w+ &c € D, for 
every €€ QN (0, s), and 
F(u+ &c) = f(ut &c) + g(u) + €9(c) = f(ut €c) + g(u). 


Thus we can find an 7 > 0 such that F(u+ nc) > 0. Similarly as above we show that 
u € T — A, whence 
(a+AS)ND, CT -A. (10.6.14) 


Relations (10.6.13) and (10.6.14) prove that a+ AS C T— A, ie., 
a € int(T — A). 

By Lemma 10.6.1 we obtain hence (10.6.10). Relations (10.6.9) and (10.6.10) show 

that T € D(D2) \ D(D1). 


10.7 The classes Ac and Bo 


The classes 2¢ and Bc have been defined in 9.8. We do not know any characterization 
of these classes, but we do know that they differ from the classes 2% and %. The 
relations between the classes 2, B, 2%c¢ and Bc have been established by B. Kominek- 
Z. Kominek [171] and Z. Kominek [173]. As pointed out in 9.8 it follows directly from 
the definition that 


Ac C Be. (10.7.1) 
Now we will prove 


Theorem 10.7.1. %o C A. 
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Proof. The inclusion asserted will be proved if we show that if a set TC R™ does not 
belong to 2, then also T ¢ %c. Let T C RN be an arbitrary set such that T ¢ 2. This 
means that there exists a convex and open set D C RN, T C D, and a discontinuous 
convex function f : D— R such that f is bounded above on T: 


f(x) <M for x eT. 


Put 
Ty = {2 € D| f(x) < M}, 


and define the function fF: D— R: 


_ JM for cE Tp, 
Fe= | hy for € D\To. 


Clearly T Cc Tp C D and F | T is continuous (being constant). To prove that F is 
convex, take arbitrary x, y © D. We must distinguish some cases. 


1 
l. cz, yE D\ Tp and 5 (# +y) € D\ To. Then 


p (248) = (248) < LO siw _ Peer 


1 
2. «, y€ D\ To, but 5 (ety) € To. Then 


2 2 = 2 


r (#4) _ ya MIM © f@) +f) _ F@)+FW) | 


1 
3. x, y € To. By Lemma 10.2.2 the set Tp is Q-convex, and thus 5 (x+y) € To. 


Hence 


1 
4. 2€T, ye D\ To, 5 (e+ y) € To. Then 


a+ M+M_ F(x)+M | F(x)+f(y) F(x)+ Fly) 
p (248) == ee oe ee 


1 
5. ET), y€ D\To, 3g (ety) € D\T. Then 


p (248) = (242) < LOAIW < Mofo) _ Fes FY) 


D) 5) - 


The cases where x € D\ To, y € To, are analogous to 4 and 5. 
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Thus F' is convex. Suppose that F’ is continuous in D. Then the set To is closed 
(in D), and hence Lebesgue measurable. Since f is a discontinuous convex function 
bounded above on To, we infer hence in virtue of Theorem 9.3.1 that m(Zo) = 0. 
Consequently m(D \ To) > 0. On D\ To we have f = F, so f | D \ To is continuous. 
By Theorem 9.8.3 f is continuous, a contradiction. Hence F is discontinuous. This 
shows that there exists a discontinuous convex function F such that the restriction 
F | T is continuous. Consequently T ¢ lc. 


Now we exhibit two examples which show that no other inclusion can be asserted. 
First we show that the inclusion in Theorem 10.7.1 is strict. 


Example 10.7.1. Let H Cc R% be a Hamel basis. Put g(h) = 1 for h € H, and let 
f : RN —R be the additive extension of g (cf. Theorem 5.2.2). By Corollary 5.2.2 f 
is discontinuous. Moreover, all the values of f are rational. For every X € Q put 


Ty = {a E RN | f(x) = d}. 


Let {An}nen be a sequence of all rational numbers. We define a new sequence 
{Lin}nen as follows 
M1=A1, 2 =a, 
H3=A1, fa=A2, Hs =Asz, 
6 = 1, bby = Aa, Lig = sz, Lg = Xa, 


Every A € Q occurs in the sequence {/t,}nen infinitely many times. Let 


U, = Te Vie eR” || 2 <a) re neN, 
and a 
PSA} |) the 
n=1 


It is easily seen that the restriction f | T is continuous (f is constant on every Up, 
and the sets U,, are separated). Since f is discontinuous, this shows that 


T ¢ Bo. (10.7.2) 


Now take an arbitrary « € RY, x £0. Let n € N be such that f(x) = An. Then 
1 


1 1 
§ ($2) =5 4) = 5. 
Let I be the straight line passing through the origin and x. Since card! = c, 


whereas f(l) C Q is at most countable, f | 1 cannot be one-to-one. Thus there exist 
a,bé€l,a#b, such that f(a) = f(b), whence f(a —b) = f(a) — f(b) = 0. For every 


ae Qwe have $2-+a(a~8) Eland f (50+ a(a—b)) =1(52) +afa-b)= 


1 1 
f (5 c) = An- Consequently the set (oem is dense on J. 
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It follows from the definition of {n} and {U,} that there exists a k € N such 
that 


1 
Oeie| Sot. mands. fi) = 5 An forall t € Ux. 


Take ay € U,NIN{ x € RN | 2?" < |x| < 22*+1} CU; C T lying on the same semiline 


1 1 
of | as x, and put z = x — y. Obviously f(z) = f(x) — f(y) = An - 5 eS 5 An: 
Moreover, z € 1, whence 2?*-! < |z| < 2?*+!, whence z € Ux C T. Consequently 


x=yt2z2eT+T. Evidently also 0 € T+ 7, whence T+ T = R%. By Theorem 
9.3.3 T € A, and by Theorem 10.2.2 T € B. Thus by (10.7.2) T € B\ Be = A\ Be, 
whence in virtue of (10.7.1) T € A\ Ac. 


Example 10.7.1 shows also that the condition int S2(T) 4 @ is not sufficient for 
TEAC nor T € Bo. 


Example 10.7.2. For every « € R™ we write x = (&,...,€v), & € R, i= 1,...,N, 
and let 
PAE=7 0K eROPe i) Ney ara C1 eR ee) 


be the usual orthonormal base of R% over R. Put 
V={eeE RY |&50,...,€ 20, &+--+év <I} 


and 
Vo = {x ER | xe Vand & €Q,..., En € Q. 


We have Vo C V, moreover Vg is dense in V. Also e1,...,en € V and intV 4 2, 
whence by Lemma 9.3.1 V € 2, and by Corollary 9.3.2 V contains a Hamel basis. 
Hence it follows that E(V) = RY. Since e1,...,ey are linearly independent over R, 
they are also linearly independent over Q. By Lemma 4.2.1 there exists a Hamel basis 
H of RN such that 

€1,-.--,enE Hcy. (10.7.3) 


Define go : H — R by go(h) = 1 for h € H, and let g: RY — R be the additive 
extension of go (cf. Theorem 5.2.2). Let 
T ={reE RY |0< g(x) < 1}. 
By Corollary 5.2.2 g is discontinuous, and since g is bounded on T’,, we obtain 


Tee. (10.7.4) 


Moreover, g | H = go = 1, whence H C T. Also, if x € Vo, then = ;e,; +---+Enen 
with & € QN (0, co), &: +--- + €ny <1. Hence by (10.7.3) g(x) = €:g(e1) +--+ + 
Eng(en) = €190(e1) a Engo(en) =&t--+Ev € (0, 1). Thus Vo C T. 

Let f : RN — R be an arbitrary additive function such that the restriction 
f | T is continuous. Put c; = f(e;), i= 1,...,N, and c = (q1,...,en) € RX. For 
xe Vo, ©=(f1,...,€n), we have 


f(x) = f(fe1 +--+ + Even) = fi f(ei) +--+ + En flen) = 1e1 + +++ + Even = cz. 
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Take an arbitrary h € H C V. Since Vg is dense in V, there exist x, € Vo, n EN, 
such that 
lim w, = h. (10.7.5) 


We have Vo UH CT and f | T is continuous, so (10.7.5) implies that 
lim f(a) =f(h), ie, f(h) = lim cr, =c lim 2, = ch. 


n— oo n—- co 


Consequently for h € H we have f(h) = ch. By the uniqueness part of Theorem 
5.2.2 f(x) = ex in RN, ie., f is continuous. Consequently T € Bc and by (10.7.4) 
T € Bc \€. By (9.1.1) T € Be \ B and T € Be \ A, whence in virtue of Theorem 
10.7.1 T € Bo \ Ac. 


Gathering together the conclusions following from the above examples, we have 
the following 


Theorem 10.7.2. A\%c 4 BS, B\ BoA DB, BO\ BF BS, Bo\Ac # @ and 
Bo\CA#@. 


We conclude this section with the following 


Theorem 10.7.3. Let T C R% be an arbitrary set. IfT € Ac, then T contains a Hamel 
basis. 


Proof. This is a consequence of Theorem 10.7.1 and Corollary 9.3.2. 


Investigations similar to those contained in 10.5, but for classes %o and Bo, 
were carried out by Z. Kominek [174]. 


Exercises 


1. Let TC R% be an arbitrary set. Show that if T € 2, then also —T € &. 

2. Let T C R® be an arbitrary set. Show that if T € 2, then also aT’ + b € & for 
arbitrary a € Q\ {0}, bE RX. 

3. Let T C R% be an arbitrary set. Show that if T € €, then also aT +b € € for 
arbitrary a € R\ {0}, bE RY. 

4. Let T C R% be an arbitrary set. Show that if T € 2, then also aT + b € & for 
arbitrary a € R\ {0}, b € RY. (Generalization of Exercise 10.2). 

5. Let T C R% be an analytic set such that E(T) = R%. Show that, for every 
a €R\ {0} and bE RN, we have E(aT + b) = RX. 

(Hint: Use Exercise 10.3]. 

6. Let C C R be the Cantor set, and let C% be the N-fold cartesian product 
of C. Show that CY € Ay. (Note that C% is nowhere dense in R%, and of 
N-dimensional measure zero.) 

7. Let D C RN bea convex and open set, and let T C D be an arbitrary set. Show 
that if T € D(D), or T € Be, then T contains a Hamel basis. 

8. Let T C R% be the set constructed in Example 10.7.1. Show that T does not 
contain an analytic subset containing a Hamel basis. 


Chapter 11 


Properties of Hamel Bases 


11.1 General properties 


We recall that a Hamel basis is any base of the linear space (RY ;Q;4; -). We have 
constructed Hamel bases already many times in this book. Theorem 4.2.1 (cf., in par- 
ticular, Corollary 4.2.1) asserts that there exist Hamel bases. More exactly (Lemma 
4.2.1), for every set A C C C R® such that A is linearly independent over Q, and 
E(C) = RN, there exists a Hamel basis H of RN such that A C H C C. In particular, 
every set belonging to any of the classes A = B, €, O(D), Ac, Bo contains a Hamel 
basis (Theorems 9.3.6 and 10.7.3 and Exercise 10.7). On the other hand, we have the 
following 


Theorem 11.1.1. No Hamel basis belongs to any of the classes A = B, €, D(D), Ac, 

Bo. 

Proof. Let H C R% be a Hamel basis. Let the function g : H — R be defined by 
g(h) =1 for h € H, 


and let f : RY — R be the additive extension of g (Theorem 5.2.2). By Corollary 
5.2.2 f is discontinuous. f | H = g = 1 is bounded and continuous, which shows that 
HT does not belong to €, nor to Bc, and hence H GA =BcCEC, Hg D(D) Cc A and 
A ¢ AoC Be. 


Theorem 4.2.3 says that every Hamel basis has the power of continuum. Conse- 
quently the linear space R% over Q is infinitely (continuum) dimensional. 

Every additive function f : RY — R can be prescribed arbitrarily on a Hamel 
basis (Theorem 5.2.2), and then uniquely extended onto RY. 

Now we prove the following (Kuczma [179]) 


Theorem 11.1.2. Let C C R™ be a cone, and suppose that C contains a cone-base'. 
Then C ¢ B. 


1 Of! 4:9" 


282 Chapter 11. Properties of Hamel Bases 


Proof. Let B C C be a cone-base of C’. Since B is linearly independent over Q, there 
exists a Hamel basis H of RN such that B C H. Define the function g : H > R by 


g(h) = -1 for h € H, 


and let f : RY — R be the additive extension of g. By Corollary 5.2.2 f is discontin- 
uous. C = E*(B), consequently every x € C can be written as 


P= Ds .ay bi, a, € QN (0, ov), b; € B, i=1,...,n. 
i=1 
For such an x we have 
f(z) = do aif(bi) = So aig(bi) = -— Sai <0. 
i=l i=1 i=1 


Thus f is bounded above on C, which shows that C ¢ 8. 


Theorem 11.1.2 justifies the claim made in 4.2 that only very small cones may 
have a cone-base. In particular, we obtain from Theorem 11.1.2 and Lemma 9.3.1 the 
following result of J. Aczél and P. Erdés [9] 


Corollary 11.1.1. There does not exist a cone-base of [0,00) C R (over Q). 


Let H C R% be a Hamel basis. Then H is a cone-base of E+(H). By Theorem 
11.1.2 E+(H) ¢ 8. But evidently R(E+(H)) = E*+(H) — E+(H) = B(H) = RY. 
Hence we obtain (Erdés [76]). 


Corollary 11.1.2. There exists a set T C R% which does not belong to the class B 
and such that R(T) =RN. 


Corollary 11.1.3. The condition int R(T) 4 @ is not sufficient for T € B. 
This, together with Theorem 9.3.5, yields another proof of Theorem 9.1.1 (B # €). 


11.2 Measure 


Theorem 11.2.1 below is due to W. Sierpiriski [276] (cf. also Marcus [216], Abian [1], 
Kuczma [189]). 


Theorem 11.2.1. Let H C R™ be a Hamel basis. Then m;(H) = 0. 


Proof. This results from Theorems 11.1.1 and 9.3.1. 


Corollary 11.2.1. Jf H C R™ is a Hamel basis, and A C H is a Lebesgue measurable 
set, then m(A) = 0. 


In particular, every measurable Hamel basis has measure zero. 

It is worthwhile to observe that there exist measurable Hamel bases. In Chapter 
9 we saw that in every space R% there exist measurable sets JT € 2% of measure 
zero. By Corollary 9.3.2 every such set contains a Hamel basis, which necessarily is 
Lebesgue measurable and of measure zero. 

Now let H C R% be a Hamel basis, and let Hp C H be a finite or countable 
subset of H. We have (Sierpiriski [276]) 
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Theorem 11.2.2. Jf H C R™ is a Hamel basis, and Ho C H is a finite or countable 
set, then the set E(H\ Ho) is saturated non-measurable and has property (*) from 3.3. 


Proof. First suppose that E(H \ Ho) is Lebesgue measurable and of measure zero, or 
E(H \ Ho) is of the first category. Take an arbitrary  € RY. Then 


n 
c= S > ahi, a, €Q, h, € A, = Dros 
i=1 


Let h; € H\ Ho fori=1,...,k, and h; € Ho fori =k+1,...,n. Then 


k n 
u=S ahi€ E(H\ Ho), v= S> ahi € E(Ho), 
t=1 t=k+1 


(u=0ifk=0,v=O0ifk=n), andx=u-+v. This means that RY = E(H \ Ho) + 


RN= |) E(H\HAo)+v. (11.2.1) 
ve E(Ho) 


By Lemma 4.1.3 the union in (11.2.1) is countable. Thus our supposition leads to the 
conclusion that R% itself is of measure zero, resp. of the first category, which is not 
the case. Consequently me(E(H \Ho)) > 0, and E(H \ Hp) is of the second category. 

Next observe that every proper linear subspace of R™ over R (a k-dimensional 
hyperplane, where k < N) is of measure zero and of the first category (even nowhere 
dense). Since E(H\ Ho) = Eo(H\Ho) C Er(H\ Ho), we must have Eg(H\ Ho) = RX. 
By Lemma 4.2.1 there exists a base B = {bi,...,bn} C H \ Ho of R% over R. The 
set H, = Ho UB is finite or countable, and therefore we may replace Hp by Hj in the 
argument above. Consequently me(E(H \ H1)) > 0, and E(H \ H;) is of the second 
category. 

In virtue of Lemma 4.2.3 the set E(B) is dense in RY. 

As is easily seen (cf. the argument above), we have 


E(H \ Ho) = E(H \ Hy) + E(B). 


By Theorems 3.6.1 and 3.6.2 m;(R% \ E(H \ Ho)) = 0 and every set T C R \ E(H \ 
Ho) with the Baire property is of the first category. Suppose that m;(E(H\ Ho)) > 0, 
or E(H \ Ho) contains a set of the second category and with the Baire property. 
By Theorem 4.3.3 there exists an additive function f : RY — R such that Ker f = 
E(H\ Ho). Since B C H\ Ho, we have E(B) C E(H\Ho), whence it follows that Ker f 
is dense in RY. If f were continuous, we would obtain hence E(H\ Ho) = Ker f = RX, 
which is impossible. Consequently f must be discontinuous. But f is zero (and hence 
bounded) on E(H \ Ho), and thus, by Theorem 9.3.1 resp. 9.3.2 it is continuous. 
This contradiction shows that m;(E(H \ Ho)) = 0 and E(H \ Ho) cannot contain a 
set of the second category and with the Baire property. Consequently E(H \ Hp) is 
saturated non-measurable and has property («) from 3.3. 
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Theorem 11.2.2 shows that the existence of non-measurable sets can be derived 
directly (without a use of the Axiom of Choice or of an equivalent statement) from 
the existence of a Hamel basis. Of course, the Axiom of Choice is inherent in the 
existence of a Hamel basis, but once we know that a Hamel basis exists, then we 
are able to construct non-measurable sets by elementary devices, without making a 
further appeal to the Axiom of Choice (Sierpiriski [276]). 


The next theorem (Kurepa [199]) shows a certain irregularity of the operation “+”. 


Theorem 11.2.3. There exist measurable sets A, B C R% such that the set A+ B is 
non-measurable. 


Proof. Let H C R% be a measurable Hamel basis. Then also all sets AH with \ € Q 
are measurable. 
We have 


RN=(J) (LJ (id +--++ Anz) (11.2.2) 


(cf. the proof of Theorem 9.3.7, in particular formula (9.3.10)). Put g(h) = 1 for 
h € H, and let f : RY — R be the additive extension of g (Theorem 5.2.2). By 
Corollary 5.2.2 f is discontinuous. 
Fix Aq,...,An € Q, and let = max(|Aj|,-.-,|An|). Every & © AV +--+: +An 
has a form 
x=Ayhy+---+Anhn, 


with hy,...,h», € H. For such an x we have 
f(x) = AMf(hi) +++ +Anf(hn) = Arg(h1) + +++ + Ang(An) 
= Artes +An < [Ar] +--+ + [An| < np. 


Thus f is bounded above (by nu) on A; H+---+A,H, whence \;}H+---+An,H ¢ B. 
It follows in virtue of Theorem 9.3.1 that 


mi(MH +-+++ AnH) =0. (11.2.3) 


Consequently all summands in (11.2.2) have inner measure zero. But since the union 
in (11.2.2) is countable, they cannot all have the outer measure zero. 

Let no € N be the minimal positive integer such that there exist A1,..., An, € Q 
such that 

me(A1H +--++AnyH) > 0. (11.2.4) 

By what has been said at the beginning of the proof no > 1. It follows from (11.2.3), 
(11.2.4) and Theorem 3.1.2 that the set Ay H +--:+An,H is non-measurable, whereas 
by the minimal property of no and by Theorem 3.1.3 the set A1yH + +--+ An 1H is 
measurable (and of measure zero). Also the set An. H is measurable. 

Now, we have 


MA + +++ + Ano H = (ArH + +++ + Xng-1 A) + (Ano). (11.2.5) 


Our theorem results now from (11.2.5) with A = A,H +---+ An ,-1H and B = 
Ano H. 
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11.3 Topological properties 


Theorems 11.3.1, 11.3.2 and Corollary 11.3.1 (Sierpinski [282]; cf. also Marcus [216]) 
are topological analogues of Theorems 11.2.1 and 11.2.3 and of Corollary 11.2.1. 
Theorem 11.3.1 results from Theorems 11.1.1 and 9.3.2, whereas the proof of Theorem 
11.3.2 is identical as that of Theorem 11.2.3. 


Theorem 11.3.1. Every subset T of a Hamel basis such that T has the Batre property, 
is of the first category. 


Corollary 11.3.1. If a Hamel basis H C RN has the Baire property, then H is of the 
first category. 


Again we may observe that there exist Hamel bases H C R™ which are of the 
first category, or even nowhere dense (and hence have the Baire property), since in 
every space R there exist sets T’ € 2% (and consequently containing a Hamel basis; 
cf. Corollary 9.3.2) which are nowhere dense in RY. 


Theorem 11.3.2. There exist sets A, B C RN with the Baire property and such that 
A+B does not have the Batre property. 


As an immediate consequence of Theorems 11.1.1 and either Theorem 9.3.7 or 
Theorem 9.8.1 we obtain the following (Sierpiriski [276], Jones [158]) 


Theorem 11.3.3. No Hamel basis is an analytic set. 
From Theorem 11.3.3 and Theorem 2.5.6 we immediately get (Sierpiriski [276]) 
Corollary 11.3.2. No Hamel basis is a Borel set. 


Also the topological part of Theorem 11.1.2 belongs in this section. 
11.4 Burstin bases 


In 11.2-11.3 we saw that there exist very small Hamel bases: of measure zero and 
nowhere dense. Now we will try to answer the question: how large a Hamel basis can 
be. Theorems 11.1.1, 11.2.1 and 11.3.1 suggest that not too large. However, as we will 
presently see, there exist quite large Hamel bases. 

Let X C R%. A Hamel basis H C X is called a Burstin basis relative to X iff 
H intersects every uncountable Borel subset of X. A Burstin basis relative to RY is 
simply called a Burstin basis. (After C. Burstin, who in Burstin [89] first considered 
similar constructions. Cf. also Abian [1], Kuczma [189]). 


Theorem 11.4.1. If the set X C R% is of the full measure (i.e., m(RN \ X) = 0), 
then every Burstin basis relative to X is saturated non-measurable. 


Proof. Let H Cc X be a Burstin basis relative to X, and suppose that H is not 
saturated non-measurable. In view of Theorem 11.2.1 this means that m;(R% \H) > 0. 
Thus there exists a closed set F C R% \ H with m(F) > 0. Since H CX, we have 
RY \H = (R‘\X)U(X\H), whence F = FN(RX\H) = [FA(RX\X)]ULFn(X\48)], 
and 

FO(X\#H)=F\ [Fo (RY \ X)]. (11.4.1) 
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Since m(RN \ X) = 0, also the set FM (R% \ X) is measurable and of measure zero. 
F is measurable, being closed. Evidently FM (R™ \ X) C F, thus (11.4.1) implies 


m[ F(X \ H)] =m(F)—m[ Fn (RX \ X)] = m(F) > 0. 


Consequently there exists a closed set K C F(X \ H) with m(K) > 0. Hence 
it follows that K is uncountable. (Otherwise we would have m(K) = 0). K, being 
closed, is a Borel set, and we have K Cc X. Thus by the definition of a Burstin basis 
we have HM K # 2, which contradicts the relation K C X \ H. 


A topological analogue of Theorem 11.4.1 is the following 


Theorem 11.4.2. If the set X C RN is residual, then every Burstin basis relative to 
X fulfils condition (*) from 3.3. 


Proof. Let H Cc X be a Burstin basis relative to X, and suppose that H does not 
fulfil (*). In view of Theorem 11.3.1 this means that the set R% \ H contains a subset 
E of the second category and with the Baire property. Thus 


E=(GUP)\R, 


where G is open and non-empty (since F is of the second category), and the sets P, R 
are of the first category. G, being open, is in particular of class Gs and 


G\ (GN E)=G\ E=GnE =Gn [(GuP)/ UR] CGNRCR, 


whence G \ (GN E) is of the first category. By Theorem 2.1.3 there exists a set 
FCGNEC Esuch that F € Gs and G\ F is of the first category, whence it follows 
that F is of the second category. We have F C E Cc RN \ H, whence 


F=F(R% \ 8) =([FO(X\ 8) U [F(R \ xX), 


whence (11.4.1) follows. Since X is residual, R% \.X is of the first category, and hence 
also F \ [F(X \ H)] = Fn (RX \ X) is of the first category. Again by Theorem 
2.1.3 there exists a set K C F(X \ H) such that K € Gs and F \ K is of the first 
category. Consequently K is of the second category, and thus uncountable. Since K 
belongs to Gs, it is a Borel set, and we have K C X. Consequently HN K 4 @, which 
contradicts the relation kK CX \ H. 


Taking X = R™ we obtain from Theorems 11.4.1 and 11.4.2 


Corollary 11.4.1. Every Burstin basis is saturated non-measurable and has property 
(*) from 3.3. 


We see that a Burstin basis yields an example of a comparatively “large” Hamel 
basis. The obvious question arises as to the existence of a Burstin basis. Presently we 
will answer this question. 


Theorem 11.4.3. Let X C R™ be a Borel set such that E(X) = R. Then there exists 
a Burstin basis relative to X. 
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Proof. Let F be the family of all uncountable Borel subsets of X. Note that if we 
had card X < No, then by Lemma 4.1.3 we would have cardR% = card E(X) = No. 
Consequently X must be uncountable, and thus X € F. Consequently F 4 ©. 

By Theorem 2.3.4 we get, since F c B(RY), 


card F < card B(RY) =. (11.4.2) 


On the other hand, for every « € X the set X \ {x} is an uncountable Borel subset of 
X, and hence belongs to ¥. Thus F contains the family {X \ {c}} ex: Consequently 


card F > card X =c¢ (11.4.3) 


(cf. Theorem 2.8.3). Relations (11.4.2) and (11.4.3) show that card F = c. 
Let (cf. 1.5) 
A= {ae M(c)|a=c}, 


and let y be the smallest element of A. It follows from Theorem 1.7.1 that A #4 @, and 
thus y exists in virtue of Theorem 1.4.3. Thus 7 = c, but for every ordinal number 
a<~ywe have@ <c. 

Since cardI'(y) = 7 = ¢ = cardf, there exists a one-to-one mapping f : T(y) > 
F which is onto. For every a € ['(y) write Fy = f(a) € F. Thus we have arranged F 
into a transfinite sequence F = {Fy}a<y of type ¥. 

Now we define a transfinite sequence {ba}a<y of elements of X, and for every 


a<ywe put Ba = U {bg}. As bo we take an arbitrary element of Fo with the only 
B<a 
restriction bo 4 0: 


bo = w(Fo \ {0}), (11.4.4) 


where w: P(X) \ {@}— X is a choice function (cf. 1.1). Having already defined bg 
for 0<a<7, we take 
by = w(Fo \ E(Ba)). (11.4.5) 


Since card By = @ < c, we have by Lemmas 4.1.3 and 4.2.2 card E(Ba) < ¢, whereas 
by Theorem 2.8.3 card Fy = ¢. Consequently Fy \ E(Ba) 4 @, and bg is well defined. 
By Theorem 1.6.2 there exists a transfinite sequence {ba}a<y fulfilling (11.4.4) and 


(11.4.5) for every a < 7. Let B= U {ba} = U Ba. We will prove by transfinite 
ac a<y 
induction that B is linearly independent over Q. 


First we prove that for every a < y the set BE = ByU {ba} = VU {be} is 
BKa 


linearly independent. For a = 0 we have Bj = {bo}, which is linearly independent, 

since bo # 0. Assuming that Bj are linearly independent for 9 < a, we check that 

the set LU Bj also is linearly independent. In fact, let CC Xv Bz be any finite set, 
B<a <a 

C = {bg,,...,08,}, where 6; < a fori =1,...,k. Put @ = max(G1,..., 8%) < a. We 

have §; < 6 fori=1,...,k, and since BZ, C Bj, for 3! < B", we have Be, C Bz for 

i=1,...,k, and so bg, € Bg, C B3 fori=1,...,k. Hence C Cc Bj. Since 6 < a, the 
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set B% is linearly independent, and consequently also C’ is linearly independent. This 


shows that the set LU) Bj is linearly independent. 
B<a 


Now, U Bs = Ba, and by (11.4.5) ba ¢ E(B). By Lemma 4.1.2 the set 
B<a 
B* = Ba U {ba} is linearly independent. 
Thus by Theorem 1.6.1 the sets B® are linearly independent for all a < y. By 


the same argument as above the set B= |J B= is linearly independent. 
acy 


By Lemma 4.2.1 there exists a Hamel basis H such that B C H Cc X. Let 
F Cc X be an uncountable Borel set. Then F € F, and hence there exists an a < ¥ 
such that F = F,. Then bg € F (cf. (11.4.5)), and by € BC H, whence by € FN, 
and F  H # ©. This proves that H is a Burstin basis relative to X. 


Taking in Theorem 11.4.3 X = RY, we obtain 
Corollary 11.4.2. There exists a Burstin basis. 


Let D C R% be a dense and countable set. Since D is countable, m(D) = 0, 
and hence for every n € N there exists an open set G,, such that D C Gy, and 
co 


m(Gn) <n-t. Put A= () Gn, B= RY \ A. Then A € Gs, and hence B € F,. Since 


D CA, A is dense and eB # @. By Lemma 2.1.1 B is of the first category, i.e., A 
is residual. (In particular, A is of the second category and with the Baire property, 
whence by Theorem 9.3.2 A € 2). We have m(A) < m(G,) < n~! for n € N, whence 
m(A) = 0. Hence B is of the full measure. (In particular, m(B) = co > 0, whence by 
Theorem 9.3.1 B € A). Thus A and B are uncountable Borel sets, and by Corollary 
9.3.2 E(A) = E(B) = RN. By Theorem 11.4.3 A contains a Burstin basis H; relative 
to A, and B contains a Burstin basis Ho relative to B. By Theorem 11.4.1 Ho is 
saturated non-measurable, whereas by Theorem 11.4.2 Hy has property (*) from 3.3. 
Since m(A) = 0, also H; has measure zero, and since B is of the first category, so is 
also Hy. Hence we obtain 


Corollary 11.4.3. There exists a Hamel basis which is of measure zero and has property 
(«) from 3.3, and there exists a Hamel basis which is of the first category and is 
saturated non-measurable. 


11.5 Erdds sets 


Let H C R% be an arbitrary Hamel basis. With every such a basis we associate the 
set Z(H) defined as follows (Erdés [76]) 


Z(H) ={x Ee RN | a= Kyhit-+++hnhn, mj CZ, hy € H,i=l,...,n; n EN}. 
(11.5.1) 
The set Z(H) will be referred to as the Erdés set associated with the basis H (Kuczma 
[188]). 
Before proving more sophisticated properties of Erdés sets let us first observe 
some simple facts. 
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Lemma 11.5.1. For every Hamel basis H C RN we have 
Z(H) + Z(H) = Z(#). (11.5.2) 


Proof. If x and y are linear combinations with integral coefficients of elements of H, 
then so is also «+ y, which shows that 


Z(H) + Z(H) C Z(H). (11.5.3) 
On the other hand, always 0 € Z(H) (take in (11.5.1) all «; = 0), whence 


Z(H) = Z(H) +0 c Z(H) + Z(H). (11.5.4) 


(11.5.3) and (11.5.4) yield (11.5.2). 


Lemma 11.5.2. For every Hamel basis H C R% and for every 2 € R™ there exists a 
k EN such that kx € Z(H). 


Proof. There exist A1,...,An € Q and hy,...,hn € H such that 
w= Ayhy +--+ +Anhn.- 


Let k be a common multiple of the denominators of \1,...,An. Then kAy,...,kAn € 
Z, and so by (11.5.1) 


ka = kAyhi +--+ + kAnhn € Z(H). 


Corollary 11.5.1. For every Hamel basis H C R% we have 


RN = U ~ Z(H). (125.5) 


oo el 
This shows that RY c J — Z(H). The converse inclusion is obvious. 
n=1 1 


Lemma 11.5.3. For every Hamel basis H C R™ the set Z(H) is dense in RN. 


Proof. Take an arbitrary « € RX. By Lemma 11.5.2 there exist k, 1 € Z such that 
l 

ka € Z(H) and V2 lx € Z(H). Hence also pka + ql/2 2 =k (>+a7v2) x € Z(H) 

for every p, g € Z. But by Lemma 3.8.1 the set 


1 
{reR|t=p+a7 vin cer} 
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is dense in R, so there exist sequences {pn}nen and {dn}nen, Pn; dn € Z for n EN, 
such that : 
; = 1 
lin. (e+ V2) =F 


l 
Put zp, = (on +0 zk v3) xz, n€N. Then ka, € Z(H) forn € Nand lim ka, =z. 


Consequently Z(H) is dense in RY. 


Theorem 11.5.1. For every Hamel basis H C RN the set Z(H) is saturated non- 
measurable and has property (*) from 3.3. 


1 
Proof. Take an ho € H. Then, for every « € Z(H), we have 5 hota ¢ Z(H), ie., 


1 1 
Z(H) is disjoint with 5 ho + Z(H). By Lemma 11.5.3 the set 5 ho + Z(H) is dense 


in R", consequently 
int Z(H) = 2. (11.5.6) 
It follows from (11.5.2), (11.5.6), and Theorems 2.9.1 and 3.7.1 that m;(Z(H)) = 0 
and Z(H) does not contain any subset of the second category and with the Baire 
property. If we had m(Z(H)) = 0, or if Z(H) were of the first category, then according 
to (11.5.5) the same would be true about R%, which is not the case. Consequently 
me(Z(H)) > 0 and Z(H) is of the second category. 
Theorems 3.6.1 and 3.6.2 now imply in virtue of relation (11.5.2) and Lemma 
11.5.3 that m;(R% \ Z(H)) = 0 and RN \ Z(H) does not contain any subset of the 
second category and with the Baire property. Hence the theorem follows. 


Independently of how small Hamel basis H we start from, Theorem 11.5.1 asserts 
that the corresponding Erdos set is always large. This fact is also reflected in the 
relation 

Z(H) € A. (11.5.7) 
Relation (11.5.7) (Ger [98]) has already been mentioned in the proof of Lemma 9.3.1, 
but we will prove here a stronger result (Kuczma [188]; cf. also Kuczma [180]). 


Lemma 11.5.4. For every Hamel basis H C RN and every non-empty open set GC RN 
we have 
GN Z(H) € 2. (11.5.8) 


Proof. First consider the case where 0 € G. Let f : RY — R be a discontinuous 
additive function. 

Since RN = E(H) = Eo(H) C Er(H) C RN, we have Ep(H) = R%, and thus, 
by Corollary 4.2.2, H contains a base {b,,...,bn} of R% over R. Every x € R™ can 
be uniquely represented as 


g=271b,+---+2ynbn, 
and x1,...,2y depend on x in a continuous manner. We have, since f is additive, 


f(x) = f(aibi) +++ + f(anbw) = vila) +--+ + yn (an), 
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where 9; (t) = f(tb;). If all functions y,...,yN were continuous, so would also be 
f, so there exists an 79, 1 < i9 < N, such that y,, is discontinuous. In the sequel we 
suppress the index ig and write y instead of y,;, and b instead of b;,. Note that b € H. 

It is easily seen that y : R — R is an additive function. If we had y(t) = p(1)t, 
y would be continuous, consequently there exists a u € R such that y(u) ¥ p(1)u. 
Write 

p(u) = p(ljute (11.5.9) 

so that c 4 0. It follows from Theorem 5.2.1 that wu is irrational. By Lemma 11.5.2 
there exists a k € N such that kub € Z(H), and clearly ku is also irrational. 

For every p, gq € Z we have pb + qkub € Z(H). Write 


D={aER|a=p+qku, p, q€ Z}. 


By Lemma 3.8.1 the set D is dense in R, so there exists a sequence {Qn }nen of 
elements of D such that 


Qn #0 forneN, (i) 
lim a, = 0. (it) 

We have also 
Qnb€ Z(H) forneN. (itt) 


Every a, can be written as pr, + dnku, with pr, dn € Z, n € N. By (it) the 
sequence {a@,,} is bounded. If the sequence {g,} were bounded, also {p,,} would have 
to be bounded, and thus the coefficients p,, and g;,, would assume only a finite number 
of different values. Thus also the sequence {a,,} could only have a finite number of 
different terms, which is incompatible with (i) and (it). 

Thus the sequence {g,} must be unbounded. Note that properties (i)—(iti) of 
{a,} remain unchanged if we replace the sequence {a@,} by {—a,}, or by a subse- 
quence. Consequently we may assume that the sequence {a,,} has been chosen in 
such a manner that 

lim Cd», = +00. (11.5.10) 
n—-Co 


Now, we have by Theorem 5.2.1 and by (11.5.9) 
f (Qn 6) = f(Pnb + dnkub) = f(pnb) + f(drkub) = pr f(b) + nk f (ud) 
= Pn'p(1) + Inkp(u) = (Pn + Gnku)y(1) + qnke = Anp(1) + dnke, 
whence by (iz) and (11.5.10) 


lim f(anb) = +00. (1.5.11) 
By (it) anb € G for n sufficiently large, and thus in view of (17) anb € GN Z(H) 
for n sufficiently large. Relation (11.5.11) shows now that f is unbounded above on 
GN Z(f). 
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Consequently every discontinuous additive function f : RN — R is unbounded 
above on G/M Z(H). Hence it follows that GN Z(H) € B. By Theorem 10.2.2 we 
obtain hence (11.5.8). 

Now let 0 ¢ G, and take an h € GN Z(H). (Such an fh exists in virtue of Lemma 
11.5.3). G—h is a non-empty open set and 0 € G—h, so by the first part of the proof 
we have (G —h)N Z(H) € A. Next 


(G—-h)N Z(H) +h=Gn (Z(A) +h) =GNZ(A), 
for? by Lemma 11.5.1 Z(H) C Z(H)+h C Z(H)+Z(H) C Z(H), and so Z(H)+h= 


Z(H). Consequently (G — h)N Z(H) = GN Z(H) — h. By Theorems 9.2.8 and 9.2.1 
we obtain hence (11.5.8). 


Note that we obtain (11.5.7) from (11.5.8) taking G = RY. 


Lemma 11.5.5. Let H C R% be an arbitrary Hamel basis, and let f : RY — R be a 
discontinuous additive function. Then, for every M © R, the set 


Am ={«x € Z(H) | f(x) > M} (11.5.12) 
is saturated non-measurable and has property (*) from 3.3. 


Proof. It follows from (11.5.7) that there exists an 2 € Z(H) such that d= f(x) > 
0. Write 
Be={xe€ Z(H)|kd< f(x) <(k+1)d}, keEZ. 


First we prove that 


Bryi = Bet Zo, keZ. 5.13) 


(11 

In fact, if « € Be +20, then « = t+ 20, where t € By. Thus t € Z(H) and 
kd < f(t) < (k+1)d. Then by (11.5.2) ¢ =t+29 € Z(H) + Z(H) = Z(H), 
and f(x) = f(t)+ f(vo) = f(t) +d so that (k+1)d < f(x) < (K+ 2)d. Consequently 
x € Bey, and Be +20 C Bri. Conversely, if « € Bryi, then « € Z(H) and 
(k+1)d< f(x) < (k+2)d. Write t = x — xo. Then, since evidently —Z(H) = Z(A), 
we havet € Z(H)—Z(H) = Z(H)+ Z(H) = Z(A), and f(t) = f(x)—f (ao) = f(x)—-d 
so that kd < f(t) < (k +1)d. Consequently t € B, and  =t+ 29 € By +<2o, and 
Bri C Be +20. This proves (11.5.13). 

Relation (11.5.13) shows that all the sets B, are congruent to each other under 
translation, and hence they all have the same measure and category. Clearly 


o) 


+00 
J Be = Z(H). (11.5.14) 
k=—0o 
If the sets By, had measure zero, or if they all were of the first category, then by 


(11.5.14) the same would be true about Z(H), which contradicts Theorem 11.5.1. 
Consequently m.(B,) > 0 for k € Z, and all By are of the second category, k € Z. 


2 Ifh € Z(H), then also —h € Z(H), whence Z(H) —h C Z(H) + Z(H) = Z(H), and Z(H) Cc 
Z(H) +h. 
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For k > M/d we have B, C Am. It follows that, for every M € R, m-(Ay) > 0 
and Ay, is of the second category. 

Suppose that for a non-empty open set G C RN we have GN Ay = @. This 
means that f(z) < M for « € GN Z(H). Lemma 11.5.4 would then imply that f is 
continuous, which is not the case. This shows that, for every M € R, the set Ay, is 
dense in RY. 

Take arbitrary x,y € A1y. Then x € Z(H) and y € Z(H), whence «+ y € 


1 
Z(H)+ Z(H) = Z(#) (cf. Lemma 11.5.1), and f(a) > 5M and f(y) > aM, whence 
1 1 


fiact+ty=f(«x)+fy> gMt 5 M = M. Consequently «+ y € Am, and 


By Theorems 3.6.1 and 3.6.2 mi(R® \ (Aiy + Azys)) = 0 and the set RY \ (Ary + 
A 4 um) does not contain any subset of the second category and with the Baire property. 
It follows from (11.5.15) that also m;(R% \ Ay) = 0 and the set RY \ Ajy does not 
contain any subset of the second category with the Baire property. 

According to definition (11.5.12) we have Ajyy C Z(H). In virtue of Theorem 
11.5.1 m;(Ayz) = 0 and Ay, does not contain any subset of the second category with 


the Baire property. Consequently Aj, is saturated non-measurable and has property 
(*) from 3.3. 


Now we can improve on Lemma 11.5.4. 


Theorem 11.5.2. Let H C R™ be an arbitrary Hamel basis, and let A C R™ be an 
arbitrary measurable set of positive measure. Then 


AN Z(H) €%. (11.5.16) 


Proof. Let f : RN — R be a discontinuous additive function, and let the sets Ajy 
be defined by (11.5.12). By Lemma 11.5.5 and Theorem 3.3.1 we have AN Ay # © 
for every M € R, which means that f is unbounded above on AN Z(H). Thus every 
discontinuous additive function f : RY — R is unbounded above on AN Z(H). This 
means that AN Z(H) € B. By Theorem 10.2.2 we obtain (11.5.16). 


Theorem 11.5.3. Let H Cc RY be an arbitrary Hamel basis, and let A C RY be 
an arbitrary set of the second category and with the Baire property. Then we have 
(11.5.16). 


Proof. Let f : RN — R be a discontinuous additive function, and let the sets Ajz be 
defined by (11.5.12). By Lemma 11.5.5 and Corollary 3.3.1 we have AN Ay 4 @ for 
every M € R, and we argue as in the proof of Theorem 11.5.2. 


Theorem 11.5.4. Let H C R™ be an arbitrary Hamel basis, and let A C R™ be an 
arbitrary measurable set of positive measure. Then 


AN Z(H) € Ac. (11.5.17) 
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Proof. Let D C R% be a convex and open set such that AM Z(H) C D, and let 
f :D—-R be an arbitrary convex function such that the restriction f | AN Z(H) is 
continuous. By the Lebesgue density theorem? (cf. also Theorem 3.5.1) m(AN A*) = 
m(A) > 0. By Theorems 11.5.1 and 3.3.1 AN A* 1 Z(H) # @. Thus there exists a 
point a € AN Z(#) which is a density point of A. Further, because of the continuity 
of f | AN Z(H), there exists a neighbourhood U of a in R™ such that the function f 
is bounded on UN. AN Z(H). Since a is a density point of A and U is a neighbourhood 
of a, m(UN A) > 0. By Theorem 11.5.2 UN AN Z(A) € A, whence it follows that f 
is continuous. This proves (11.5.17). 


Theorem 11.5.5. Let H Cc RY be an arbitrary Hamel basis, and let A C RY be 
an arbitrary set of the second category and with the Baire property. Then we have 
(11.5.17). 


Proof. Let D C R® be a convex and open set such that AM Z(H) C D, and let 
f : D—R be an arbitrary convex function such that the restriction f | AN Z(H) 
is continuous. By Theorems 2.1.5, 2.3.1 and 2.2.1 the set* AM D(A) has the Baire 
property. Moreover, by Theorem 2.1.6 the set A\ D(A) is of the first category, whence 
AN D(A) is of the second category, in view of the relation A = [AN D(A)] U [A \ 
D(A)]. By Theorem 11.5.1 and Corollary 3.3.1 we have AN D(A) Z(H) # @. 
Thus there exists a point a € AN Z(H) at which the set A is locally of the second 
category. Further, there exists a neighbourhood U of a in R™ such that the function 
f is bounded on UM AN Z(H). Since A is of the second category at a and U isa 
neighbourhood of a, the set UM A is of the second category, and since U is open, 
UNA has the Baire property (cf. Theorems 2.3.1 and 2.2.1). By Theorem 11.5.3 
UNANZ(A) € A, whence it follows that f is continuous. This proves (11.5.17). 


Taking in (11.5.17) A = R% we obtain from Theorem 11.5.4 or 11.5.5, for an 
arbitrary Hamel basis H C RY, 


Z(H) € Ac. 


Let us observe that Theorems 9.3.1, 9.3.2, 9.8.3 and 9.8.4 are immediate conse- 
quences of Theorems 11.5.2, 11.5.3, 11.5.4 and 11.5.5, respectively. 

Another example of a set TC R such that AN T € 2 for every measurable set 
A CR of positive measure can be found in Kuczma-Smital [190]. 


11.6 Lusin sets 


In 11.4 we saw that there exist “large” Hamel bases. In 11.5 we encountered the Erdés 
set Z(H) associated with the Hamel basis H, which is “large” independently of what 
Hamel basis H we start with. The fact that in the definition of Z(H) there occur 
positive as well as negative coefficients is essential, as we will presently see. In this 
section we meet very small Hamel bases. 


3 A* is the set of the density points of A; cf. 3.5. 
4 D(A) is the set of those points at which A is locally of the second category; cf. 2.1. 
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Lusin sets were defined in 3.4. W. Sierpitiski [282] proved, assuming the contin- 
uum hypothesis (cf. 1.5) that there exists a Hamel basis which is a Lusin set. This is 
a simple corollary from the following theorem of P. Erdés [76]. 


Theorem 11.6.1. Under assumption of the continuum hypothesis there exists a Hamel 
basis H CR such that E+(H) is a Lusin set. 


Proof. Let F be the collection of all nowhere dense perfect sets in RY. By Theorem 
2.3.4 cardF < c. If N > 1, then every closed segment in R% is a nowhere dense 
perfect set, and there are continuum many closed segments in RY , whence card F > c. 
If N = 1, then every translation C + 2, « € R, of the Cantor set C is a nowhere 
dense perfect set, and there are continuum many such translations. We argue further 
as in the preceding case and arrive at the inequality card F > c. Thus finally we get 
card F =c. 
Under assumption of the continuum hypothesis we have (cf. 1.5) 


card I(Q) =Q=% =¢, 


so there exist functions, one-to-one and onto, f :T(Q) — F and g: T(Q) — RX. For 
a €T(Q) we put Fy = f(a), ta = g(a) so that F = {Fy}aca, RX = {ralaca. Put 


fora <Q 
Be) = | J Fp 
pKa 
Since the sets Fg are nowhere dense, and there are only countably many 6 < a, the 
sets F‘ are of the first category. 


We will define a transfinite sequence {ha}a<q of linearly independent elements 
of RY, and we write H, = U {hg} (Ho = 2), and E* = E(H,), a < . Since there 
<a 


are at most countably many 6 < a (< Q), the sets Hy are at most countable, and 
hence, by Lemma 4.1.3, the sets E® are countable (a < 2). Suppose that hg have 
already been defined for B<a<Q. (If a= 0, no hg have yet been defined so that 
Ho = @, and we assume E° = {0}). Since E® is countable, RY \ E* 4 ©, so there 
exists the smallest 5 < such that x3 ¢ E®. We seek elements u, v € R% such that 
(t) u-v=45; 

(it) For every h € E® \ {0} the set {uw} U {v} U {h} is linearly independent (over Q); 
(iit) For every h € E® and o’, 0” €Q 


out ov+he F™ implies o! + 0” =0. 


Inserting from (i) u= v+ 25, we may express (ii) and (dit) as follows: 
(iv) For every h € E® and o’, o” € Q such that |o’| + |o”| > 0 


(oc +o" )ut+o'x5 +h#0; 


(v) For every h € E® and o’, 0” € Q such that o' + 0” £0 


(oo +o0")\ut+ort+h¢é FO, 
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If for some o’, 0” € Q, v € RN, and h € E® we have (o’ + 0”) v+o0’x%5 +h = 0, then 
o' +o” £0, since otherwise we would have o’rs + h = 0, whence x5 € E®, which is 
untrue. Thus (iv) may be expressed as 


/ 
h 
vF# eilien ’ 
o’ +o" 
or } 
o v5 + E@ 
o’,0"EQ 
oa’ +o0"A0 


Similarly, (v) may be expressed as 


(2) _ ola. — 
o¢é U U ee (11.6.2) 
0’, 0”°EQ hEeko 
o +0" #0 
Every set under the union sign in (11.6.1) is countable, since EL is countable, and 
hence the countable union of such sets is countable, and so of the first category. 
Similarly, every set under the union sign in (11.6.2) is of the first category, just like 
F), and hence countable union of such sets is of the first category. Therefore the set 


o't%5 + E* Fe — plas —h 
ae U (- ao! +o" 7 U U o + 0” 
ao’, 0” EQ o’ EQ hek@ 
a! +o"£0 By et 


is of the first category, and therefore RN \ By 4 @. Let w: P(RY) \ {@} = RN bea 
choice function. If we put 
v=wu(R*\ By), u=vt45, 
then u, v so defined will satisfy conditions (7)—(iiz). Next we define 
ha = U, hati = v. (11.6.3) 


In this way, by transfinite induction (cf. Theorem 1.6.2), we have defined a sequence 
{ha}a<q of linearly independent (compare condition (éi)) elements of RY. Let H = 


U {ha} = U Ha. Then the set H is linearly independent’. We will show that 
a<Q a<Q 


E(H)=R%. (11.6.4) 


Supposing (11.6.4) untrue, there exists an « € RN \ E(H). Then x = x, for a certain 
y < Q. Since Hy, C H for every a < Q, we have x, ¢ E(H.) = E® for every 


5 If H were linearly dependent, then there would exist an a < such that Ha, and hence also Ha+2 
(note that Ha C Ha+2) is linearly dependent. But Ha+2 = HaU{ha}Uf{hat+1i} = {usUfv}UHa C 
{u} U{v} U E® (cf. (11.6.3)). Thus {u} U {v} U B® would be linearly dependent, which contradicts 
(tt). 
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a <Q. Since in the induction step described above the index 6 was minimal such 
that v5 ¢ E%, we must have 6 < + every time. But there are at most countably many 
6<y7 <Q, whereas the induction involves uncountably many steps (at every step we 
define only two elements of the sequence {ha}a<q, and the whole sequence has 1 = ¢ 
elements, and at every step we must take different 6, since by (t) a5 = ha — has+i € 
E(Ha+2) = E°*?). The contradiction obtained shows that (11.6.4) actually holds. 

Thus the set H is linearly independent and fulfils (11.6.4). Consequently H is a 
Hamel basis. It remains to show that Et (#) is a Lusin set. Note that H Cc E*(H), 
and since, by Theorem 4.2.3 H is uncountable, also E*+(H) is uncountable. 

Let F C RN be a nowhere dense perfect set. Then there exists an a < 2 such 
that F = F, c FO. Let 

cre Et(H) NFO, 


Then 
t= Othe, apnea p Onan (11.6.5) 


where 9; are rational and positive, and ha, € H,i=1,...,n. We may arrange hq, in 
such a manner that a1 <-++ <Q». Suppose that an > a. ha,, is either u or v in our 
construction, and possibly adding in (11.6.5) the suitable term with the coefficient 
zero, we may assume that ha, , = u, he, =v. But then ho,,...,ha,_. € Ha,, and 
h= otha, We oe On—2ha,_» € E(Ha,,) = EE, We have © = ht On—-1U + Onv € 
FO) ¢ FO»), whence by (iii) @n—-1 + On = 0. But On—1, Qn are non-negative, and at 
least one of them is strictly positive. Hence 0,-1 + Qn, > 0. This contradiction shows 
that an <a. 

But there are at most countably many @),...,0n € Q and ay <-:- < Qn < 
a <Q. Consequently the set E+(H) 9 F is at most countable, and hence also the 
set E+(H) Fy = E*(H) 1 F is at most countable. Consequently E*(H) is a Lusin 
set. 


Corollary 11.6.1. Under assumption of the continuum hypothesis there exists a Hamel 
basis H C RN which is a Lusin set. 


Proof. Let H be the basis whose existence is ensured by Theorem 11.6.1. Then E*(H) 
is a Lusin set, H C E*(H), and by Theorem 4.2.3 H is uncountable. Consequently 
(cf. 3.4) H also is a Lusin set. 


By a slight modification of the above construction we obtain the following 
(Smital [286]) 


Lemma 11.6.1. Under assumption of the continuum hypothesis, there exists a linearly 
independent set H CR such that E(H) is a Lusin set. 


Proof. Let F = {Fa}aca, {fasaca, and F®) have the same meaning as in the 

proof of Theorem 11.6.1. By the transfinite induction we define a transfinite sequence 

{hatacq of linearly independent elements of R’. Write HY = U {he} fora <Q. 
B<a 

Suppose that hg have already been defined for 3 < a < . We seek a u € R% with 

the properties 
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(vi) {us UA, (Y) is linearly independent; 
(vit) For every h € E(H\) and 9 € Q 

ou+he F™ implies o = 0. 


By Lemma 4.1.2 condition (v2) will be fulfilled if u ¢ E(H®?), and by Lemma 4.1.3 


E(HY) is at most countable (we assume E(H() = {0}), and hence of the first 
category. Similarly, condition (vii) means 


(a) _ 
végVJ U use (11.6.6) 


Q 
EQ () 
oae0 he E(Hs”’) 


Again, the set occurring in (11.6.6) is of the first category. Thus we may take 


olen bud a 


0€9 pe n(H 
040 ( ) 


where w: P(RY) \ {@} > R% is a choice function. Then we put hg = u. 
Thus we have defined by transfinite induction a sequence {ha}a<q, and the set 
H® = VU {ha} = U HS” is linearly independent. But this time it is not true that 
a<Q a<Q 
E(H) =R%, so H™ is not a Hamel basis. Actually E(H)) is a Lusin set. 
To see this, first observe that card H“) = 2 = c, so H“), and hence also 
E(H), is uncountable. Next, suppose that for a certain a < 2 


aé E(H) AF, c E(AY)n FO, (11.6.7) 


Then we have (11.6.5), where 0; € Q, 0; £0, ha, € H™,i=1,...,n3 01 <+++ <a. 
Suppose that an >a, ha, is a u from our construction, and he,,..-,ha,_1 € Ho 
whence h = @iha, +-+:+ On-1ha,_1 € E(H). Hence x = h+ Ont, On # 0, whence 
by (vii) « ¢ F(), and also « ¢ F™ Cc F(™), a contradiction with (11.6.7). By the 
same argument as in the proof of Theorem 11.6.1 we infer that the set E(H)n Fy 
is at most countable for every a < 2. 


Also the next theorem is due to J. Smital [286]. 


Theorem 11.6.2. Under assumption of the continuum hypothesis, there exists a Hamel 
basis H C RN which admits a decomposition H = HYUH®?), HONH®) = o, where 
H® and H®) have the power of continuum, and E(H™)) is a Lusin set. 


Proof. Let H“ be the set occurring in Lemma 11.6.1. By Theorem 4.2.1 there exists 
a Hamel basis H in R% such that H CH. Put H?) = H\ HO, 

By Lemma 11.6.1 E(H“)) is a Lusin set, and card H“) = c, as has been pointed 
out in the proof of Lemma 11.6.1. Suppose that card H) < ¢. Then, by the continuum 
hypothesis, card H®) < Xo, and by Lemma 4.1.3 card E(H®)) < No. Every c € RN = 
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E(H) = E(H) + E(H®)) can be written as = u+v, where u € E(H), v € 
E(H®)). Consequently 


RN= |) (B(H™) +0). (11.6.8) 
ve E(H@)) 


By Corollary 3.4.1 E(H™)) is of measure zero. Consequently also (Z(H) + v) is of 
measure zero for every v € E(H')). Since the union in (11.6.8) is at most countable, 
it follows that the set on the right-hand side of (11.6.8) is of measure zero. The 
contradiction obtained shows that card H() = c. 


11.7 Perfect sets 


Corollary 11.3.2 says that no Hamel basis is a Borel set. The question arises as to 
whether a Hamel basis may contain an uncountable Borel set®. In the case of a Burstin 
basis the answer is “no” (Jones [158]). 


Theorem 11.7.1. Let H Cc R% be a Burstin basis. Then H contains no uncountable 
Borel subset. 


Proof. Suppose that B is an uncountable Borel set and B Cc H. Then 2B also is an 
uncountable Borel set, and consequently HN2B #4 @. Let y € HN 2B. In particular 
y € 2B, ie., y = 2x2, where x € B C H. Thus « € A and 2a = y € H, which is 
impossible, since « and 2 are linearly dependent (over Q). 


But the situation as described in Theorem 11.7.1 is not general. Following 
F. B. Jones [158] we will prove 


Theorem 11.7.2. There exists a Hamel basis H C RN which contains a perfect set. 


Proof. Let {An}nen be a sequence of all rational numbers such that A; = 0. Choose 
arbitrarily xo, yo € RX (ao 4 yo). Then the continuous functions 


fis(z, y)=Att+Azy, 4,9 =1,2, 
have for x = a and y = yo values different from xo and yo except when fi;(%o, yo) = 


Zo or yo. There exist small closed balls Ay, and Ky, of diameter less than 1 and such 
that ro € Ki, yo € Kya, Ki1.N Ki2 = ©, and 


fis(z, y) € Ku U Rie 


for z € Kui, y € Kye, except when fi;(x, y) = x or y. 
By a similar argument me can find closed balls Ko, K22, K23, Ka, pairwise 
disjoint, of diameter less than 3 5, and such that Ko,U Ko2 C Ky, Ko3 UU Ko4C Kyo, and 


4 
dwt AyytrAnz+Amug LJ Ka, 1,5,k,m=1,2,3,4, 
v=1 
6 Or, what ammounts to the same, whether a Hamel basis may contain an uncountable analytic 
subset. In fact, every Borel set is analytic, and every uncountable analytic set contains an uncountable 


Borel subset (a homeomorphic image of the Cantor set C; cf. the proof of Theorem 2.8.3 and Exercise 
2.12). 
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for all « € Koi, y € Koa, z © Ko3, u € Ko4, except when the combination is z, y, z, 
or U. 
In the n-th step we find closed balls Kn1,..., Kn,2n, pairwise disjoint, of diam- 


1 
eter less than —, and such that Ky1U Kno C Kyn-1,..-,-+-,Kpnjgn-1 U Kynar C 
n 
Ky-1,27-1, and 
an 
iio + Aign tan é LJ Knvy  t1y...,4n =1,...,2%, (11.7.1) 
v=1 
for all a1 € Kni,...,2an € Ky.on, except when the combination is one of z,, v = 


doseage 
In this way we have defined a sequence {Kn,}, n € N, vy = 1,...,2”, of closed 
balls with the properties described above. Put 


Peery) Kaas (11.7.2) 


n=1 v=1 


It is easily seen that F' is a perfect set. We will show that F is linearly independent 
over Q. 

Supposing the contrary, let {z1,...,2)} C F be a finite linearly dependent 
system (x; # x; for i # j). Then one of a’s, say 2p, is a linear combination of the 
remaining ones: 


Ly = Ni21 + +++ + Xi, Lp-1- (11.7.3) 
1 
Choose ann € N so that 2” >p, 27> max ik,and—< min |a,—2,|. By 
K=1,...,.p—1 n bv=1,...,.p 
pV 

on 

(11.7.2) we have x1,...,%p-1 € LU Knv, and since the diameters of the balls Kn, 
v=1 


1 
are less than —, every xz lies in a different ball. Choose arbitrarily points Z;, in the 
n 


remaining balls (one in each ball). Then (11.7.3) may be written as 
Lp = Ni 21 free Hf Nip-1Tp—1 + M1 Zp +++++ \yZon. (11.7.4) 


(We may choose the points so that none of them coincides with z,.) All the coefficients 
A; in (11.7.4) fulfil the condition 1 <i < 2”. By (11.7.1) 


an 2” 
Lp ¢ U Knyv, whereas by (11.7.2) LpE FC U Key 
v=1 v=1 


This contradiction shows that F' is linearly independent (over Q). 
By Theorem 4.2.1 there exists a Hamel basis H C R% such that F C H. H is 
the required basis. 


It follows easily from Corollary 11.2.1 and Theorem 11.3.1 that if a Hamel basis 
contains a perfect set F’, then F’ is nowhere dense and of measure zero. 
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11.8 The operations R and U 


The operations R and U were introduced in 9.2: 
R(T)=T-T, U(T)=T+R(Z). 
The iterates of the operations R and U are defined by the recurrence: 


Ri(T) = R(T), U'(T) = U(T), 
Het CP RCRD) > AO OCP). WeeN: 


Since J(T), Q(T) and S,,(T) for all n € N are contained in E* (T), it follows from 
Theorem 11.6.1 that (under assumption of the continuum hypothesis) there exists a 
Hamel basis H such that J(H), Q(H) and S,,(#) for all n € N are measurable sets 
of measure zero. For the iterates of the operations R and U we have, of course, the 
following 


Lemma 11.8.1. For every Hamel basis H C RN and everyn € N we have 


Proof. By Theorems 9.2.3 and 9.2.6 the operations R” and U” are €-conservative for 
every n € N. If we had m;(R"(H)) > 0 or m;(U"(H)) > 0, then by Theorem 9.3.1 
we would get R"(H) € € or U"(H) € €, whence, by Theorem 9.2.2, H € €, which 
contradicts Theorem 11.1.1. 


But, contrary to the case of the operations J, Q, S,, it cannot happen that 
R"(#) and U"(#) are of measure zero for all n € N. The following two theorems are 
due to F. B. Jones [158]. 


Theorem 11.8.1. For every Hamel basis H C RN there exists ann € N such that 
me(R"(H)) > 0. 


Proof. For every non-empty set TC R% we have 0 € R(T), whence 0 € R"(H) for 
alln € N. Hence R"(H) = R"(H) —0 Cc R"(H) — R"(H) = R"*1(H), ie, 


R"(H) Cc R"*1(H), nen. (11.8.1) 


Take an x € Z(H) (cf. 11.5) and an a € H. x may be written as 


k k 
saa Ma ae (hi — a) + la, (11.8.2) 


k 
where ¢; = +1, h; € H(i =1,...,k), l= > & © Z. (Not all h,’s need be distinct). 


We will show that . 
S > ei(hi — a) € R*(H). (11.8.3) 
t=1 
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The proof runs by induction on k. For k = 1 we have hi —a € H — H = R(H), and 
—(hy —a) =a—h, € H— H = R(#). Assuming (11.8.3) true for a k € N, we have 
k4+1 k 


SS e(hi —a y= 52 ex(hy — a) — Exgi(a — hpi). 
i=l i=l 


By the induction hypothesis we have (11.8.3), whereas by what we have just shown 
and by (11.8.1) we have 


ex4i1(a — hy) € R(H) C R*(H). 


Hence 
k+1 
So ei(hi — a) € R*(H) — R¥(H) = R(R*(H)) = RS*1(H). 
i=1 
Thus the validity of (11.8.3) has been established for every k € N. 
Put 


M= U R*(H). (11.8.4) 
y (11.8.2) and (11.8.3) 


cxeMt+lac\J (M + la). 
leZ 


Since x has been arbitrary in Z(H), we get hence 


Z(H) Cc (J (M+ la). (11.8.5) 
leZ 


If M were of measure zero, also all sets M + la would be of measure zero, whence 
by (11.8.5) we would get m(Z(H)) = 0, which is not the case (Theorem 11.5.1). 
Consequently me(M)>0, whence by (11.8.4) me(R"(H)) >0 for a certain nEN. 


Theorem 11.8.2. For every Hamel basis H C RN there exists ann € N such that 
me(U"(H)) > 0. 


Proof. We have, since 0 € R"(T) for every n € N and every non-empty set TC R, 


U"(H) =U"(H) +0 Cc U"(H) + R(U"(H)) =U(U"(A)) =U"*"(A), (11.8.6) 


and 
H=H+0C H+R(H)=U(H) CU"(H). (11.8.7) 
Put sis 
M=\|J U*(H). 


k=1 
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If x, y, z € M, then by (11.8.6) there exists a k € N such that 2, y, z € U*(H), 
whence 


a+(y—2z) € U*(H) + R(U*(H)) =U(U*(B)) = U**1(H) CM. (11.8.8) 
Take an x € Z(H) and ana eé M. Then 


k k 
C= S- E,h; = S- e,(h; — a) + la, 


k 
where ¢; = +1, hi € H(i =1,...,k), l= SD e; € Z. We have for every ke N 


k 
a+ 5— e(hi—a) eM. (11.8.9) 
t=1 


The proof runs by induction. For k = 1 we have 

a+te(hi —a) eM 
by (11.8.8), since a € M and hy € H C M (ef. (11.8.7)). Assuming (11.8.9) true for 
ak &N, we have 


k+1 k 
a+ S- e,(h; _ a) =at+ S- ei(hi _ a) + Epp (Re+1 _ a) EM 
i=1 i=1 
by (11.8.9) and (11.8.8). Thus (11.8.9) is true for all k € N. Hence 
k 
at+z=at+> e,(h; —a) +lae M +la, 
i=1 
whence 
creEM+(l-l)ja, 
and 
Z(H) c (J (M + la). 
leZ 
Hence me(M) > 0 follows as in the proof of Theorem 11.8.1, whence me(U"(H)) > 0 
for a certain n € N. 


The following results can be proved quite similarly as Lemma 11.8.1 and Theo- 
rems 11.8.1 and 11.8.2: 


Lemma 11.8.2. For every Hamel basis H C RN, everyn €N, and every set AC RN 
with the Batre property, if AC R"(H) or AC U"(HA), then A is of the first category. 


Theorem 11.8.3. For every Hamel basis H C RN there exists ann € N such that 
R"(H) is of the second category. 


Theorem 11.8.4. For every Hamel basis H C RN there exists ann € N such that 
U"(H) is of the second category. 
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We conclude this chapter with an open problem’ (Aczél-Erdés [10]) concerning 
Hamel bases: 


Problem. 


— Does there exist a Hamel basis H C R such that h~! € H for every h € H? 
— Does there exist a Hamel basis H C R such that h” € H for every h € H and 
neN? 


On the other hand it is known that there exists no Hamel basis H C R such 
that ab € H whenever a, b € H. (Cf. Exercise 14.7). 


Exercises 


1. Let H Cc R®% be a Hamel basis. Show that aH is a Hamel basis for every 
a € R \ {0}. 

2. Let H CR be a Hamel basis, and let h € H. Show that HN(H +h) =2@. 

3. Let H Cc R% be a Hamel basis. Show that there is a b € R% such that the set 
H +b contains no Hamel basis. 

[Hint: Let b € —H. Show that b ¢ E(H +). 

4. Show that the conclusion of Exercise 10.5 fails to hold if we drop the analiticity 
assumption on 7’. 

5. Let H C R% be an arbitrary Hamel basis. Show that D(R™ \ H) = R™ and 
(RY \ H)” =RN (cf. 2.1 and 3.5). 

6. Show that under assumption of the continuum hypothesis there exists a Hamel 
basis H C R% such that card (E*+(H)G) < No for every set G C R% such 
that G € Gs and m(G) = 0. 

7. Show that under assumption of the continuum hypothesis there exists a Hamel 
basis H C RN such that the set E+(H) is of the first category. 

[Hint: Use Exercise 11.6 and the decomposition RN = AUB, where A € Gs and 
m(A) = 0, B € F, and B is of the first category; cf. the end of 11.4.] 

8. Let H Cc RN be an arbitrary Hamel basis. Show that the set Z(H) does not 
contain an analytic subset containing a Hamel basis. (Consequently Theorems 
9.3.7 and 9.8.1 cannot be reversed). 

[Hint: Show that for any A C Z(H) and n € N we have R"(A) C R"(Z(H)) = 
Z(H).] 


7 Added in proof. Recently solved in the positive (under assumption of the continuum hypothesis) 
by J. Smital [290]. 


Chapter 12 


Further Properties of Additive 
Functions and Convex Functions 


12.1 Graphs 


Let D C RN be a convex and open set, and let f : D — R be a convex function. 
Let my be the lower hull of f (cf. 6.3). By Theorem 6.3.1 either m+(a) = —oo for all 
x € D, or mys : D — R is a continuous and convex function. 
Let 
Gr(f) = {(@,y) @R™** |@ € D, y= f(a)} 
be the graph of f (cf. 9.5). We have 


Theorem 12.1.1. Jf D C R is a convex and open set and f : D > R is a discontin- 
uous conver function, then the set Gr(f) is dense in the set 


Ar ={(x,y) € RN+1 |ceED,y>myf(a)}. 


Proof. Let K C D be an arbitrary closed ball, and J = [c,d] C R an arbitrary closed 


interval such that 
my(z)<c forxe K. (12.1.1) 


(Both, &K and J, assumed non-degenerated.) Note that if m s(x) = —oo, then (12.1.1) 
certainly is fulfilled, and if my is a continuous function, then it is bounded above on 
the compact set AK. Every point of the set Ay can be included in a set K x J, where 
K and J are as described above. Thus it is enough to show that 


(K x J)NGr(f) #2. (12.1.2) 


Since f is discontinuous, it is not bounded above on K. Thus there exists an 
a, € K such that 
f(a) >d. (12.1.3) 


By (12.1.1) there exists an x2 € K such that 


f(t2) <e. (12.1.4) 
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Let L = Q(a1, £2) be the rational segment from 21 to x2, and 1 = clL = 77xz 
{zE RN | z= Ax, + (1 — Aja, A € [0,1]} be the closed segment joining 2, and 22. 
We have 

PETER (12.1.5) 


By Theorem 6.1.2 there exists a continuous function g : 1 — R such that g | L = f. 
Since x41, %2 € L, we have by (12.1.3) and (12.1.4) 


g(t1) >d,  g(a2) <e. 


Since g is continuous, there exists a non-degenerated segment S$ C I such that g($') C 
[c,d]. Clearly SQ L 4 @. Hence there exists an ro € L such that 


f (xo) = g(xo) € J. 


By (12.1.5) zo € K, and thus the point (xo, f(o)) belongs to the set on the left-hand 
side of (12.1.2). 


If f : RY — Ris a discontinuous additive function, then f is not locally bounded 
below at any point of R%. (Otherwise the additive function —f would be locally 
bounded above at a point, and hence continuous.) Therefore ms = —oo. Since in this 
case D = RN, the set A y becomes the whole space RN+!. Thus, as a particular case 
of Theorem 12.1.1, we obtain 


Theorem 12.1.2. If f : RY — R is a discontinuous additive function, then the set 
Gr(f) is dense in RN*}, 


Theorem 12.1.2 can also be reformulated as follows. 


Theorem 12.1.3. Jf f : RN — R is a discontinuous additive function, then for every 
(non-degenerated) interval J C R the set f—1(J) is dense in RN. 


In connection with Theorems 10.3.2 and 10.4.1 we will exhibit here two examples 
(Moécicki [231]) showing that the conditions int Q(TU(—T)) # @ in Theorem 10.3.2 
and int Q(TUA) # @ in Theorem 10.4.1 cannot be replaced by int(Q(T)UQ(—T)] 4 @ 
and int[Q(T) U Q(A)] 4 ©, respectively. 


Example 12.1.1. Let g : RN — R be an arbitrary discontinuous additive function, 
and put 
T= {xe R* | g(x) < —-1}. 
By Lemma 10.2.2 the set T’ is Q-convex: 
Q(T) =T, (12.1.6) 


and, moreover, we have T € €. To see this, let f : RNY — R be an arbitrary additive 
function bounded on T: 
lf(a)| <M forveT. 
Take an arbitrary 2 €¢ R. We must distinguish two cases. 
I. « € T. Then, for k € N, we have g(kx) = kg(x) < —k < —1, whence ka € T, 
and 
k | f(x)|=|f(kx)|<M_ forkeN. 


But this implies f(x) =0. Thus f | T =0. 
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Il. « € T. Then g(x) > —1. Take an arbitrary y € T. Then g(y — x) = g(y) - 
g(x) < -1+1=0. Hence, for k € N sufficiently large k(y — x) € T. Therefore (by I.) 
f(k(y—«)) =0, ie., k[ f(y) — f(x)] = 0. But f(y) = 0, since y € T, thus —k f(x) = 0, 
whence f(x) =0. Consequently f(x) = 0 for all z € RY, ie., f is continuous. 

Now, by Corollary 5.1.1 and by (12.1.6) 


Q(T) U Q(-T) = Q(T) U[- Q(T)] = TU(-T), 
and since 
—T = {x € RN | g(x) > 1}, 
we get 
Q(T)UQ(-T) = { ER" | |g(2)| > 1}. (12.1.7) 

Let G = int (Q(T) U Q(-T)], and suppose that G 4 @. By Theorem 12.1.3 
g ‘([-1,1]) NG # @, ie., there exists a point x9 € G C Q(T) U Q(-T) such that 
\g(xo)| <1. But this contradicts (12.1.7). 

Example 12.1.1 shows that the condition T € € is not equivalent to int [Q(T) U 
Q(-7)] #2. 
Example 12.1.2. Let H C R™ be a Burstin basis (cf. 11.4). H may be arranged into a 


transfinite sequence H = {ha}a<y, where 7 is the smallest ordinal number such that 
7 = c. Every « € RX may be written as 


t= Aha, +++: +Anhan: (12.1.8) 
where \; € Q, 7 =1,...,n, and ay <-+-< an < y. We put 
T=Vo = {aE R® | d, > 0} U {0}, 
where we assume that x has expansion (12.1.8) (cf. 10.2). In 10.2 it was shown that 
T is Q-convex (i-e., fulfils (12.1.6)) and that T € 8 = . 


Let g : H — R be given by g(h) = 1 for h € H, and let f : RN — R be the 
additive extension of g (Theorem 5.2.2). By Corollary 5.2.2 f is discontinuous. Put 


A={xz ER | f(z) < 0}. 


By Lemma 10.2.2 the set A is Q-convex and Q-radial at every point. 
Suppose that there exists a non-empty open ball K Cc Q(T) UQ(A) = TUA. 
Since H is a Burstin basis, H is dense in R%. Hence 


LJ (K+hao) =R*. 
0<a<y 
Thus there exists an a > 0 such that ho € K + ha, ie., ho ~ha € K CTUA. But 
f(ho — ha) = f(ho) — f(ha) = g(ho) — g(ha) = 1—1=0, 80 ho — ha ¢ A. Also, the 
point ho — hq has expansion (12.1.8) with n = 2, a1 = 0, ag = a, Ay = 1, Ap = —1, so 
ho —ha ¢ T. This contradiction shows that int [Q(T) UQ(A)] = @, ice., the condition 
T € B = % is not equivalent to the condition that int [Q(T) U Q(A)] # @ for every 
set A which is Q-convex and Q-radial at a point. 
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12.2 Additive functions 


The contents of Theorem 12.1.2 can be expressed as follows: If f : RY > Risa 
discontinuous additive function, then for every non-empty and open set GC RN and 
every (non-degenerated) interval J C R 


(G x J)NGr(f) #2. (12.2.1) 


The question arises whether in (12.2.1) G and J may be replaced by more general 
sets. In this section we will show that in (12.2.1) G may be an arbitrary Lebesgue 
measurable set of positive measure, or an arbitrary set of the second category and with 
the Baire property (Ostrowski [248], Kuczma [185], [189]). As expressed in Theorem 
12.1.3, condition (12.2.1) with arbitrary non-empty and open set G is equivalent to 
the statement that f~1(J) is dense in R%. We shall prove that (12.2.1) holds for 
an arbitrary set G of positive measure or of the second category with the Baire 
property when we shall have proved that f~+(J) is saturated non-measurable and 
has property (*) from 3.3. In other words this will mean that on an arbitrary set G of 
positive measure or of the second category with the Baire property f assumes values 
from every interval J C R, i-e., that for every such set G the set f(G) is dense in R. 


Theorem 12.2.1. If f : RN — R is a discontinuous additive function, then for every 
(non-degenerated) interval J CR, J #R, the set f~*(J) is saturated non-measurable 
and has property (*) from 3.3. 


Proof. If ' J = (c,d), -o0 < c< d < +00, then f is bounded above on f~!(J) by 
d. If J = (c,d), -coo <c < d < +00, then f is bounded below on f~1(J) by c, and 
then the discontinuous additive function —f is bounded above on f~!(J) by —c. At 
any case f—1(J) ¢ B = A, whence by Theorems 9.3.1 and 9.3.2 mi(f~1(J)) = 0 and 
f—'(J) does not contain any subset of the second category with the Baire property. 
It remains to show that also the complement RY \ f~!(J) of f7!(J) has the same 
properties, and this will be shown when we prove it for an arbitrary subinterval of J. 
Thus in the sequel we may assume that J = [c,d], where d/c > 0 and g=d/cEQ. 
By Theorem 5.2.1 we have f(gx) = qf(a) for every x € R’, whence 


fi) =af(J) forneNn. 


But U @”J is an infinite interval J = [c,oo) (if 0 < c < d) or I = (-~w,d (if 
n=1 


c<d<0). Hence 


CO 


Oe ss ae OU) q’J) = f(D. (12.2.2) 


n=1 n=1 


If f~1(J) were of measure zero or of the first category, then by (12.2.2) so would be 
also f~1(I), which means that RY \ f~!(1) would be of positive (infinite) measure or 
of the second category with the Baire property. But on RY \ f~!(J) the function f 


1 (c,d) denotes any of the intervals (c,d) (open), [c, d] (closed), (c,d] and [c,d) (semiclosed). 
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takes values outside of I, i.e., it is bounded above by c (when I = [c,co)), or bounded 
below by d (when I= (-o, dj), which contradicts the fact that f is discontinuous. 
Thus me(f~1(J)) > 0 and f~1(J) is of the second category. This is valid for 
arbitrary non-degenerated interval J C R. 
c+d d—c 
Suppose that 0 < c < d. Put Jy = E |  — o, a , J3 = 


2 2 
c+d 
2 


‘ i . We will show that 


f° Qf Gy) +f Ws): (12.2.3) 


Let « € f~'(J). Then there exists a u € J such that f(z) = u. Either u € 
J, or u € Jz. If wu € Ji, then note that f(0) = 0 € Ja, whence 0 € f~'(J2), 
whereas x € f~'(Ji). Then e = +0 € f~'(J1) + f~1(J2). Now suppose that 
d 
ea od then ap hse hs Ft ([u- E* geet }) 4 


2 2 
1—q7! 


If u = d, then for w = 
-1 


x we have according to Theorem 5.2.1, since 
1—q! 1—q"? d— 
s— € Qand qld =, fw) = - f(x) = ~ d = —— so that 
d d d d 
Aaa a- Vas too. ae (fu-S oes }) 


1—q 


2 2 
and put v = ays cas ,d— “lc 0. a = Jo. Thus y € f7'(J2). 
Let z = x—y. Then f(z) = f(x) — f(y) =u—v € Ji so that z € f~'(J1). Now, 
r=2z2+yefo'(A)+ ae 2). Thus we have obtained 
fC). tA) Fi a): (12.2.4) 


Conversely, let x € f~1(J1) + f-1(Je). Then x = z+ y, where z € f-4(1), yE 
f'(J2) so that f(z) € Ji, f(y) € Jo. Hence f(x) = f(z)+ fly) € J,ie, x € f (J), 


and 
f (Ay tf 4a) C f41W). (12.2.5) 


Relations (12.2.4) and (12.2.5) prove (12.2.3). 

Now, as we have already shown, f~‘(J1) is of the second category and of positive 
outer measure, whereas by Theorem 12.1.3 f~1(J2) is dense in R™. By Theorems 3.6.1 
and 3.6.2 the set R% \ f-1(J) has zero inner measure and does not contain any second 
category subset with the Baire property, whence the theorem follows. 


The next natural question is whether in relation (12.2.1) also J may be an 
arbitrary set of positive measure or of the second category with the Baire property. 
In other words, whether a discontinuous additive function on every set of positive 
measure assumes values from every set of positive measure (resp. the corresponding 
question for the category). The answer to this question clearly is in the negative. It 
was pointed out in 5.2 that there exist discontinuous additive functions f : RY > R 
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which admit only rational values. For such an f relation (12.2.1) with J being the set 
of irrational numbers is invalid even with G = RN. 

But a result of A. Ostrowski [248] gives us a certain insight into the situation. 
We recall that if f : RN — R is an additive function, then the kernel of f (cf. 4.3) is 
the set 

Ker f = f~'(0) = {x E R® | f(x) = 0}. 

Lemma 12.2.1. Let N = 1, and let f : RR be an additive function. The set Ker f 
is dense in R if and only if f is non-invertible. 


Proof. If Ker f is dense in R, then it contains infinitely many points, i.e., f(a) = 0 for 
several x, and consequently f cannot be invertible. If f is non-invertible, then there 
exist 21, v2 € R such that 2; 4 x and f(a1) = f(ae). Put vo = 11 — x2 # 0. We 
have f(%o) = f(x1) — f(x2) = 0, whence, for every A € Q, we obtain by Theorem 
5.2.1 f(Avo) = Af (vo) = 0. Consequently Qa C Ker f, and Qzp is dense in R, since 
xp # 0, and consequently so is also Ker f. 


For N > 1 Lemma 12.2.1 is no longer valid. If 29 € RY, xo 4 0, then the set 
Qzpo is not dense in R%. Qo is a linear subspace (over Q) of R%, and {2} is its 
base. By Theorem 4.2.1 there exists a Hamel basis H of RN such that x € H. We 
have by Theorem 4.2.3 card(H \ {xo}) = card H = ¢ = dimR. By Theorem 4.3.3 
there exists an additive function f : RNY — R such that Ker f = Qzo. This f clearly 
is non-invertible? (since Ker f is infinite), but Ker f is not dense in RY. 

Some sufficient conditions for the set Ker f to be dense in R™ can be inferred 
from Lemma 4.3.1 and Lemmas 4.2.3 and 4.2.4. 

Now we pass to the announced theorem of A. Ostrowski?®. 


Theorem 12.2.2. Let f : RY — R be an additive function* such that Ker f is dense 
in RN. Then either on every set of positive measure f assumes values from every set 
of positive measure, or there exists a decomposition 


RY = A, U Ao, (12.2.6) 
such that m(A;) =0 and m(f(A2)) = 0. 


Proof. R% is separable, so there exists a countable set D C Ker f dense in Ker f, and 
hence in R. Since D C Ker f, we have f(x) = 0 for every x € D. 

Now suppose that there exist sets A C RY of positive (N-dimensional) measure, 
and B C R of positive (one-dimensional) measure such that 


f(A)NB=s. (12.2.7) 


2 f is also discontinuous, since otherwise Ker f would have to be closed, which is not the case with 
Qag. An example of continuous non-invertible f : RN — R with the kernel non-dense in RN would 
be easier. E.g., if N = 2, and x = (x1, x2), then the function f(x) = x1 + x2 yields such an example. 
3 A. Ostrowski [248] proved this theorem in the one-dimensional case (N = 1) under the condition 
that f is non-invertible. But Lemma 12.2.1 ensures that in this case the latter condition is equivalent 
to the condition that Ker f is dense in R. 

4 There is no explicit assumption that f is discontinuous. If f is continuous, then Ker f is closed, 
and, being dense in R%, equals the whole R“. Hence f = 0. For such an f the theorem is trivially 
true, viz. (12.2.6) holds with Ai = 9, Ao = RX. 
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Let C=A+D= \U (A+d), and C’ = R* \C. Every set A+d is measurable and 
dé D 

the union is countable, so C is measurable. By Theorem 3.6.1 m;(C’) = 0, and thus, 

since C’ is measurable, 


m(C’) = 0. (12.2.8) 


Let t € f(A). Then t = f(a) for a certain x € A. Takead € D. Thenx+deEC, 
and t = f(x) = f(«) + f(d) = f(~+d) € f(C). Thus f(A) C f(C). Conversely, let 
t € f(C). Then t = f(x) for a certain x € C,ie., x = a+d, wherea € A, de D. 
Hence t = f(x) = f(a +d) = f(a) + f(d) = f(a) © f(A). Thus f(C) C f(A), and 
finally we obtain f(A) = f(C), whence by (12.2.7) 


f(C)NB=.. (12.2.9) 
Put 


P=|(Jr»c’", M=(J dB, P=RY\P, M=R\M. 
AEQ rAEQ 


By (12.2.8) m(AC’) = 0 for every A € Q, whence 
m(P) = 0. (12.2.10) 


Further, with Bt = BN (0, oc), BT = BN (—oo, 0) and B® = Bn {0}, we have 
B=B*tUB- UB*. The sets B+, B~ and B® are measurable, m(B°) = 0, whence 


0<m(B) =m(Bt)+m(B-). 


Hence at least one of the sets Bt and B~ must have positive measure. Let, e.g., 
m(Br) > 0. Let L: (0, 00) — R be the logarithmic function: 


L(x) = log. 


The functions —L and L~' (the exponential function) are continuous and convex, and 
hence, by Theorem 7.4.6 are absolutely continuous. Therefore also L is absolutely con- 
tinuous. Thus if one of the sets E, L(F) is measurable, so is also the other, and if one 
of E, L(E) has measure zero, so has also the other. It follows that m(L(B*)) > 0. 
Now, with QT = QN (0,00), Q” = QN (—co, 0), we have 


L(U Ast) = U 208") = U [284+ LQ) = 187) + LQ"). 


AEQt AE Qt AEQt 


The above set is measurable (as a countable union of measurable sets) and by Theorem 
3.6.1 its complement has measure zero (since L(Q*) is dense in R). But 


R\L( LU ABt) =L((0, 0) \ LU Bt), (122.44) 


AEQt AEQt 
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since L is one-to-one. The set occurring in (12.2.11) has measure zero, whence, since 
L~! is absolutely continuous, 


m((0, c0)\ LJ ABT) =0. (12.2.12) 
AEQr 
Further, we have UY ABT =— LU AB, whence by (12.2.12) 
AEQ- AEQt 
m((—o0, 0)\ LJ ABt) =0. (129.13) 
AEQ- 


Now, 
LJ aBtu LU »ABtc UU ret cL AB=M, 
AEQ- AEQt AEQ AEQ 
whence by (12.2.12) and (12.2.13) 


m(M’) = 0. (12.2.14) 


Suppose that there exists a y 4 0 such that y € f(P’)M M. Since y € M, y 4 0, there 
exists a \ € Q, A #0, such that y € AB, ie., y/A € B. Since y € f(P’), there exists 
an 4, 


ve P, (12.2.15) 
such that y = f(x). Therefore, by Theorem 5.2.1, 
YS ge) =7(2) 
and (12.2.9) implies that y/A € f(C), ie., «/A € C. Thus «/X € C’ and x € AC’ C P, 
which contradicts (12.2.15). 
Thus the set f(P’) 1 M may contain at most one element, viz. 0. Consequently 
f(P!) C M'U {0}, 
which together with (12.2.14) shows that 
m(f(P’)) =0. (12.2.16) 


Now, in order to obtain decomposition (12.2.6), we take A; = P, Ap = P’. Re- 
lations (12.2.10) and (12.2.16) show that this decomposition has the required prop- 
erties. 


By the same argument one can also prove the topological analogue of Theorem 12.2.2. 


Theorem 12.2.3. Let f : RY — R be an additive function such that Ker f is dense in 
R. Then either on every set of the second category and with the Baire property f 
assumes values from every set of the second category with the Baire property, or there 
exists a decomposition (12.2.6) such that A; is of the first category (in the topology 
of RX), and f(Az) is of the first category (in the topology of R). 


The invariance of the Baire property and of the category under L will now result 
from the fact that L is a homeomorphism. Theorem 3.6.1 must everywhere be replaced 
by Theorem 3.6.2. 
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12.3. Convex functions 


The next arising question is how far the results of 12.2 generalize to the case of convex 
functions. Unfortunately, we are unable to answer this question. Below we prove a 
result (Theorem 12.3.1) due to A. Ostrowski [249], which is a very weak analogue of 
Theorem 12.2.1. 


Lemma 12.3.1. Let D C RY be a convex and open set, and let f : D > R be a 
discontinuous convex function. Further, let J C R be an interval with a finite upper 
bound. Then m;(f~*(J)) = 0. 


Proof. Let d € R be such that t < d for t € J. Then f is bounded above (by d) on 
f—*(J), whence the lemma results in view of Theorem 9.3.1 and of the fact that f is 
discontinuous. 


Theorem 12.3.1. Let D C R% be a convex and open set, and let f : D > R be a 
discontinuous convex function. Let the interval J = [c,d] C R be such that 


inf f(x) = inf my(z) <c<d<oa. (12.3.1) 


Then me(f-+(J)) > 0. 
Proof. By (12.3.1) there exists an zo € D such that 


f(a) <e. (12.3.2) 
For every « € D, x # 0, let I(x) denote the closed segment joining xp and a: 
(a) ={z€ D| z=29+t(x — 29), t € [0,1}}, 
and let L(a) = Q(ao, x) denote the rational segment between xo and «x: 
L(#) ={z€ D|z=2 +t(x— 2), t € QQ, 1}. 


By Theorem 6.1.2 for every x € D, x xo, there exists a continuous function gz : 
I(x) > R such that g, | L(x) = f | L(2). 
Put 
C={re D| f(x) > d} =f *((d,ov)). 


The complement C’ = D \ C of C is the set C’ = f~'((—oo,d]). If C had measure 
zero, then C’ would have a positive measure, which, according to Lemma 12.3.1, is 
impossible. Consequently 

me(C) > 0. (12.3.3) 


For every « € C we have g,(x) = f(x) > d, whereas by (12.3.2) gx(ao) = f(xo) <¢. 
Consequently we have gz(z) € [c,d] for z from a certain non-degenerated segment 
S, C U(x). In other words, there exists a (non-degenerated) segment S,, C I(a) such 
that 

Sz C gz" ([e, d]). 
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1 
Put I(x) = r= (S$; — 0). Thus I(x) also is a non-degenerated segment con- 
— x9 
tained in i (I(x) — xo). Let |I(x)| denote the length of I(x). Consequently 
0 
0<|I(x)| <1. 
Let i i 
= eee (Ce 
Ck {rec | 5 < ine) z} EN 
Clearly 
ie eres (12.3.4) 
k=1 
and it follows by (12.3.3) and (12.3.4) that there exists a ko € N such that 
Me(Chko) > 0. (12.3.5) 


4 “2-2 
Write n = ko +1, and consider the points 7; = x;(x) = ,t=0,...,n41. 
n+1|z— 29 


, and |x —xo| a4 = (wo + —— (a r9)) — 29 € U(x) — 20, 


We have |Uiqa — 2; = pred 


n+1 
l 
a 


whence a; € )-2 
x there must exist an 7,0 <i<n+1, such that 2; € I(x). Let 


1 
0). Since for x € Cx, we have |I(x)| > 7 for every such 


Ej, = {x € Ce | vi(x) € I(a)}, i =0,...,n4+1. 


Again 
n+1 


L) i= Cho, (12.3.6) 
1=0 


and it follows by (12.3.5) and (12.3.6) that there exists an ig € {0,...,n +1} such 
that 


me(Ejy) > 0. (12.3.7) 
Let « € E;,. Then 2;,(x”) € I(x), ie., 
10 tL — 2X 1 
Sat a, 
n+1 |x —2xo| ar 0) 
or ; 
to + — (a — a9) € Sp C G5" (le dj), 
and 
Ja (xo + 7 (a — 0)) E [c, d]. 
But xv + 2 (x — 29) € L(x), whence 
n+l 


f (00+ a (e— 10) = 4 (0 + uy (2 —19)) € [ed 


n+1 n+1 
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In other words, for x € Fj,, 


ato + I (a — a0) € f-*([e, d]). (12.3.8) 
Write E* = xo + aT (Ei, — Xo). By (12.3.7) (cf. Corollary 3.2.2) 
me(E*) > 0, (12.3.9) 
and (12.3.8) shows that 
Ee fled) at ds (12.3.10) 


Now, the theorem results from (12.3.9) and (12.3.10). 
From Lemma 12.3.1 and Theorem 12.3.1 we obtain 


Corollary 12.3.1. Let D C R% be a convex and open set, and let f : D — R be a 
discontinuous convex function. Then, for every finite and non-degenerated interval 
J CR such that 
inf inf = inf 12.3.11 
in J > inf my(z) inf f(z) (12.3.11) 


the set f—1(J) is non-measurable. 


Proof. Since J is non-degenerated, it contains a non-degenerated interval [c, d], and 
by (12.3.11) condition (12.3.1) is fulfilled. Hence, by Theorem 12.3.1, 


malt? CS) ima t "(led)))-> 0. (12.3.12) 


On the other hand, since J is finite, it has a finite upper bound. Thus by Lemma 
12.3.1 

milf (J)) =: (12.3.13) 
Relations (12.3.12) and (12.3.13) imply, in virtue of Theorem 3.1.2, that f~1(J) is 
non-measurable. 


Theorem 12.3.2. Let D C R% be a conver and open set, and let f : D > R be 
a discontinuous convex function. Then, for every non-degenerated interval J C R 
fulfilling (12.3.11) the set f~1(J) is non-measurable. 


Proof. If sup J < oo, then J is finite, and the theorem results from Corollary 12.3.1. 
So we may restrict ourselves to the case where J = (c,oo), or J = [c,co) with a 
certain c € R. Put Jo = R \ J, and 


= inf . 
ae 


Then cy < c < co. Choose a ¥ € (co, c). By Corollary 12.3.1 the set f~'((7,c)) is 
non-measurable, whence 


me(f-¥(Jo)) > me(f}((156))) > 0- 
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On the other hand, by Lemma 12.3.1, 
M4 (f~*(Jo)) =0. 


Consequently f~'(Jo) is non-measurable. We have f~'(Jo) = f~1(R) \ f-l(J) = 
D\ f~*(J). Since D is measurable, and f~!(Jo) is not, the set f~'(J) also must be 
non-measurable. 


The attribute “non-measurable” in Theorem 12.3.2 cannot be replaced by “sat- 
urated non-measurable”. Clearly, f~!(J) C D, and there exist convex and open D C 
R% such that m(R% \D) > 0. For such D we have 0 < m(R“\D) < m;(R‘\f7'(J)). 
But if J C R is an interval fulfilling (12.3.11), write d = sup J and 


Do = {x € D| mf¢(x) < dh. 


If xz € f~'(J), then mf(x) < f(x) < d, whence x € Do. Thus f~1!(J) C Dp. It is an 
open problem whether 
mi(Do \ f-*(J)) =0 
for every non-degenerated interval J C R fulfilling (12.3.11). 
By exactly the same argument as that employed in the respective proofs, we 
obtain also topological analogues of Lemma 12.3.1 and Theorems 12.3.1 and 12.3.2. 


Lemma 12.3.2. Let D C R™ be a convex and open set, and let f : D > R be a 
discontinuous convex function. Further, let J C R be an interval with a finite upper 
bound. Then the set f~'(J) does not contain any set of the second category and with 
the Baire property. 


Theorem 12.3.3. Let D C R™ be a convex and open set, and let f : D > R be a 
discontinuous convex function. Let J = [c,d| C R be an interval fulfilling (12.3.1). 
Then the set f—'(J) is of the second category. 


Theorem 12.3.4. Let D C R% be a conver and open set, and let f : D > R be 
a discontinuous convex function. Then, for every non-degenerated interval J C R 
fulfilling (12.3.11) the set f~'(J) does not have the Baire property. 


12.4 Big graph 


Let f : RY — R be a discontinuous additive function. In 12.1 we have shown that 
the set Gr(f) is dense in RY. 

Nothing more can be said in general about Gr(f). In 5.2 we have seen that there 
exist (necessarily discontinuous) additive functions f : RY > R, f 4 0, which assume 
only rational values: f(RY) C Q. Take arbitrary \ € Q and an arbitrary « € RY 
such that f(x) #0. Then f(x) € Q, whence also g = X/ f(x) € Q. By Theorem 5.2.1 
f(qx) = qf(x) = A. Consequently Q c f(R%) and we get f(R”) = Q. Thus there 
exist (necessarily discontinuous) additive functions f : RY — R such that f(R%) is 
countable. For such an f we have 


Gr(f) C{(@, ye RN |ceRX, ye fR*)}= LY (RY x {y}). 
yef(RY) 
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Every set RY x {y} is of (N+1-dimensional) measure zero, and nowhere dense (in 
the topology of RN+'). Hence Gr(f) also is of measure zero, and of the first category. 
Moreover, Gr(f) is disconnected, since for arbitrary yo ¢ f(R™) we have 


Gr(f) = [Gr(f) M (R® x (co, yo])] U [Gr(F) 9 (R™ x [yo,00))], 


and the sets Gr(f)  (R% x (—oo, yo]) and Gr(f) M (R% x [yo,co)) are non-empty”, 
disjoint, and closed in the space Gr(/f). 

Every additive function f:R‘ +R such that f(R%) is countable (card f(R¥)= 
No) will henceforth be referred to as a function with small graph. We may summarize 
what we have already established in the following theorems. 


Theorem 12.4.1. There exist additive functions f : RN — R with small graphs. Every 
such function is discontinuous. 


Theorem 12.4.2. Jf f : RY — R is an additive function with small graph, then the set 
Gr(f) is of measure zero and of the first category (in RN*++), and is not connected. 


Now, we want to show that there exist additive functions f : RY — R which 
have particularly big graphs. Let 7: RN+! — R% be the projection: if p € RN+! and 
p= (a, y), « €RY, y ER, then m(p) = z. An additive function f : RY — R is called 
a function with big graph iff for every Borel set F C R‘+! such that® card a(F) = 
we have 

FOGr(f) #2. (12.4.1) 


We have” 


Theorem 12.4.3. There exist additive functions f : RY — R with big graphs. Every 
such function is discontinuous. 


Proof. Let F be the family of all Borel sets F C R“*! such that card 7(F) = c. Since 
F C B(RN**), we get by Theorem 2.3.4 card F < ¢. On the other hand, F contains 
all open balls in RN+1, and the family of all such balls has the power of continuum. 
Hence card F > c, whence 

card F =c. (12.4.2) 


Let y be the smallest ordinal such that 7 = c (cf. the proof of Theorem 11.4.3). Hence 
also cardI'(7) = ¢, and by (12.4.2) there exists a one-to-one mapping fF: T(y) — F 
(onto). Instead of F(a) we write F,. Thus F = {Fou}acy. 
Now we define a transfinite sequence {(xo,Ya)} of points of RN*!. For every 
a<ywe write X,= U {xg} and Ey = E(X.), except for a = 0, where we assume 
B<y 


5 If f(RY) is countable, then there exists a yo € f(RY) such that yo # 0. Thus yo = f(xo) for an 
xo € RN. For every \ € Q we have Ayo = Af (ao) = f (Aro) f(RY), whence Qyo C f(RY). Hence 
f(RY) is dense in R. 

6 It ammounts to the same to require that card m(F’) > No. In fact, every Borel set is analytic, and 
the function 7m is continuous, hence the set 7(F’) also is analytic (Theorems 2.5.6 and 2.5.2). Thus, 
by Theorem 2.8.3, the conditions card 7(F’) = ¢ and card 7(F’) > No are equivalent. 

” Cf. Jones [157]. 
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Eo = {0}. We want to construct the sequence {(Za, Ya) }a<y so that for every a < y 
the set {%a}U Xq is linearly independent (over Q). Let w: P(RX*') \{@}— RN* 
be a choice function. Suppose that we have already defined (xg, yg) for B <a <4, 
(if a = 0, nothing has been defined yet) so that the sets {xg} U Xg are linearly 
independent. We put 

(fo, Yo) = w(Fo \ [Eo x RI). (12.4.3) 
Note that card X, = @ < ¢, since a < y, and by Lemmas 4.1.3 and 4.2.2 we have 
card E. < ¢, whereas card 7(F,) = ¢. Consequently Fy \ [Ea x R] 4 2. 

Suppose that the set Xq is linearly dependent. Then there exist vg,,...,7g, € 
X,q such that the system {xg,,..., vg, } is linearly dependent. 

Let @ = max((@1,...,8n) <a. Then {xg,,...,28,} C XgU {xg}, which contra- 
dicts the fact that {xg} U Xg is linearly independent (@ < a). According to (12.4.3) 
we have tq ¢ E., whence it follows by Lemma 4.1.2 that the set {x,}UXq is linearly 
independent. (If a = 0, then we get from (12.4.3) a 4 0, and thus {xo} is linearly 
independent). 

By Theorem 1.6.2 there exists a transfinite sequence {(a, Ya) }a<y fulfilling 
(12.4.3) for every a < y and such that {%.}U Xq (and hence also Xq) is linearly 
independent for every a < y. Put 


RS Yl eel Chae 
a<y a<y 

The same argument as above shows that the set X is linearly independent. By Theo- 
rem 4.2.1 there exists a Hamel basis H C R™ such that X C H. Define the function 
g: H >R putting 

Yo if@=%y,a<y, 

g(x) = 

0 ifteH\x. 

Let f : RY = R be the additive extension of g (Theorem 5.2.2). Thus 


(La, Ya) € Gr(f) for every a < ¥. (12.4.4) 


Let F C RX+! be a Borel set such that card 7(F) = c. Thus F € Ff, and there 
exists an a < y such that F = Fy. By (12.4.3) (ra, Ya) € Fa = F, whence by (12.4.4) 


(ta, Ya) € FM Gr(f). 


Hence we obtain (12.4.1). Consequently f is a function with big graph. 
If f were continuous, then by Theorem 5.5.2 f would have the form f(x) = cx 
with ac € R%. Hence 


Gr(f) = {(z,y) € RN* | 2 e RY, y= cz}. (12.4.5) 


But set (12.4.5) does not have property (12.4.1). Consequently f is discontinuous. 


Let us also note the following 


Lemma 12.4.1. Let f : RY — R be an additive function with big graph. Then 
f (RY ) =R. 


12.4. Big graph 319 


Proof. Let y € R be arbitrary. The set F = RN x {y} C R%*# is closed, and hence 
Borel, and 7(F’) = R¥, so card z(F) = c. Thus we must have (12.4.1). In other words, 
there exists a point 

(20, yo) € FN Gr(f). 


Since (zo, yo) € F, we must have yo = y. Since (xo,yo) € Gr(f), we must have 
f (x0) = yo = y. Consequently y € f (IR), whence the lemma follows. 


Lemma 12.4.1 shows, in particular, that a function with big graph cannot be 
at the same time a function with small graph. This will follow also from further 
theorems. 

A big graph has none of the properties specified in Theorem 12.4.2 for small 
graphs. Namely, we have (cf. also Marczewski [220], Marcus [215]) 


Theorem 12.4.4. If f : RY — R is an additive function with big graph, then the set 
Gr(f) is saturated non-measurable, and has property (*) from 3.3. 


PBI CONE CIMT NC LCG, iN Re eee ee MERIC PET Ze acre 
yi + yo = f(x) + (a2) = f(wi + x2), 
ie., (@1, y1) + (®2, yo) = (a1 + v2, yi + yo) € Gr(f). Consequently® 
Gr(f) + Gr(f) C Gr(f). (12.4.6) 


On the other hand, int Gr(f) = @, since on every vertical line 1 = {79} x R, zo € RY, 
there is only one point of Gr(f), viz. (xo, f(xo)). By Theorem 3.7.1 


m;(Gr(f)) = 0. (12.4.7) 
Similarly, by Theorem 2.9.1 we infer that Gr(f) does not contain any second category 
set with the Baire property. 
Now suppose that m;(R“*!\Gr(f)) > 0. By the definition of the inner measure 
there must exist a closed (and hence a Borel) set 
POR '**\ Gif) (12.4.8) 
such that 
m(F) > 0. (12.4.9) 


If the set 7(£’) were countable, then F would be contained in a countable union of 
vertical lines: 


Pe) | Te (12.4.10) 
n=1 


In R‘*+ every line 1, is of measure zero, and hence (12.4.10) would imply that 
m(F’) = 0, contrary to (12.4.9). Therefore card 7(F’) > Xo, whence by Theorem 2.8.3 


8 Actually, in (12.4.6) we have the equality. In fact, since f(0) = 0, we have (0,0) € Gr(f). Now, 
for an arbitrary (x,y) € Gr(f) we have (x,y) = (a, y) + (0, 0) € Gr(f) + Gr(f), whence Gr(f) C 
Gr(f) + Gr(f). This together with (12.4.6) yields Gr(f) = Gr(f) + Gr(f). 
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carda(F’) = c. Thus we must have (12.4.1), which is incompatible with (12.4.8). 
Therefore we must have 
mi(RNt! \ Gr(f)) = 0. (12.4.11) 


Relations (12.4.7) and (12.4.11) show that Gr(f) is saturated non-measurable. 
Similarly, suppose that there exists a second category set B with the Baire 


property such that 
BcCR*\ Gr(f). (12.4.12) 


Then 
B=(GUP)\R, 


where G is open and non-empty, and P, R are of the first category. Put C= G\RC B. 
Hence G\C Cc R is of the first category, and by Theorem 2.1.3 there exists a set 
F € Gs such that 

FCCCB, (12.4.13) 


and the set G \ F is of the first category. Consequently F’ must be of the second 
category. If we had card 7(F') < No, then F' would be contained in a countable union 
of vertical lines, i.e., we would have (12.4.10). In R‘*? every line is nowhere dense, 
and hence the sets in (12.4.10) would be of the first category, which is impossible. 
Consequently card 7(F’) = ¢, and we obtain (12.4.1), which contradicts (12.4.12) and 
(12.4.13). 

Thus neither Gr(f), nor RN*! \ Gr(f), contains a second category set with the 
Baire property, which means that Gr(f) has property (*). 


Theorem 12.4.4 shows, in particular, that the graph of f is non-measurable and 
does not have the Baire property, whence m,.(Gr(f)) > 0 and Gr(f) is of the second 
category. This is a very surprising property of a graph of a function. The existence of 
functions f : R — R such that m.(Gr(f)) > 0 was first shown (on another way) by 
W. Sierpitiski [278]. 

Let us also note that every vertical line {a} x R, x € RN, intersects Gr(f) at 
exactly one point (viz. (a, f(x))), and consequently this intersection has measure 
zero. Nevertheless, me(Gr(f)) > 0. This shows that in the Fubini theorem to the 
effect that if A € £, and for almost every vertical line | we have m(ANM1) = 0, then 
m(A) = 0, the assumption of the measurability of A is essential. 


Theorem 12.4.5. If f : RY — R is an additive function with big graph, then the set 
Gr(f) is connected. 


Proof. For an indirect proof suppose that Gr(f) is not connected. Then 
Gr(f) = Ao U Bo, (12.4.14) 
where the sets Ag and Bo are separated: 
(Ap Nel Bo) U (Bo Nel Ap) = 2. (12.4.15) 


Write 
A=clAjy, B=clBoy, F=ANB. (12.4.16) 
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Suppose that there exists a point p € FMGr(f). By (12.4.14) p belongs either to Ao, 
or to Bo, and by (12.4.16) p belongs to A and to B. Hence p € (Ag N B) U(BoN A), 
which is impossible in view of (12.4.15). Consequently 


FNGr(f) =, (12.4.17) 
which implies, since F' is closed (and hence Borel) that (cf. Theorem 2.8.3) 
card 1(F) < Xo. (12.4.18) 


Note also that AU B = cl Ap Ucl Bo = cl(Ao U Bo) = cl Gr(f), whence by Theorem 
12.1.2 
AUBaR (12.4.19) 


Relation (12.4.19) implies that A’ = RN+!\ Ac B and B’ = RN*1\ BC A, whence 
A’ B' = @. Hence 
A\ F=A\B=ANB'=B8", 

ie., A\ F is open, and A\ F Cc int A. On the other hand, if p € F Mint A, then 
there exists a neighbourhood U of p such that U C A. But since p € B = cl Bo, 
we have UN Bo # @, ie., AN Bo # ZB, which is incompatible with (12.4.15). Thus 
Fnint A= @ and int A C A\ F. Hence int A = A\ F. A similar argument shows 
also that int B= B\ F. So 


imtA=A\F, intB=B\F. (12.4.20) 


Let | Cc RX*? be any vertical line such that 1M F = 9. Then, by (12.4.19) and 
(12.4.20), 
l= (iM int A) U (iN int B). 


Sets (12.4.20) are clearly disjoint, and hence also the sets 1M int A and / Mint B are 
disjoint, and are open in /. Since / is connected, we must have either /MNint A = 2, or 
InintB= 2. 

Now let 1 Cc R‘*+! be an arbitrary vertical line. We will show that one of the sets 
(1\ F)nint A and (/\ F)nint B is empty. Supposing the contrary, let p € (I\ F)Nint A C 
Inint A, and qeé€ (1\ F)N int B Cl Mint B. There exist neighbourhoods U and V of 
p and q, respectively, such that U C int A and V C int B. By (12.4.18) 


[m(U) Na(V)] \ r(F) 4 @. 


(Observe that p and q lie on the same vertical line 1, whence m(p) = 1(q) and m(U)N 
m(V) # ©. Since the function 7 is open, the sets 7(U) and 7(V) are open, and hence 
m(U) 1 7(V) is a non-empty open set, and thus of the power of continuum.) Let 
to € [t(U) N x(V)] \ w(F), and let Io = {xo} x R be the vertical line through zo. 
Then 

Ip NUZ@, lbAVAS, IpNF=2. 


Hence 
Ip Nint AF 2, lo Nint BA @, lIbNF= 2, 


which, as we have already shown, is impossible. 
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Consequently, by (12.4.20), for every vertical line / either Mint A or 1M int B 
is empty. This means that the sets m(int A) and z(int B) are disjoint. These sets are 
also open (since the function 7 is open), and since RY is connected, there must exist 
an x € RN \ |r(int A) U m(int B)]. Let 1 = {x} x R be the vertical line through z. 
Then (cf. (12.4.20)) 1/9 [int AU int B] = 1M [(AU B) \ F] = @, ie., LC F. We have 
(x, f(z)) € IN Gr(f) C FN Gr(f), which contradicts (12.4.17). 


The contradiction obtained shows that Gr(f) is connected. 


The connectedness of the graph of an additive function was also studied by F. 
B. Jones [157], F. Obreanu [245], S. Marcus [215] and W. Kulpa [195]. 

Since every function f : R — R without the Darboux property must have a 
disconnected graph, we get from Theorem 12.4.5 


Corollary 12.4.1. If f: R—R is an additive function with big graph, then f has the 
Darboux property. 


Thus an additive function f : R — R with big graph yields also an example of a 
discontinuous function with the Darboux property. The Darboux property of additive 
functions was also considered by J. Smital [286], S. Marcus [215], A. M. Bruckner—J. 
G. Ceder—Max Weiss [38]. Cf. also Exercise 5.7. 


12.5 Invertible additive functions 


As is generally known, and as we have repeatedly seen before, discontinuous additive 
functions have many pathological properties. Therefore it is often believed that such 
functions cannot have any nice property. In particular, one could believe that a discon- 
tinuous additive function cannot be invertible. But this is not the case (Marczewski 
[220], Smital [286], Makai [214]), as we are presently going to show. 

We start with a rather well-known lemma, which is a particular case of a much 
more general fact, and which we prove here for the sake of completeness. 


Lemma 12.5.1. Let f : RY — R be an additive function. Then f is invertible if and 
only if 
Ker f = {0}. (12.5.1) 


Proof. If f is invertible, then there may exist only one 2 € R™ such that f(x) = 0, 
which is of course x = 0. Thus (12.5.1) holds. Conversely, assume (12.5.1), and let 
11, t2 € RX be such that f(x1) = f(x2). Then 

f(v1 — ©2) = f(x1) — f(x2) = 0, 


Le., 1 — vq © Ker f, and by (12.5.1), «1 — a = 0. Thus x; = 2x2. This shows that f 
is one-to-one, and hence invertible. 


Theorem 12.5.1. There exist discontinuous, invertible additive functions f : RN > R. 


Proof. We shall distinguish two cases: N =1 or N > 1. 
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At first consider the case N = 1. Let H be a Hamel basis of the space (R; Q; +;-). 
Let h, and hz be two fixed but different points of H. Define the function g: H — H 
putting 


g(h1) = he, g(h2) = hi, g(h) = h whenever h 4 hy and h F hy. 


Let f : R — Rbe the additive extension of g (cf. Theorem 5.2.2). It follows from Corol- 
lary 5.2.1 that f is discontinuous, since otherwise we would have ho/h, = hi/h2 = 1. 

Observe that f is invertible. In fact, since g is one-to-one and takes the values 
in H, we have (12.5.1). By Lemma 12.5.1 the function f is invertible. 

Now consider the case N > 1. Let H C RN and B C R be Hamel bases of 
RY and R, respectively. Since card H = card B (cf. Theorem 4.2.3), there exists a 
bijection g : H > B. Let f : RN — R be the additive extension of g (cf. Theorem 
5.2.2). Of course, f is invertible, because g is one-to-one and takes the values in B. 
Moreover, f is discontinuous, since otherwise we would have (cf. Theorem 5.2.2) 


f(a) = cx 


for every x € RN with a constant c € R%, but such a function is not invertible. 


Note that if N > 1, then there do not exist invertible continuous additive func- 
tions f : RY — R. (So the existence of discontinuous invertible additive functions can 
again be considered as a pathological property.) But if N = 1, functions f(x) = ca 
with c ¥ 0 are all continuous and invertible. 


Actually, in the case N = 1 we can prove more (Makai [214]). Let X be an 
arbitrary set. A function f : X — X fulfilling for every x € X the relation 


flif@]| =e (12.5.2) 
is called involutory or an involution (cf. Kuczma [177]). 


Lemma 12.5.2. Let X be an arbitrary set, and let f : X — X be an involution. Then 
f is invertible and onto: f(X) =X. 


Proof. If f(x1) = f(a) for some x1, x2 € X, then by (12.5.2) 21 = f[f(zi)] = 
f|f(z2)] = 22. Thus f is one-to-one, and hence invertible. 
Further, we have 
X= f[FOO] CHK) CX, 


whence f(X) = X. 


Condition (12.5.2) can be expressed as f~! = f. 


Theorem 12.5.2. Let B C R be a non-empty finite or countable set. Then there exists 
a discontinuous additive function f :R — R fulfilling (12.5.2) for alla € R and such 
that 

f(a)=a  forxeB. 
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Proof. Let H C R be a Hamel basis. Every x € B can be written in the form 
= MORO +... 42.1, (12.5.3) 


where \°"),..., 4 €Q, a®,...,n@ © H. Put 


Hm=U U frie). 


zE€B i=1 


Since B is finite or countable, so is also Hp. Hence H \ Ho is infinite (of the power of 
continuum). There exists a decomposition 


H \ Ho = HU Ha, 


where H, 1 Hy = @ and card H; = card Hp (= c). Hence there exists a one-to-one 
mapping go : Hy — Hy (onto). Thus the function gg 1 is defined on Hy and maps H2 
onto Hy. 

Now we define the function g: H — H as follows: 


go(h) for h € Ay, 
g(h) = 499 '(h) for h € Hp, (12.5.4) 
h for h € Ao. 


Let f : R > R be the additive extension of g. For h € Ho we have g(h)/h = 1, and for 
h € Hy we have g(h) = go(h) € Hz so that g(h) 4 h and g(h)/h ¥ 1. By Corollary 
5.2.1 f is discontinuous. 

For arbitrary h € H; we have g(h) =go(h) € Hz, whence g[g(h)| =95 '[90(h)] = 
Similarly, for h € Hz we have g(h) = gy '(h) € Hi and g(g9(h)| = go [90 (h)] = 
Obviously we have g|g(h)] = h for h € Ho. Thus g[g(h)| = h for all h € H. 

Now take an arbitrary 7 € R. Then 


e=Ayhyt+---+Anhn, A€Q, AEA, i=1,...,n, 


whence 


f(a) = Arf(ha) + +++ + Anf(Rn) = Arg(h1) + +++ + Ang(hn), 
and, since g maps H onto H, 
f[f(a)] = Af [g(h1)] ese Anf [g(hn)] 


= Aglg(h1)] oman Ang[g(Rn)]| 


Thus f fulfils (12.5.2). 
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Now take an arbitrary x € B. Then « has a representation (12.5.3) with dN) € 
Q, hi” € Ho, i=1,...,ny. Hence by (12.5.4) 


f(x) =” F(A?) + +A@ F(A) 
= Mg (hh) 4-0 + AM g(h@) = APAM 4... 4 AMA = a. 


Thus f(x) =x for x € B. 


It can be shown that for the function f constructed above the set {x € R 
f(x) = x} is always larger than B. Generally, if f : R — R is an additive function, 
then so is also the function y : R — R given by v(x) = f(x) — x. Consequently, in 
virtue of Lemma 4.3.1, the set 


{cE R| f(x) =z} = Kery 


is a linear subspace of R. 

In the proof of Theorem 12.5.2 the function f has been constructed in such a 
way that 

f(H) =H (12.5.5) 

for a certain Hamel basis H C R. But there exist involutory additive functions such 
that (12.5.5) does not hold for any Hamel basis H C R. Such is, e.g., the function® 
f(x) = —«x. If H C R is an arbitrary Hamel basis and h € H, then f(h) = —h ¢ H 
(note that h and —h are linearly dependent). Consequently for this f we even have 
H1 f(H) = © for every Hamel basis H C R. On the other hand, if f : R — R is an 
involutory additive function, and H C R is a Hamel basis, then f(#) also is a Hamel 
basis. In order to show this we prove two lemmas. 


Lemma 12.5.3. Let f : RY — R be an additive function. Then, for every linearly 
independent set A C R the set f(A) also is linearly independent if and only if f is 
invertible. 


Proof. Let f be invertible. Take an arbitrary finite system {y1,...,yn} C f(A), an 
arbitrary linear combination 


y = Ayr t+ FAnYns 


Mi,---;An € Q, of y1,---,;Yn, and suppose that y = 0. There exist a1,...,@, € A 
such that y; = f(a;), 7=1,...,n. Hence 


O=y=Aif(ar) +-+-+Anf(a@n) = f(Arai +--+ + Anan), 


and by Lemma 12.5.1 Aya, +--+: + Anan = 0. Since A is linearly independent, and 
{a1,...,@n} C A, we must have \; =--- = A, = 0, which proves that y1,...,Yn are 
linearly independent. Hence also f(A) is linearly independent. 

Now suppose that f(A) is linearly independent for every linearly independent 
set A C RN. Then, in particular, f(x) 4 0 for x 4 0. It follows that Ker f = {0}. By 
Lemma 12.5.1 f is invertible. 


9 This function is continuous. We have been unable to find an example of a discontinuous involutory 
additive function f : R — R such that f(H) \ H # @ for every Hamel basis H C R. 
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Lemma 12.5.4. Let f : RN — R be an additive function. Then E(f(A)) = R for every 
set AC R® such that E(A) = RN if and only if 


f(RX)=R. (12.5.6) 


Proof. Assume that we have (12.5.6). Take an arbitrary y € R and an arbitrary set 
A CRY such that E(A) = RX. By (12.5.6) there exists an  € RY = E(A) such that 
y = f(a). Further, there exist ann € N, Aq,...,An € Q, and aj,...,a@, € A such that 


G= ya, +--+ + Anan. 


Hence 


y= Aif (a1) asia ate Anf (an) € E(f(A)). 


Thus E(f(A)) =R. 

Now suppose that E(f(A)) = R for every set A C R™ such that E(A) = RY. Let 
H CRN bea Hamel basis, and take an arbitrary y € R. We have E(H) = R%, whence 
E(f(H)) =R, and y € E(f(H)). Consequently there exist ann € N, \1,--.,An € Q, 
and yi,---,Yn € f(H) such that 


y = Ary +++ + AnYn- 
Further, there exist hi,...,hn € H such that y; = f(hi), i= 1,...,n. Hence 


y = di f(h1) +-:~+ Anf(hn) = fib +e + Anin) € fF(R*). 


Thus R c f(R). The converse inclusion is trivial, whence (12.5.6) follows. 


Remark 12.5.1. This proof can be simplified by using the relation E(f(A)) = f(E(A)) 
(cf. Exercise 4.4). Assuming (12.5.6) we have for every set A C R% such that 
E(A) = RN 

E(f(A)) = f(E(A)) = f(R”) =R. 


In the other direction observe that E(R”) = R%, whence E(f(R%)) =R and 


F(R") = f(E(R®)) = B(f(R®)) =R. 


Theorem 12.5.3. Let f : RN — R be an invertible additive function fulfilling condition 
(12.5.6). Then, for every Hamel basis H C RN, the set f(H) CR is a Hamel basis. 


Proof. Results from Lemmas 12.5.3 and 12.5.4. 


Corollary 12.5.1. Let f : R — R be an additive function fulfilling condition (12.5.2) 
for all x € R. Then, for every Hamel basis H C R, the set f(H) C R is a Hamel 
basis. 


Proof. Results from Lemma 12.5.2 and Theorem 12.5.3. 
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12.6 Level sets 


In Theorem 12.2.1 the restriction on the interval J to be non-degenerated is essential. 
If J is degenerated (i.e., reduces to a point), the set f~+(J) need not be large. E.g., 
if f : RN — R is an invertible additive function, then for every t € R the set f—(t) 
contains at most one point. Of course, if t ¢ f(R%), then f~!(t) = @. For the sake of 
convenience in the sequel we exclude such cases. Thus, if f : RN — R is an arbitrary 
function, then under a level set of f we understand any set of the form L = f~1(t), 
where t € f(R%). If f = 0, then the only level set of f is Ker f = f~1(0) = RX. 
We will pay no attention to this trivial case, and so we will usually assume that the 
function in question is not identically zero. In the present section we are going to 
study the level sets of additive functions. We start with the following theorem of S. 
Ruziewicz [271]. 


Theorem 12.6.1. Let f : RY — R be an arbitrary additive function. Then any two 
level sets of f are congruent under translation. 


Proof. Let L = f~*(t) and M = f~1(s), t, s € f(R), be arbitrary two level sets of 
f. Take arbitrary u € L and v € M. Then f(u) =t, f(v) =s, and 


f(u—v) = flu) — fe) =t—s. 
Now let x € M be arbitrary. Then 
f(e+ (wv) = fle) + flw—v) = 84 (ts) =, 
whence x + (u—v) € L. Thus M + (u—v) Cc L. Now take an arbitrary x € DL, and 
put y= a—(u-—v). Then 
f(y) = f(x) -— flu—v) =t-(t-8) =s, 


i.e., y © M. On the other hand, 7 = y+(u—v) € M+(u—v), whence LC M+(u-v). 
Consequently 


L=M+(u-v), 


which shows that L is a translation of M. 


Theorem 12.6.1 shows that all level sets of an additive function are congruent 
to each other, and thus have analogical properties. Thus in the sequel, in order to 
establish a property of all level sets of an additive function f, we will establish this 
property for a particular level set, e.g., for L = Ker f = f~1(0). (Note that, since 
f (0) = 0, always 0 € f(R™) so that f~*(0) is a level set of f.) 

The next two theorems are due to J. Smital [286]. 


Theorem 12.6.2. Let f : RY — R be an arbitrary additive function. Then, for every 
level set L of f, we have either card L = 1, or card L > No. 


Proof. Let L = Ker f, and suppose that card Z > 1. Then there exists an x € L 
such that « 4 0. By Lemma 4.3.1 L is a linear subspace of RY, whence Ax € L 
for every 4 € Q. In other words Qz Cc L. But, since x 4 0, card Qu = No. Hence 
card L > No. 
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Of course, if f : RN — R is an invertible additive function (cf. Theorem 12.5.1), 
then we have card L = 1 for every level set L of f. On the other hand, we have 
the following complement to Theorem 12.6.2. Note that, for every level set D of an 
additive function f : RN — R, we have L C RY, whence card L < c. 


Theorem 12.6.3. For every cardinal number m such that No < m < ¢ there exists an 
additive function f : RNY — R such that f(R‘) = R and card L = m for every level 
set L of f. 


Proof. Let H Cc R™ be a Hamel basis. According to Theorem 4.2.3 card H = c, so 
there exists a set H, C H such that card H, = m, card(H \ H)) = c. By Lemmas 
4.1.3 and 4.2.2 card E(H;) = m. Now, H; as a subset of H, is linearly independent, so 
HY, is a base of E(H,). We have card(H \ H,) = ¢ = dimR. By Theorem 4.3.4 there 
exists an additive function f : RY — R such that f(R‘) = R and Kerf = E(AM)). 
This function has the desired properties. 


Now we turn to measure-theoretical and topological properties of the level sets 
of additive functions (Smital [286], Erdés-Marcus [77], Halperin [132], Marcus [217]). 


Theorem 12.6.4. Let f : RY — R be an additive function, f 4 0. Then, for every 
level set L of f, we have m;(L) = 0 and L does not contain any second category set 
with the Baire property. 


Proof. Let L = Ker f, and suppose that m;(L) > 0 or L contains a second category 
set with the Baire property. By Theorems 9.3.1, 9.3.2 and Corollary 9.2.1 we have 
L € &. By Corollary 9.3.2 there exists a Hamel basis H C L. By Lemma 4.3.1 we 
have E(L) = L. Thus 

RY = E(H) Cc E(L)=L CR 


ie., Ker f = L = RX, which means that f = 0, contrary to the assumption. 


The following theorem yields more information. 


Theorem 12.6.5. Let f : RN — R be an additive function, f 4 0. Then, for every level 
set L of f, we have m(L) = 0, or L is saturated non-measurable. Similarly, either L 
is of the first category, or has property (*) from 3.3. 


Proof. Let L = Ker f. By Lemma 4.3.1 
L+L=L. (12.6.1) 


If m-(L) > 0, then by Lemma 4.2.4 L is dense in RY, whence by Theorem 3.6.1 
m(R% \ L) = 0. Since by Theorem 12.6.4 also m;(L) = 0, L is saturated non- 
measurable. 

Similarly, if L is of the second category, then L is dense in R% according to 
Lemma 4.2.4. It follows from (12.6.1) and from Theorem 3.6.2 that the set RY” \ L 
does not contain any second category set with the Baire property. Theorem 12.6.4 
asserts that L has the same property. This means that L has property (+). 
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Again, if f is an invertible additive function, then the level sets of f consist of 
a single point each, and consequently are of measure zero and of the first category. 
The following two theorems assert that the other possibility in Theorem 12.6.5 also 
can happen. 


Theorem 12.6.6. Let f : RY — R be an additive function with small graph. Then 
every level set of f is saturated non-measurable and has property (*) from 3.3. 


Proof. Two different level sets of f are disjoint, and we have 
SS) ee da (12.6.2) 
te f(R) 


If the sets f~+(t) were of measure zero, or of the first category, then so would be also 
RY, since the union in (12.6.2) is countable. The theorem now results from Theorem 
12.6.5. 


Theorem 12.6.7. Let f : RN — R be an additive function with big graph. Then every 
level set of f is saturated non-measurable and has property (*) from 3.3. 


Proof. Let L = Ker f, and suppose that m(L) = 0. Then m(RN \ L) = oo, and there 
exists a closed set Fy C RY \ L such that 


m(Fo) > 0. (12.6.3) 


Similarly, suppose that L is of the first category. Then the set R% \ L is residual, 
and by Theorem 2.1.2 there exists a set Fo € Gs, Fy C RN \ L, and such that 


Fo is residual. (12.6.4) 


In both cases, by (12.6.3) or (12.6.4), we have card Fo = c. Now let F = Fo x 
{0} C R‘*+!. The set F is a Borel set (since Fo is a Borel set), and 7(F’) = Fo, whence 
carda(F’) = c. Thus we must have (12.4.1). This means that there exists a point 
(x, y) € FNGr(f). Hence x € Fy C RN \ L, and f(x) = 0 so that x € Kerf = L. 
Consequently x € LM (RX \ L), which is absurd. The theorem results now from 
Theorem 12.6.5. 


It follows from Theorem 12.6.7 that there exists an additive function f : RY + R 
such that f(R”) = R (cf. Lemma 12.4.1) so that card f(RY) = ¢, and the level 
sets of f are saturated non-measurable and have property (*). Similarly, it follows 
from Theorem 12.6.6 that there exists an additive function f : RY — R such that 
card f(RY) = No and the level sets of f are saturated non-measurable and have 
property (*). The following theorem (Halperin [132], Smital [286], Erdés-Marcus [77]) 
yields a joint generalization of these statements. 


Theorem 12.6.8. For every cardinal number m such that No < m < ¢ there exists an 
additive function f : RY — R such that card f(R™) = m and the level sets of f are 
saturated non-measurable and have property (*) from 3.3. 
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Proof. Let H Cc R be a Hamel basis of R. By Theorem 4.2.3 card H = c, so there 
exists a set H, C H such that card H, = m, card(H \ H,) = ¢. By Lemma 4.2.2 
card E(H,) = m. H \ Hy; is linearly independent set, so it is a base of E(H \ H,). We 
have H \ (H \ Hy) = My, whence card[H \ (H \ H,)| = card H, = m = dim F(A). 
By Theorem 4.3.4 there exists an additive function f; : R — R such that f\(R) = 
E(#,), Ker fi = E( \ Hy). 

Let fo : RN — R be an additive function with big graph, and put f(x) = 
filfo(a)],  € RX. Then f : RY — R is an additive function and (cf. Lemma 12.4.1) 


f(RY) = fi[fe(R™)] = fi(R) = E(A)). 


Consequently card f(R”) = m. Now, Ker f = f~1(0) = fy'(f7'(0)) = fy (E(4 \ 
H;)). Take an arbitrary t € E(H \ H,). Then fy '(t) C fy '(E(H \ H1)) = Ker f. By 
Theorem 12.6.7 the set fy '(t) is saturated non-measurable and has property (*), so, 
in particular, me (fy ‘(t)) > 0 and fz '(t) is of the second category. Consequently also 
Ker f has the same properties. By Theorem 12.6.5 Ker f is saturated non-measurable 
and has property (*). 


As we have pointed out before, every invertible additive function yields an ex- 
ample of an additive function with level sets of measure zero. The question arises 
whether there exist additive functions with uncountable level sets of measure zero. 
Following J. Smital [286] we will answer this question in the affirmative, assuming 
the continuum hypothesis. 


Theorem 12.6.9. Under assumption of the continuum hypothesis there exists an ad- 
ditive function f : RN — R such that f(RY) = R and the level sets of f have the 


power of continuum and measure zero. 


Proof. By Theorem 11.6.2 there exists a Hamel basis H C R% which admits a decom- 
position H = H, U Ae, HN Ay = @, such that card H; = card Hy = ¢ and E(M,) 
is a Lusin set. Hy, is a base of E(H,), and card(H \ H,) = card Hz = ¢ = dimR. 
By Theorem 4.3.4 there exists an additive function f : RN — R such that f(R‘) = 
R, Ker f = E(H). 

Since £(H}) is a Lusin set, it is uncountable, and by the continuum hypothesis 
card Ker f = card E(H}) = c. By Corollary 3.4.1 m(Ker f) = m(E(H;)) = 0. 


If N > 2, then for every continuous additive function f : RN — R the level sets 
have the power of continuum and measure zero. But the function f constructed in 
the proof of Theorem 12.6.9 is discontinuous. In fact, if f were continuous, then the 
set Ker f = f~1(0) would be closed. But actually, according to Theorem 3.4.2, Ker f, 
being a Lusin set, does not have the Baire property. 


12.7 Partitions 


Let f : RY — R be an additive function. Then the level sets of f are pairwise 
disjoint, fulfil (12.6.2), and, according to Theorem 12.6.1, they are congruent under 
translation. Thus every additive function f : RY — R furnishes a partition (12.6.2) 
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of R into disjoint congruent sets, and the number of constituents of the partition is 
equal to card f(R%). Partitions of RY were studied by Burstin [39], Ruziewicz [271], 
Hahn-Rosenthal ({128], §8.3.3), Sierpiiski [283], Halperin [132], Erdés-Marcus [77], 
Smital [286]. Directly from Theorem 12.6.8 we obtain the following (Halperin [132], 
Smital [286], Ruziewicz [271]) 


Theorem 12.7.1. For every cardinal number m such that No < m < ¢ there exists a 
partition of RN into m pairwise disjoint saturated non-measurable sets with property 
(«) from 3.3, congruent under translation. 


In this context the following question arises: if A is a family of pairwise disjoint 
sets congruent under translation and such that 


LJ A=R", (12.7.1) 


does there exist an additive function f : RY — R such that the sets A € A are the 
level sets of f? The following theorem (Kuczma [180]) answers this question. 

Observe that, since the sets from A are pairwise disjoint and fulfil (12.7.1), there 
exists a unique set Ag € A such that 0 € Apo. 


Theorem 12.7.2. Let A be a family of pairwise disjoint sets which are congruent under 
translation and fulfil (12.7.1). Let Ag € A be such that 0 € Ao. Then there exists an 
additive function f : RN — R such that the sets A € A are the level sets of f if and 
only if the set Ao is a linear subspace (over Q) of RY. 


Proof. Suppose that such an f exists. We have f(0) = 0, consequently Ago = Ker f, 
and by Lemma 4.3.1 Ao is a linear subspace of RY. 

Now suppose that the sets from A are pairwise disjoint, congruent under trans- 
lation, fulfil (12.7.1), and Ao is a linear subspace of R%. Since the sets A € A are 
congruent under translation, for every A € A there exists a d4 € R% such that 


A= Ao +da. (12.7.2) 


Let B C Ao be a base of Ap. By Corollary 4.2.3 there exists a Hamel basis H of R% 
such that B C H. We have card(H \ B) < card H = ¢ = dimR. By Theorem 4.3.3 
there exists an additive function f : R‘ — R such that Ker f = Ao. Put t4 = f(da) 
for AE A. 

Now take an A € A. If « € A, then by (12.7.2) there exists an x € Ap such 
that « = xo + da, whence f(x) = f(xo) + f(da) = f(da) = ta. Thus x € f~1(ta) 
and Ac f71(ta). 

Take an « € f—(ta). Thus f(z) = ta = f(da) and 


f(x — da) = f(a) — fda) =0, 


ic., 2 —d, € Kerf = Ap and x € Ap + da = A. Consequently f~'(ta) C A, and 
finally we get A = f~+(t4). Thus every set A € A is a level set of f. 
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Example 12.7.1. Let H Cc R% be an arbitrary Hamel basis, and let Z(H) be the 
associated Erdés set (cf. 11.5). Define the relation ~ in RN x R% as follows: 


erysar-ye ZA). (12.7.3) 


Since Z(H) fulfils (11.5.2), ~ is an equivalence relation. Consequently RY can be 
partitioned into disjoint classes of equivalent elements. Let A be the collection of 
these classes. (Note that we have A = R‘/Z(H).) Then the sets from A are pairwise 
disjoint and fulfil (12.7.1). Take arbitrary A, B ¢ A,u€ A,v © B, and put d= v—u. 
Take an « € A. Then x ~ u, ie., by (12.7.3), cu € Z(H). Now let y=a+d= 
xe+vu—u=v+(x—u), whence y—v = x—ué Z(H), and by (12.7.3) y ~ v. Hence 
y € B,i., +d € B. This shows that A+dc B. 

Now take an arbitrary y ¢ B. Thus y ~ v, ie., y—v © Z(A). Let ce = y-d. 
Then « = y—(v—u) =ut+(y-—v), and x-—u=y-—v € Z(H). Consequently x ~ u, 
whence x € A, and y=x+de¢eA+d. Hence BC A+d, and finally B= A+d. 


We have shown that any two sets from A can be obtained from each other by 
translation, i.e., the sets from A are congruent under translation. Observe that 0 € 
Z(H), whence Ag = Z(H). The set Z(H) is not a linear subspace of R , consequently 
the sets from A are not the level sets of an additive function. 


Now we are going to deal with the one-dimensional case. Let J C R be an 
interval. Then every partition (12.7.1) of R (N = 1) generates a partition of I: 


LS iC Andy, 


AEA 


But now the sets AM J need not be congruent under translation. We will say that 
two sets A, B Cc I are congruent by decomposition iff there exist non-negative real 
numbers t, s such that t+ s = |J| and 


[(A+t) NJ] U [(A-s) NI] =B, 


where |J| denotes the length of I. 


Lemma 12.7.1. Let f : RN — R be an additive function. If x9 € Ker f and xp 4 0, 
then xo is a period of f. 


Proof. We have, for arbitrary x € R%, 


f(x@+ 20) = f(z) + f(xo) = f(z), 


i.e., Zo is a period of f. 


Lemma 12.7.2. Let f : R — R be a non-invertible additive function. Then f is 
microperiodic™ 


10 Te., f has arbitrarily small positive periods. 
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Proof. Since f is non-invertible, the set Ker f is dense in R according to Lemma 
12.2.1. Consequently there exists an arbitrarily small positive xo € Ker f. By Lemma 
12.7.1 every such 29 is a period of f. 


Now we will prove a theorem (cf. Lusin-Sierpinski [212], Halperin [132]) on a 
partition of the unit interval. 


Theorem 12.7.3. Let I = [0,1] be the unit interval. For every cardinal number m such 
that Xo <m <c there exists a partition 


I=VUA (12.7.4) 


of I into m sets which are congruent by decomposition and such that m;(A) = 
0, me(A) = 1 for every A € A. Also, if A € A, then neither A, nor I \ A, con- 
tains a second category subset with the Baire property. 


Proof. There exists an additive function f :R—R such that card f(R) = m and the 
level sets of f are saturated non-measurable and have property (*) from 3.3 (Theorem 
12.6.8). Consequently there exists a z € Ker f such that z 4 0. Define the function 
f: RR by f(x) = f(zz). Then f is an additive function, f(R) = f(2R) = f(R) 
so that card f(R) = m, and Ker f = z~! Ker f is saturated non-measurable and has 
property («) so that all level sets of f are saturated non-measurable and have property 
(«). Moreover, f(1) = 0, whence, by Lemma 12.7.1, 1 is a period of f: 


f(«+l=f(x) forrzeR. (12.7.5) 
For every t € f(R) put A; = f~*(t), and let A = {IN A¢}te pcp). Thus card A = 
m, and since R= (J A, we have 
te f(R) 
FS" ( eriAy): (12.7.6) 
te f(R) 


Formula (12.7.6) yields a partition of I into m pairwise disjoint sets. Since the sets 
A; are saturated non-measurable, we have by Theorem 3.3.1 me(IN Az) = || = 1 for 
every t € f(R), whereas evidently m;(IM Az) < m;(Az) = 0, whence m;(IM Az) = 0 
for t € f(R). Also, it follows from (*) that neither 1M A, C Az, nor I\ A; C R\ At 
can contain a second category subset with the Baire property, ¢ € f(R). It remains 
to show that the sets from A are congruent by decomposition. 

Take an arbitrary t € f(R) and « € A; = f7'(t). By (12.7.5) e+1 € At, 
whence A; +1 C A;. Similarly, if « € Ay +1, then « = y+1, where y € A;. Thus 
f(z) = f(y+)= fly) =t, ie, « © f-'(t) = Ay and A; +1 A;. Hence 


Aptl=A, forte f(R). (12.7.7) 


Now take arbitrary t, s € f(R), t #4 s. The sets A; and A, are congruent under 
translation (Theorem 12.6.1), i.e., there exists a d € R such that 


Ay td = Ag. (12.7.8) 
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Write d= [d] +r, where [d] is the integral part of d, and 0 <r < 1. By (12.7.8) and 
(12.7.7) 
At tr = As, (12.7.9) 


and since t £ s, whence A; # As, we must have actually 0 < r < 1. Subtracting 1 
from both sides of (12.7.9) we obtain by (12.7.7) 


RAO SAs (12.7.10) 
By (12.7.9) 
(A;ND+r=(Aptr)an(4+r) = (Art r) air t1) = As [r,r + 1, 


and 
[(AaND +r] NI =A, [r, r+1JNI= AN [r, 1). (12.7.11) 


Similarly, by (12.7.10) 


(Ayn )—(1—r) = (Ay—(1—-r))N(I-(1—r)) = (Ar-(1=1))A[r-1, 7] = AsN[r-1, 7], 
whence 

(Aen 1) —-(l-1r)] NI =A,N[r—1,r]N I= As [0,7]. (127,19) 
From (12.7.11) and (12.7.12) we obtain 


([((AeN 1) +r] N12) U([(AeN DT) -Q-—1r)] N71) =A, 1. 


Consequently the sets A,M J and A, J are congruent by decomposition. 


It is clear that in the above theorem the closed interval [0,1] may be replaced 
by the open interval (0,1), or by the half-open interval (0, 1] or [0,1), or by any other 
interval J C R (with the obvious modification in the formulation of the theorem). 

As pointed out in 10.5 the sets from class 2 may be considered as “large”. 
Therefore also the following theorem (Kuczma [184]) may be of interest. 


Theorem 12.7.4. There exists a partition of RN into ¢ pairwise disjoint, congruent 
(under translation) sets belonging to the class A. 


Proof. Consider the partition described in Example 12.7.1. By Lemma 11.5.4 (cf. 
formula (11.5.7)) Z(H) € 2%, whence, by Theorem 9.2.8, every translation of Z(H) 
belongs to 2. It remains to show that card A = c. 

Let D be the set of those x € R™ which have expansions 


t=ayhyt---+anhn, nEN, h; € H,i=1,...,n, (12.7.13) 
1 
with a; € QN (0,1). Thus - H Cc D, whence (cf. Theorem 4.2.3) ¢ = card H = 


1 
card (5 #1) <cardD <c, and cardD = ¢. If y, z € Z(H) +d for ad € D, then 
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y=ut+d, z=v+d, where u, v € Z(H), whence y— z =u-—v € Z(H). Thus y ~ z. 
Conversely, if y € Z(H) +d and z~ y, then z—y € Z(A), y= utd, ue Z(A). 
Hence z = (z- y) + y = (z-y) + (u+d) = [(z-—y) + u] +d. By (11.5.2) we have 
(z-y)+ue Z(H) + 2(A) = Z(A), and thus z € Z(H) +d. Thus 7(H)+disa 
class of equivalent elements of R“, whence Z(H) +d € A for every d € D. We must 
show that for d; 4 dg, dy, dz € D, also Z(H) +d; 4 Z(H) + dg. This will imply that 
card.A > card D = ¢, and since evidently card A < c, we will get hence card A = c. 

First observe that —Z(H) = Z(H), whence by (11.5.2) Z(H) — Z(H) = Z(#). 
Now suppose that for certain d,,dz € D, di 4 dg, we have Z(H) + d, = Z(H) + dg. 
Then 


d, — dy € Z(H) — Z(H) = Z(H). (12.7.14) 
The point « = d; — dy has an expansion (12.7.13), where a; € QN (1,1), and, since 
d, # dz, not all a; are zero. Thus x ¢ Z(H). This contradicts (12.7.14). 


12.8 Monotonicity 


Now we are going to deal with quite a different problem. If D C R is an open interval 
and f : D— R is a convex function, and if f is monotonic in D, then f is bounded 
on every closed interval J C D, and hence it is continuous (cf. also Corollary 12.8.1 
below). This fact can be extended to higher dimensions (Bereanu [28]). Here we are 
going to present one of such extensions (Kuczma [180]). 

Let J Cc R be an interval, and let y: I — R be a function. Let w be a positive 
real number. The function ¢ is called w-increasing (Anastassiadis [14]) iff 


pla + w) > p(x) 
holds for all x € J such that x+w € I. Similarly, y is called w-decreasing iff 


p(t + w) < (x) 


holds for all x € I such that x+w € I. Let 2 C (0,00) be a set of positive numbers. 
The function y is called Q-increasing [Q-decreasing] iff it is w-increasing [w-decreasing] 
for every w € 9. A function which is either Q-increasing, or Q-decreasing, is called 
Q-monotonic. 

There exist sets 2 C (0, co) and functions y : J > R which are Q-monotonic, but 
not monotonic in the customary sense. To see this consider Example 12.7.1 (N = 1). 
Since, as was shown in the proof of Theorem 12.7.4, card.A = c, there exists a one- 
to-one mapping ~ : A — R (onto). Define the function y : R > R putting 


v(x) =W(A) ifeeAcA. 


Let 

Q = Z(H) N(0, 0). (12.8.1) 
For every w € 2 C Z(H) and every x € R we have: if ¢ € A € A, then + wu € A, 
whence v(x + w) = v(x). Thus y is w-monotonic, and hence Q-monotonic. But ¢ is 
not monotonic, since for every t € y(R) we have y(t) = A for a certain A € A, 
and these sets, being translations of Z(H), are non-measurable (cf. Theorem 11.5.1). 
Consequently also the function y is non-measurable. 
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Lemma 12.8.1. Let IC R be an interval, let Q1, Q2 C (0, co) be arbitrary sets, and 
let p: I> R be a function which is Q1-increasing and Q2-increasing [Q1-decreasing 
and Q2-decreasing]. Then y is (Qi + Q2)-increasing [(Q1 + Q2)-decreasing]. 


Proof. Take an « € I and anw € 1+. such that x+w € I. Then w = wi +we, wy € 
Qy, wg € Ng, and x +wu, € I. Hence, if vy is )-increasing and Q2-increasing, 


p(x + w) = o((x +1) + we) > v(a +01) > 9(a), 


i.e., y is w-increasing. If y is Qi-decreasing and (Q»2-decreasing, the inequalities are 
reversed. 


Lemma 12.8.2. Let IC R be an interval, let Q C (0,00) be a set, and let p: I 4R 
be an Q-monotonic function. For every 6 € (0,00) put Ns =2N (0,6). If 


int(Qs +2) AB — for d € (0, do) (12.8.2) 
and for a 69 € (0,00), then y is monotonic. 
Proof. Suppose that y is Q-increasing, and take arbitrary x, y € I, x < y. Choose a 
6 <min («o, gy - »)) . By (12.8.2) there exists an interval (a, 3) C (Q+2)N(0, 26). 


By Lemma 12.8.1 y is w-increasing for every w € (a, ). We have 8 < 26 < y— a. 
Note that by (12.8.2) Q5, 4 @ for every 6’ > 0. Hence there exists an w € 0 such that 
0<w< B-—a < y—x—a. Consider the interval J = (y—r—8, y—x—a) C (0, 00). Since 
the length of J is —a, there exists ak € N such that kw € J, i.e., y—w—kw € (a, 8). 
Hence 


oy) = o((y — kw) + kw) > p(y — kw) = v(x + (y — 2 — kw)) > (2). 
(Note that y—kw € (cx+a, 2+) and kw > 0, whence x < y—kw < y and y—kw € I.) 
Consequently y is increasing. 


If y is Q-decreasing, the proof is the same, except that the inequalities must be 
reversed. 


Condition (12.8.2) is certainly fulfilled if m;(Qs5) > 0 for 6 € (0,469) (Theorem 
3.7.1) or if, for 6 € (0,60), Qs contains a second category set with the Baire property 
(Theorem 2.9.1). But, e.g., for the set Q given by (12.8.1) condition (12.8.2) is not 
fulfilled. In fact, Q5 C Q C Z(A), whence by (11.5.2) Q3 +05 C Z(H) + Z(A) = 
Z(H), and int(Qs5 + Qs) C int Z(H) = @. But we will prove the following 
Theorem 12.8.1. Let D C R™ be a convex and open set, and let f : D > R be a 
convex function. Let x9 € D, and let ay,...,an € R™ be linearly independent over 
R. For everyi=1,...,N put d; = sup{t > 0 | a + ta; € D}, and let the functions 
yi: [0,d;) > R be given by 


yi(t) = f(zo+ta;), i=1,...,N. 


Suppose that ¢; € (0,d;),i =1,...,.N, and that we are given sets Q; C (0,€;) such 
that Q; € %,,1=1,...,N. If, for everyi =1,...,N, the function vy; is Q;-monotonic 
in the interval [0,¢;] C [0,d;), then f is continuous. 
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Proof. Write b; = 29 + €;a; € D, i=1,..., N. Let 
T; ={x#e€ D|x=294+ taj, tE0;} (12.8.3) 
if y; is Q;-decreasing, and 
T,={xeED|x=294+ (& — tha; = b; — tay, te Oi} (12.8.4) 


if y; is Q;-increasing, i=1,...,N. Put 


We will show that f is bounded above on T’ by 
M = max{f(xo), f(b1),.--, f(dw)}- 


Take an arbitrary x € T. There exists an i, 1 <7 < N, such that x € T;. Suppose 
that T; is given by (12.8.3) so that y; is 0;-decreasing. Then x = xo + ta; with a 
t €Q;, so yi (t) < yi (0). In other words, 


f(x) = f(@o + tai) = gilt) < 9i(0) = f(@0) < M. 


Now suppose that T; is given by (12.8.4) so that y; is Q;-increasing. Then 
x = b; — ta; with a t € Qj. Since Q; C (0, €:), we have ¢; —t € (0, €4) Cc (0, d;), and 
pile; — t) < y;(e;). In other words, 


f(z) = f (#0 + (ex — tas) = giler— 8) < Giles) = f(eo + eras) = f(s) <M. 


Thus f is bounded above on T. It remains to show that T € Ay. 
Let g: RY — R be an arbitrary additive function bounded above on T: 


g(a) < K forxeT. 


Put 
yi (t) = g(xo + tax) — g(ao) = g(ta;), i=1,...,N. 

Thus for every 7 = 1,...,N, y : R — R is an additive function. Suppose that Tj is 
given by (12.8.3) and t € Q;. Then zo + ta; € T; and ;(t) < K — g(a), ie, % is 
bounded above on 2, and since 2; € 2, = By, (cf. Theorem 10.2.2), y; is continuous. 

Now suppose that T; is given by (12.8.4) and ¢t € ¢; —Q;. Then t = ¢;—t’, where 
te QO; and xo + ta; = wo + (€; — t/a; € T;, whence 7;(t) < K — g(x), ie., yi is 
bounded above on ¢; —Q;. By Theorems 10.2.2, 9.2.8 and 9.2.1 we have ¢; -—Q; € By. 
Hence 7; is continuous. 

Thus all the functions 7;, 1 = 1,...,.N, are continuous. By Theorem 5.5.2 there 
exist constants c1,...,c~ € R such that 7;(¢) = ct for i = 1,...,N. An arbitrary 
x € R® can be written as 


G=%10,++::+anan, 4 ECR, i= 1,...,N, 
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since a1,...,@y are linearly independent over R. Then 


N 
g(x) = g(@141) +--+ + g(@nan) = 1 (1) +++ +N (EN) = Ds CDi, 


whence it follows that g is continuous. Thus T € By = Ay (Theorem 10.2.2). 


Since every function monotonic in an interval (0,¢) is (0,¢)-monotonic, and by 
Lemma 9.3.1 open intervals belong to 21, it follows that (with the notation as in 
Theorem 12.8.1), if every function y; is monotonic in a right vicinity of zero, then f 
is continuous. In the particular case N = 1 we obtain hence 


Corollary 12.8.1. Let D C R be an open interval, and let f : D — R be a convex 
function. If f is monotonic on an interval IC D, then f is continuous. 


The following theorem is in a sense converse to Theorem 12.8.1. 


Theorem 12.8.2. Let D C R™ be a convex and open set, and let f : D > R be a 
continuous conver function. Let 79 € D anda € RX, a £ 0. Let d = sup{t > 0 | 
xo +ta € D}, and let vy: [0,d) > R be given by 


g(t) = f(xo + at). 
Then the function y is monotonic in an interval (0,€) C (0,d). 


Proof. Let y = y | (0,d). Then w : (0,d) — R is a continuous convex function of a 
single real variable. By Theorem 7.3.5 either q is monotonic in (0,d), or there exists 
an € € (0,d) such that w is decreasing in (0,¢). The theorem follows. 


Exercises 


1. Let f : RY —R be a discontinuous additive function, and let A C R™ be a set 
which is either measurable of positive measure, or of the second category and 
with the Baire property. Show that cl f(A) = R. 

2. Let f : RR’ —R be a discontinuous additive function, and let w : R — R be an 
arbitrary function. Show that for every interval JC R we have 


mi(f—*(w7* (w(R) \ w(1)))) = 0. 


3. Let f : R — R be an additive function, let A C R \ {0} be a set which is either 
measurable of positive measure, or of the second category and with the Baire 
property. Suppose that f satisfies the condition 


ras (4) >c forzeEA 


with a certain c > 0. Show that f is continuous!!. 


11 Aczél [7]; cf. also Kannappan [161]. The problem whether this result remains valid also when 
c = 0 remains still open (Rothberger [270]; cf. also Benz [26]). Added in proof: This has recently 
been solved by G. M. Bergman [29]. 
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10. 


Monotonicity 339 
(Hint: Let g: A — R be given by g(x) = +271. On g(A) we have f(t) = f(x)+ 
f(a7) with an a € A, and |f(#)| = [f(@)| + [f(@)| > f(a) Fa) [h?2 > 2 
(cf. 8.3).] 

. Show that in Lemma 12.3.1 the assumption that J has a finite upper bound is 
essential. 


[Hint: Let g : RY — R be a discontinuous additive function. Consider the 
function f : RY — R given by f(z) = |z| + |g(2)|-] 


. Let D C R% be a convex and open set, and let f : D — R be a discontin- 


uous convex function. Show that for every c € R we have m;[f~1((c, 00)) N 
m5" ((—co, iy leat 


. Let f : RY — R be a function with big graph, and let A C R% be a set which is 


either measurable of positive measure or of the second category with the Baire 
property. Show that f(A) =R. 


. Let f : RY — R be an additive function, and let H C R% be a Hamel basis. 


Show that if f(H) 4 {0} and card f(H) < No, then f is a function with small 
graph. 
[Hint: Use Exercise 4.4 and Lemma 4.1.3.] 


. Show that there exists a non-constant periodic convex function f : R — R which 


is not additive. 
[Hint: Let g: R — R, g 4 0, be a non-invertible additive function, and take 


f=lgl] 


. Show by a suitable counter-example that the following extension of the Egorov 


theorem is invalid (Kuczma [189]): 

Let A CR be a measurable set with m(A) < ov, and let f : A x (0,1) — R be 
a function such that for every fixed ¢ € (0,1) the function f(x, t) as a function 
of x is measurable. Suppose that there exists a function , : A — R such that 
lim f(a,t) = f(x) for almost every x € A. Then, for every ¢ > 0 and 7 > 0, 
there exists a closed set F C A and ao > 0 such that m(A \ F) < 7 and 
|f(a,t) — f(x)| < € uniformly on F x (0,6). 

[Hint: Let g : R — R be an invertible discontinuous additive function. Take 
A= (0,1), and f(z,t) = 1 when (z,t) € Gr(g), f(x, t) = 0 when (2,t) ¢ Gr(g).] 
Show that there exists an additive function f : RY — R such that f(RY) =R, 
and the level sets of f are saturated non-measurable, have property (*) from 
3.3, and have the power of continuum (Smital [286]). 

[Hint: Let f; : R — R be an additive function such that f;(R) = R and 
card Ker f; = ¢, and let fo : RN — R be an additive function with big graph. 
Put f = fio fo.] 
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Chapter 13 


Related Equations 


13.1 The remaining Cauchy equations 


The following functional equations are also referred to as Cauchy’s equations (Cauchy 
[41]; cf. also Aczél [5]) 


f(a+y) = fla) fy), (13.1.1) 
f(xy) = f(x) + fy), (13.1.2) 
f(xy) = f(x) f(y). (13.1.3) 


Equation (13.1.1) will be considered for functions f : RN — R, whereas equations 
(13.1.2) and (13.1.3) will be considered only for functions of a real variable, because 
of the operation of multiplication occurring in the argument. 
Lemma 13.1.1. Let f : RY — R be a solution of equation (13.1.1). Then either f = 0, 
or f >0 inRY. 
Proof. Suppose that there exists an 29 € R™ such that f(a) = 0. Then, for arbitrary 
ceER, 

f(a) = f ((z— 20) + 20) = f(x — 20) f(z0) = 0, 
i.e., f = 0. Now suppose that f #4 0. By what has just been shown, f is never zero in 
RY. For an arbitrary  € R™ we have 


1 1 


1 2 
fw) = f(5e+ 50) = Gor 20, 


and since f(x) 4 0, we obtain f(x) > 0. Thus f is positive in R%. 


Theorem 13.1.1. Let f : RY — R be a solution of equation (13.1.1). Then either 
f =0, or there exists an additive function g: RN — R such that 


f =expg. (13.1.4) 


Proof. The function f = 0 clearly is a solution of (13.1.1). So suppose that f 4 0. 
By Lemma 13.1.1 f is positive in RY. Put g = log f. Then, by (13.1.1), 9g: RY -R 
is an additive function, and the theorem follows. 
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On the other hand, it is easily seen that every function of form (13.1.4), where 
g: RN — Ris additive, actually satisfies (13.1.1). 


Lemma 13.1.2. Let DC R be such that xy € D for every x,y € D, and0 € D. The 
only solution f : D — R of equation (13.1.2) is f =0. 


Proof. Setting in (13.1.2) y = 0 we obtain f(0) = f(x) + f(0), whence f(x) = 0 for 
every x € D. Of course, f = 0 is a solution of (13.1.2). 


But we can obtain non-trivial solutions of (13.1.2) if we exclude 0 from the 
domain of definition of f. Thus we have 


Theorem 13.1.2. Let D = (0,00), or D = (—oo,0) U (0,00). If a function f: D>R 
satisfies equation (13.1.2), then there exists an additive function g: R — R such that 
f(x) = g(log|x|) for «€ D. (13.1.5) 
Proof. For t € R put g(t) = f(e’) so that g : R > R. We have by (13.1.2) for arbitrary 
u,vER 
g(u+v) = f(e"*) = fete”) = fle") + fle") = g(u) + g(x), 
i.e., g is additive. Moreover, f(x) = f (|x|) = g(log|z|) for 2 > 0. For x = 1 we obtain 
hence f(1) = g(0) = 0. 
Now, if D = (—oo,0) U (0, 00), set in (13.1.2) = y = —1. Then 
0=f0) =f sel a2), 
whence f(—1) = 0. For « < 0, y = —1, equation (13.1.2) yields 
f(\zl) = f(-#) = f(z) + f(-1) = f(). 
Hence we obtain (13.1.5) for x < 0. So (13.1.5) is generally valid. 


l| 


On the other hand, it is easily seen that every function of form (13.1.5), where 
g:R-—R is additive, actually satisfies (13.1.2). 

Equation (13.1.3) is most complicated of all the three equations. We will solve 
it for functions f : D — R, where D is one of the sets 


(0, se (0, 1 a4 1, (=1,0) U (0, 1), (1,00), (0, oo), (0, oo), (—0o, 0) U (0,00), R. 
(13.1.6) 
Lemma 13.1.3. Let D be one of sets (13.1.6). If f: DR, f 40, is a solution of 
(13.1.3), then f(1) = 1 if 1 © D; f(-1) =1 or —1 if -1 € D; f(0) =0 or 1 #f0€ D. 
If0€D and f(0) =1, then f(x) =1 for all x € D. 


Proof. Setting in (13.1.3) in turn # = y=1;2=y=-—1; x = y = 0, we obtain 


2 


FQ) = fF) = [FQ 
whence f(1) =0 or 1; if f(1) = 0, then we have for arbitrary x € D 


f(x) = FO) F(a) = 9, 
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contrary to the assumption that f 4 0. So f(1) = 1. Next, 


and the proof is complete. 


Lemma 13.1.4.! If D is one of the sets 
(0,1), (0,1), (1,00), 


and if fo: D—R, fo £0, is a solution of (13.1.3), then the function f : [DU {1}U 
(D, {0})"] — R given by 


fo(2) 1 ee Ds 
f(e)= 41 ifc=l, (13.1.7) 


[fole!)]~" af w € (D\ {0}) 
satisfies equation (13.1.3) in DU {1} U (D \ {0}) and fo = f|D. 


Proof. First note that fo(a) 4 0 for « € D, « #0. In fact, suppose that fo(xo) = 0 
for an 2p € D, xo 4 0. Suppose, for the argument’s sake, that xo € (—1,1)N D. Take 
an arbitrary x € D such that |2| < |xo|. Then |x/zo| < 1 and w/a € D. Hence 


x x 
fo(x) = fo (w=) = fo(xo) fo (=) =0. 
Xo Xo 
Now take an arbitrary z € D. We have from (13.1.3) by induction 
fo(a”) = [fo(a)]” for nEN. (13.1.8) 


But for sufficiently large n € N we have |x”| < |xo|. Thus fo(z”) = 0, and by (13.1.8) 
fo(x) = 0. Consequently fp = 0 in D, contrary to the assumption. 

Thus definition (13.1.7) is meaningful. The relation fp = f|D results directly 
from (13.1.7). It remains to show that f given by (13.1.7) satisfies (13.1.3) for x,y € 


DU {1}U (D\ {0}. 


1 In the following part of this section, some corrections were made in the 2"4 edition, based on 
M. Kuczma, Note on multiplicative functions, Ann. Math. Sil. 3(15) (1990), 45-50, by K. Baron. 
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We must distinguish several cases. 
I. «,y € D. Then also xy € D, and by (13.1.7) and (13.1.3) for fo 


f(xy) = foley) = fo(@) foly) = f(x) Ff). 
II. x arbitrary, y = 1. Then, by (13.1.7), f(y) = 1. Hence 
f(xy) = fla) = f@) Ff). 


Of course, if « = 1 and y is arbitrary, then we obtain hence (13.1.3) in virtue of 
the commutativity of the operation of multiplication. 


Ill. x,y € (D\ {0})'. Then also xy € (D \ {0}) *, and by (13.1.7) and (13.1.3) 
1 


s fe f(x) f(y) = [fola2)] ~ [foly-)] = [fo(a~!) fol(y)] = [fo((ay) 4) = 
ry). 

IV. « € D, y € (D\ {0})’, cy € D. Then by (13.1.7) f(y) = [fo(y-)] and 
y | € D. We have 


fo(zy) fo(y~") = fo(zyy~") = fo(2), 
whence 
f(x) f(y) = fola)[fo(y!)] = foley) = f(y). 


V.ceD,ye(D\ {0}), xy = 1. Then y~! = a, whence f(y) = [fo(y-2)] = 


[fo(x)]~" and 
f(x) f(y) = fo(a) [fo(a)]n~* = 1= flay). 


VI «#eD,yeE (D \ {0})~*, ry € (D \ {0})~°. Then z—1y—! = (ay)—1 € D, 
and 
1 


[fo(e=*y~*)]* [fo(@)] "= [fole=*y~*) fo(@)] "= [fo(@ty-*a)] "= [fou ?)] 


whence 
1 


F(x) f(y) = fo(z) [fo(y)] > = [fo(aty1)] = Flay). 


1 


Of course, if  € (D\ {0}) ~ and y € D, then we obtain (13.1.3) in virtue of 
the commutativity of the operation of the multiplication. 


The next lemma shows that we may restrict (13.1.6) to the following sets 
(0,00), [0, 00), (—0o, 0) U (0, oo), R. (13.1.9) 
Lemma 13.1.5. If Do is one of sets (13.1.6), and fo : Do — R satisfies equation 


(13.1.3), then there exist a set D of form (13.1.9) and a function f : D > R satisfying 
(13.1.3) such that Do C D and fo = f | Do. 
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Proof. Clearly, we may assume that fo 4 0 and by Lemma 13.1.4 it is enough to 
consider sets Do of the form 


(5h), (1,0) (0,1) 
only. Like in the proof of Lemma 13.1.4, we show that f(x) #4 0 for a € Do, x £0. 
For arbitrary x, y € Do \ {0} we have —x, —y € Do \ {0} and by (13.1.3) 


fo(—2) fo(y) = fo(—ay) = fo(x) fo(—y), 


whence 


fo(—2) es fo(—y) (13.1.10) 


fo(x) —— foly) © 
Relation (13.1.10) means that 


pa). CED ATO (13.1.11) 
fo() 
is constant. Setting y = —« in (13.1.10), we obtain 
eo ie (13.1.12) 


Relation (13.1.11) may be written as 


fo(—2) => € fo(x) (13.1.13) 
for « € Do \ {0}. If 0 € Do, then according to Lemma 13.1.3 f(0) is either 0 or 1; 
in the latter case fo(x) = 1 for all « € Do. Thus, (13.1.13) is fulfilled also for x = 0. 
Consequently, (13.1.13) holds in the whole of Do. 
Now, we define the function f : [DoU{1}U(Dpo \ {0}) "U{—1}] — R by (13.1.7) 
with D replaced by Do and 
f(-lD=e, (13.1.14) 
where ¢ is defined by (13.1.11). It remains to verify that f satisfies equation (13.1.3) 
in Do U(Do \ {0})”'U{1} U{—1}. Beside the cases dealt with in the proof of Lemma 
13.1.4, we need to consider also the cases where one of x, y, ry is —1l. 
If 2 = —1, y € Do, then (13.1.3) results from (13.1.7), (13.1.13) and (13.1.14). 
If « = —1, y = 1, then we obtain (13.1.3) from (13.1.7) and (13.1.14). If ¢ = y = -1, 
then (13.1.7), (13.1.14) and (13.1.12) imply (13.1.3). If 2 = -1, y € (Do \ {0})~¢, 
then also —y € (Do \ {0})~! and by (13.1.7), (13.1.13), (13.1.12) and (13.1.14) 


f(ey) = f(-y) = [fo(—y7)] = [efoly-] "= €[foly)] = Fle) Fy). 


If « € Do, y € (Do \ {0})™, zy = —1, then y~+ = —a and 


= —1 = 

f(x) f(y) = folx) [fo *)] = folx)[fo(-2)] = fox) [efo(a)] = 2 = f(ay) 
in virtue of (13.1.7), (13.1.13), (13.1.12) and (13.1.14). 

The cases where y = —1, or x € (Do \ {0})71, y € Do, zy = —1, follow from 

those already considered in view of the commutativity of the multiplication of real 

numbers. 


-1 


—-1 
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Theorem 13.1.3. Let D be one of the sets (13.1.6). If a function f : D—R satisfies 
equation (13.1.3), then there exists an additive function g : R — R such that f has 
one of the following forms: 


f=0, (13.4015) 

f=1, (13.1.16) 
_ exp g(log |x|) for «#0, x€ D, 

H(z) = f for x=0 (if 0€ D), Cet) 


expg(log|z|) for « > 0, x € D, 
f(z) = 40 for x =0 (if 0€ D), (13.1.18) 
—expg(log|z|) for <0,2€D. 


Proof. By Lemma 13.1.5 it is enough to consider sets D of form (13.1.9). Let x > 0, 
x € D. Then by (13.1.3) 


f(x) = [f(Vvz)]° > 0. (13.1.19) 


Suppose that there exists an zo € D, xp # 0, such that f(xo) = 0. Take an arbitrary 
x € D. Then x/a9 € D and 


f(a) =f (v0 =) = feo) (2) =o. 


Thus f = 0 in D, and we obtain (13.1.15). Now suppose that f(x) 4 0 for x € D\ {0}. 
By Lemma 13.1.3 f(0) = 0 or 1. If f(0) = 1, then f = 1 in D in virtue of Lemma 
13.1.3, and we obtain (13.1.16). So let f(0) = 0. By (13.1.19) f(x) > 0 for x > 0. 
Let fi(x) = log f(x) for > 0. Then fi : (0,00) — R satisfies equation (13.1.2), 
whence by Theorem 13.1.2 there exists an additive function g : R — R such that 
fi(xz) = g(log x). Again by Lemma 13.1.3 f(—1) = 1 or —1 (if -l1€ D). If -leD 
and f(—1) = 1, then we have for arbitrary x € D 


ie., f is even. In this case we obtain (13.1.17). If —1 € D and f(—1) = —1, then for 
arbitrary x € D 


ie., f is odd. Hence we obtain (13.1.18). 


On the other hand, it is easy to check that every function of form (13.1.15), 
(13.1.16), (13.1.17), or (13.1.18), where g : R — R is additive, actually satisfies 
equation (13.1.3). 

Now we are going to determine the continuous solutions of (13.1.1), (13.1.2) and 
(13.1.3). 
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Theorem 13.1.4. A function f : RY — R is a continuous solution of equation (13.1.1) 
if and only if either f =0, or 


f(z) =e", «ER, (13.1.20) 


with a certain constant ce RN. 


Proof. Let f #0. Since f satisfies (13.1.1), according to Theorem 13.1.1 f has form 
(13.1.4), where g: RN — R is an additive function. Since f is continuous, g = log f 
also is continuous. By Theorem 5.5.2 g(x) = cx with a certain c € RN. Formula 
(13.1.20) results now from (13.1.4). 

It is obvious that f = 0 and every f of form (13.1.20) is a continuous solution 
of (13.1.1). 


Theorem 13.1.5. Let D = (0,00) or D = (—co,0) U (0,00). A function f : D> R is 
a continuous solution of equation (13.1.2) in D if and only if 


f(z) =clog|z|, «ED, (13.1.21) 


with a certain constant c € R. 


Proof. By Theorem 13.1.2 f has form (13.1.5), where g(t) = f(e!) is an additive 
function. Since f is continuous, g also is continuous, and hence, by Theorem 5.5.2, 
g(t) = ct with a certain c € R. Formula (13.1.21) results now from (13.1.5). 

It is obvious that every function of form (13.1.21) is a continuous solution of 
(13.1.2). 


Theorem 13.1.6. Let D be one of sets (13.1.6). A function f : D — R is a continuous 
solution of equation (13.1.3) if and only if either f = 0, or f =1, or f has one of 
the following forms 


f(z) =|s|°, we D, (13.1.22) 
f(z) = |z|°sgnz, xe D, (13.1.23) 
with a certainc ER. If0€ D, thenc>0. 


Proof. By Theorem 13.1.3 either f = 0, or f = 1, or f has form (13.1.17) or (13.1.18), 
where g : R > R is an additive function. We have g(t) = log f(e"), and since f is 
continuous, so is also g, and consequently g(t) = ct with a certain c € R. Formulas 
(13.1.22) and (13.1.23) result now from (13.1.17) and (13.1.18). Suppose that 0 € D. If 
we had c = 0, then (13.1.22) yields f(x) = 1 for x 4 0, and by the continuity we must 
have f(0) = 1. Thus we obtain the solution f = 1, already listed. Formula (13.1.23) 
with c = 0 yields f(x) = 1 for > 0 and f(a) = —1 for x < 0, and thus f cannot 
be continuous. (If D C (0,00), then both formulas (13.1.22) and (13.1.23) coincide). 
Similarly, if c < 0 then f given by (13.1.22) or (13.1.23) satisfies jm, f(x) = co, and 


thus f cannot be continuous at zero. 


It is obvious that every one of the specified functions is a continuous solution of 
(13.1.3). 
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Remark 13.1.1. If 0 € D, and f is assumed continuous only in D \ {0}, then besides 
the solutions listed in Theorem 13.1.6 we obtain also 


z\° for «40,2 € D, 
f(z) = { | fhe 7 0 (13.1.24) 
a : 
- z\°senz for «40,x€ D, 
f(a) = { 4 ee. (13.1.25) 


where c < 0. This follows from the proof of Theorem 13.1.6 and from Lemma 13.1.3. 

Simple conditions ensuring the continuity of solutions of equations (13.1.1)- 
(13.1.3) may be inferred from (13.1.4), (13.1.5), (13.1.17) and (13.1.18). Below we 
formulate some such conditions. 


Theorem 13.1.7. Let f : RY — R be a solution of equation (13.1.1). If f is measurable, 
or bounded above on a set T € A, or bounded below by a positive constant on a set 
T € A, then f is continuous. 


Proof. If f = 0, then it is already continuous. If f 4 0, then, according to Theorem 
13.1.1, f is given by (13.1.4), where g : RY — R is an additive function. If f is 
measurable, then so is also g = log f, and hence, by Theorem 9.4.2, g is continuous. 
Then by (13.1.4), f is continuous, too. If f is bounded above, or f is bounded below 
by a positive constant, on a set T C R%, then g is bounded above resp. bounded 
below on T. If T € 2, then g is continuous, and hence also f is continuous. 


Theorem 13.1.8. Let D = (0,00), or D = (—cw,0)U (0,00), and let f : D— R be 
a solution of equation (13.1.2). If f is measurable, or bounded above or below on a 
set T C D such that m;(T) > 0 or T is of the second category and with the Baire 
property, then f is continuous. 


Proof. By Theorem 13.1.2 f has form (13.1.5), where g : R — R is an additive 
function. (13.1.5) implies that g(t) = f(e’), so if f is measurable, then so is also g. 
By Theorem 9.4.2 g is then continuous, so also f is continuous. Suppose that f is 
bounded above or below on a set T Cc D. It follows from (13.1.5) that f is even, 
so f is also bounded (above or below) on the set Tp = (0,00) N [TU (—T)], and is 
bounded (above or below) on the set logT) = {t € R | e’ € To}. If mi(T) > 0, then 
also m;(To) > 0, and since the function log is absolutely continuous (Theorem 7.4.6), 
also m;(logT>) > 0. If T is of the second category with the Baire property, then so 
is also Tp and log To, since the function log is a homeomorphism. By Theorems 9.3.1 
and 9.3.2 g is continuous, and hence also f is continuous in D. 


For solutions of equation (13.1.3) the situation is more complicated. For example, 
if 0 € D, then functions (13.1.24) and (13.1.25) (c < 0) are measurable, bounded on 
suitable open sets, satisfy equation (13.1.3), but are not continuous at zero. However, 
we have the following theorem, which may be proved similarly as Theorem 13.1.7 and 
13.1.8, and therefore its proof is left to the reader. 


Theorem 13.1.9. Let D be one of sets (13.1.6), and let f : D — R be a solution of 
equation (13.1.3). If f is measurable, then it is continuous in D \ {0}. 
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13.2 Jensen equation 


The equation resulting on replacing in the Jensen inequality (5.3.1) the sign of in- 
equality by that of equality 


(24) _ He) iy) (13.2.1) 


is known as the Jensen equation (cf. Aczél [5]). We will consider equation (13.2.1) 
for functions f : D — R, where D C R% is a convex set. If D were also open, 
then f satisfying (13.2.1) would be convex, and thus all the results established in the 
previous chapters of this book for convex functions would apply. But most of these 
results become invalid when the set D is no longer open. For example, let N = 1, 
D = [1,1], and let f : D — R be defined as 


oe {3 if z € (—1,1), 


2 if |a| =1. 
Such an f satisfies inequality (5.3.1) in D = [—1,1], is measurable and bounded in 
D, but is discontinuous at x = 1 and x = —1. So we treat equation (13.2.1) in a more 


general setting. 


Lemma 13.2.1. Let D C R™ be a convex set such that 0 € D, and let f : D— R be a 
solution of equation (13.2.1) such that 


f(0) =0. (13.2.2) 
Then, for everyx € D andne€éN, 
1 
f (=) = Si: (13.2.3) 


1 
Proof. Take an « € D. Since D is convex, 5 (+9) € D, and by (13.2.1) and (13.2.2) 


x x+0 
t (5) =f ( 2 ) 
_ f@) +70 _ fea) vee 
2 2 
Thus (13.2.3) holds for n = 1. Assuming it true for an n € N, we have 


and by (13.2.3) (for n) and (13.2.4) 


f (sesz) = get (5) = pear 


Induction completes the proof. 


352 Chapter 13. Related Equations 


Lemma 13.2.2. Let D C R™ be a convex set such that int D 4 @, and let f: DR 
be a solution of equation (13.2.1). Fix an xp € int D, and define the function fo : 
(D — 20) > R by 
fo(x) = f(ao + x) — f (20). (13.2.5) 
Then there exists a unique function f; : RY — R satisfying equation (13.2.1) in RN 
and such that 
fila) = fo(a) for « € D— 20. (13.2.6) 


Proof. Function (13.2.5) is defined for « € D — xo. First we verify that fo satisfies 
equation (13.2.1) in D— ao. For every x,y € D— xo, we have x9 + 2,20 + y € D, and 
by (13.2.5) and (13.2.1) 


fo (Z¥) = (20+ S4) — peo) = 5 (PERE) — pea 
F(x) 


[f(x0 + y) — f(20)] 


I 


= 5f(e0 +2) + 5F(00+¥) - 
= sly (ao + 2) — f(xo)] + ; 
5 Lfolz) + fo(y)]- 
Also, it is easily seen that 0 € D— xo and by (13.2.5) 
o(0) = 0. (13.2.7) 
Now put Do = D — xo and 
Dn =2"Do, nN. 


If x € Dn, then a € Do. Dp is convex, just like D, and 0 € Do, whence sat = 
1 


5 Ea +0] € Do, and x € 2"*! Do = Dy41. Thus 


Drie Dei, RENO: (13.2.8) 


Also, 0 € int Do, since xp € int D. For every x € R we have Jim x/2” = 0, whence 
it follows that there exists an n € NU {0} such that «/2” e De: whence x € Dy. 
Hence as 
Jaca. (13.2.9) 
n=0 


Define the function f; : RY — R as follows: 
fil) =2" fo (=) if « € Dn, nE NU {O}. (13.2.10) 


First we must check whether definition (13.2.10) is correct. If 2 € D, = 2”Do, then 
«/2” € Do = D-— &o, and the expression fo(x/2”) is meaningful. If « € D, and 
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x € Dy», for n 4m, say n<m, then by (13.2.7) and Lemma 13.2.1 


x 1 x x 
2" 40 (ge) = 2 gente (gn) = 2° (aR) 
and thus (13.2.10) is unambiguous. By (13.2.9) the function f; is defined in the whole 


of R“. We must verify that it satisfies equation (13.2.1) in RY. 
Take arbitrary x,y € R%. By (13.2.9) and (13.2.8) there exists an n € NU {0} 


1 
such that x,y € D,. Hence 7/2", y/2” € Do = D— xo, and — =5 (= + =) € 


Do, whence ae € D,. Now, 


fi (Ep*) <2 (eet) 
=2"|5 fo (se) + 5f0($)| 


-3[eo(&) +7 (B)] Apa 


2 


Relation (13.2.6) results from (13.2.10) for n = 0. 
To prove the uniqueness, suppose that a function fz : RN — R satisfies equation 
(13.2.1) in R% and fulfils the condition 


fo(a) = fo(x) for re D— 2a». (13.2.11) 
By (13.2.11) and (13.2.7) f2(0) = fo(0) = 0, and hence, by Lemma 13.2.1, fo (=) = 


1 
an fa(z), x € RX, n € Nu {0}. Take an arbitrary x € R%. By (13.2.9) there exists an 


n € NU {0} such that « € D, = 2"Do, whence «/2" € Dp = D — xo. Thus we have 
by (13.2.11) and (13.2.10) 


fol) = 2" fo ($=) = 2"fo (SS) = A) 
Consequently fz = f; in RY. 


Lemma 13.2.3. Let a function f : RY — R satisfy equation (13.2.1) and relation 
(13.2.2). Then f is additive. 


Proof. We have by Lemma 13.2.1 for arbitrary x,y € RN 


feet y) =2f (AS4) = 2AM — Ha) + Fy), 


i.e., f is additive. 


Theorem 13.2.1. Let D C R% be a convex set such that int D #4 @, and let f: D—>R 
be a solution of equation (13.2.1). Then there exist an additive function g: RN +R 
and a constant a € R such that 


f(z) = g(a) +a for xe D. (13.2.12) 
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Proof. Fix an xo € int D and define the function fo : (D — 29) — R by (13.2.5). 
By Lemma 13.2.2 there exists a function f,; : RY — R satisfying equation (13.2.1) 
and condition (13.2.6). Hence by (13.2.7) f1(0) = fo(0) = 0. By Lemma 13.2.3 f; is 
additive. 

For arbitrary x € D we have x — a € D — ao, whence by (13.2.5) and (13.2.6) 


f(w) = f (#0 + (@— 20) = fo(e — to) + f(t0) = fale — 20) + f (20). 
Since f; is additive, we get hence 
f(x) = fila) — filto) + f (zo). (13.2.13) 


Put g = fi, a= f(xo) — fil(xo). Relation (13.2.12) results now from (13.2.13). 


It is easily seen that every function of form (13.2.12), where g : RY — R is 
additive, actually satisfies equation (13.2.1). 


Theorem 13.2.2. Let D C R% be a conver set such that intD 4 @. A function 
f:D—R is a continuous solution of equation (13.2.1) if and only if 


f(t) =ca+a, xeED, (13.2.14) 
with certain constants c€ RN, a € R. 


Proof. By Theorem 13.2.1 we have (13.2.12) with an additive g : RY — R. We have 
g = f —ain D, and since f is continuous, also g is continuous in int D and hence 
(Theorem 6.4.3) in RY. By Theorem 5.5.2 g(x) = cx with a certain constant c € RY. 
Thus (13.2.14) results from (13.2.12). 

It is obvious that every function of form (13.2.14) is a continuous solution of 
(13.2.1). 


Even if D is convex and open, then, using the fact that f fulfilling (13.2.1) is 
convex, we can infer on its continuity only from the boundedness above on a suitable 
set. If D is not open, then we cannot do even this, as it has been pointed out at the 
beginning of this section. But from Theorem 13.2.1 we obtain the following result. 


Theorem 13.2.3. Let D C R™ be a convex set such that int D 4 @, and let f: DR 
be a solution of equation (13.2.1). If f is measurable, or is bounded above, or below, 
ona set T € A, then f ts continuous. 


Proof. By Theorem 13.2.1 we have (13.2.12), and if f is measurable, then so is also 
g | int D. The function g | int D is convex (Theorem 5.1.5), and hence, by Theorem 
9.4.1 is continuous. By Theorem 6.4.3 g is continuous, and thus, by (13.2.12), f is 
continuous. 

If f is bounded above, or below, on a set TC D, then so is also g. Since T € A, 
this implies that g is continuous (if g is bounded below on T, then —g is bounded 
above on T), and hence, by (13.2.12), f is continuous. 
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13.3 Pexider equations 
These are the equations (Pexider [254], Aczél [5]) 


f(a + y) = g(a) + hy), (13.3.1) 
f(a +y) = g(a)hty), (13.3.2) 
f(xy) = g(x) + hy), (13.3.3) 
f(xy) = g(x)h(y), (13.3.4) 


with three unknown functions f,g,h. Equation (13.3.1) has a simple interpretation: 
the value of f at «+ y is the sum of two values, of which one depends only on z, 
and the other only on y (separation of variables). Similar interpretations can also be 
given for equations (13.3.2)—(13.3.4). 

Equations (13.3.1)—(13.3.4) can easily be reduced to the Cauchy equations (5.2.1) 
and (13.1.1)-(13.1.3). Below we give theorems to this effect. 


Theorem 13.3.1. Let f: RY ~R,g:R’ —R, andh: RN —R satisfy equation 
(13.3.1). Then there exist an additive function fo : RY — R and constants a,b € R 
such that 


f=fotatb, g=fota, h= ford. (19;3;5) 


Proof. Put a = g(0), b = h(0), fo = f —a-—b. Setting in (13.3.1) y = 0 we obtain 
f(z) = g(x) +b, ce EC RY, or fot atb=g4+b, ie, g = fota. Similarly, setting 
in (13.3.1) 2 = 0 and writing z instead of y, we obtain f(x) = a+ h(x), x € RY, 
or fotat+tb=at+h, ie, h= fo+b. The formula f = fo+a-+b results from the 
definition of fo. 

It remains to check that fy : RY — R is additive. We have by (13.3.5) and 
(13.3.1) 


foe +y) = fla+y)—a—b= gla)—a+ h(y) — b= fo(x) + foly). 
Consequently fo is additive. 


On the other hand, it is easily seen that every triple (f,g,h) of form (13.3.5), 
where fp : RN — R is additive, and a,b € R are arbitrary constants, actually satisfies 
equation (13.3.1). 

Before we give the general solution of equation (13.3.2), note that every triple 
as follows: 


i = 0, f = 0, 
g arbitrary, g=0, (13.3.6) 
h=0, h arbitrary, 


is a solution of (13.3.2). 


Theorem 13.3.2. Let f: RY > R,g:RY —R, andh: RN —R satisfy equation 
(13.3.2). Then either f,g,h have one of forms (13.3.6), or there exist a function 
fo: RX =R satisfying equation (13.1.1) and constants a,b € R \ {0} such that 


f=abfo, g=afo, h=bdfo. (13.3.7) 
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Proof. If f(0) = 0, then setting in (13.3.2) « = y = 0 we obtain that either g(0) = 0, 
or h(0) = 0. If g(0) = 0, then setting in (13.3.2) 2 = 0 we obtain f = 0. Similarly, if 
h(0) = 0, then setting in (13.3.2) y = 0 we obtain that f = 0. Thus f(0) = 0 implies 
that f =0 in R%. If there existed x, y € R® such that g(x) 4 0 and h(y) 4 0, then we 
would have by (13.3.2) f(a + y) = g(x)h(y) 4 0, which is impossible. Consequently 
at least one of the functions g,h must be identically zero. Thus f,g,h must have one 
of forms (13.3.6). 

So let f(0) #0. Then also g(0) 4 0 and h(0) 4 0 (as may be seen from (13.3.2) 
for c= y= 0). Put a= 9(0), b=h(0), fo =a-'b-' f. Then, setting in (13.3.2) y = 0 
we obtain f = bg, or abfo = bg, ie., g = afo. Similarly setting in (13.3.2) « = 0 we 
obtain f = ah, or abfo = ah, ie., h = bfo. The formula f = abfo results from the 
definition of fo. Now, for arbitrary x,y € RY, 


folet+y) =a tb * f(a ty) =a-'b-*g(x)h(y) = fox) foly), 
ie., fo satisfies (13.1.1). 


On the other hand, it is easily seen that every triple of form (13.3.7), where 
fo : RY = R satisfies (13.1.1), and a,b € R \ {0} are arbitrary constants, actually 
satisfies equation (13.3.2). 

Theorem 13.3.3. Let D = (0,00), or D = [0,«), or D = (—o0, 0)U(0, 00), or D=R, 
and let f: D>R,g: D->R, andh: D> R satisfy equation (13.3.3). Then there 


exist a function fo: D— R satisfying equation (13.1.2) and constants a,b € R such 
that (13.3.5) holds?. 


Proof. Put a = g(1), b= A(1), fo = f —a—b. Setting in (13.3.3) in turn y = 1 and 
x = 1 we obtain (13.3.5). Then 


fo(ty) = flvy) —a— b= g(x) —a+ hy) — b= fo(x) + foly), 
ie., fo satisfies (13.1.2). 


On the other hand, it is easily seen that every triple of form (13.3.5), where 
fo: D — R satisfies (13.1.2), and a,b € R are arbitrary constants, actually satisfies 
equation (13.3.3). 


Lemma 13.3.1. Let D be one of sets (13.1.6), and let f : D> R,g:D—R and 
h: D—>R satisfy equation (13.3.4). If there exists a point xo € D, xp #0, at which 
one of the functions f,g,h is zero, then f,g,h have one of forms (13.3.6) in D. 


Proof. We will give the proof for D = R. If D # R, then simply some parts of the 
proof can be omitted. 


If f(a) = 0, then a (Veo!) h ( Veo] senx0) = f(xo) = 0, whence either 
g (v (rol) =Oorh (v |xo| sen 0) = 0. So we may assume that g(ao) = 0 or h(x) = 
0. If zo <0, then g(—xo)h(—xo) = f (x§) = g(x0)h(xo) = 0, whence either g(—xo) = 


2 If 0 € D, then, according to Lemma 13.1.2, necessarily fo = 0. Then f =a+b=const, g=a= 
const, and h = b = const. 
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0, or h(—2o) = 0. So we may assume that xo > 0. For the argument’s sake we assume 
that xo € (0,1). If xo € [1, 00) the proof is similar. 

For x € (0,2) we have f(x) = f (« =) = g(xo)h (=) =9 (=) h(ao) = 0. 

XO Xo XO 

So f is zero in (0, 20). 

For every x € (0,20) also x? € (0,20), whence 0 = f (x?) = g(x)h(a) and either 
g(x) = 0, or h(x) = 0. We will show that 

f(x) =0 and either g(x) = 0 or h(x) =0 (13.3.8) 
for every x € (0, xo"), n € NU{0}. We have already proved this for n = 0. Suppose it 
true for ann € NU{0}, and take an arbitrary x € (0. aes Then x? € (0, ced & 
and 
0= f (2*) = g(x)A(2), 

whence either g(x) = 0 or h(x) = 0. Now take a y € (eg), Then 


see) =£(y2) = own (2) =9 (2) nw) =0. 


Consequently (13.3.8) holds for a € (Ogee), Induction shows that (13.3.8) 


holds in every interval (0,26~"), n € NU {0}. Since every x € (0,1) belongs to a 
certain interval (0,29~”) for an n € NU {0}, (13.3.8) holds for all x € (0, 1). 
Now take an x € (1,00) anda y € (0,1). Then x/y > 1 and f(z) = f (u =) = 


g(y)h (=) = 4g (=) h(y) = 0. Thus f is zero in (1,00). For arbitrary x € (1,00) 
y y 
also x? € (1,00), and 0 = f(z”) = g(x)h(x), whence either g(x) = 0, or h(x) = 0. 
Consequently we have (13.3.8) for every x € (0,1) U (1,00). Now take an arbitrary 
x € (0,1) U(1, 00). Then 
f= ar) S9e@nie a0 
Hence 0 = f(1) = g(1)A(1), and either g(1) = 0, or h(1) = 0. Thus (13.3.8) holds for 
x € (0,00). Now, for any x € (0,00), we have 
f(0) = f(Ox) = g(0)h(a) = g(x)h(0) = 0, 

whence 0 = f(0) = g(0)A(0), and either g(0) = 0, or A(O) = 0. Thus (13.3.8) holds 
for x € [0, co). 

Take an x < 0. Then a? € (0,00), and 0 = f(x?) = g(x)h(x), whence either 
g(x) = 0, or h(x) = 0. Further, \/|2| € (0,00), whence f(x) = g (viel) h (- Vial) = 


g (- Viel) h (viel) = 0. Thus (13.3.8) holds for every x € R. 

If there existed x,y € R such that g(x) 4 0 and h(y) 4 0, then we would have 
f(y) = g(x)h(y) 4 0, contrary to (13.3.8). Consequently one of the functions g, h 
must be identically zero, and we obtain (13.3.6). 
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Theorem 13.3.4. Let D be one of sets (13.1.6), and let f: D—>R,g:D—-R, 
h: DR satisfy equation (13.3.4). Then either f,g,h have one of forms (13.3.6), 
or there exist a function fo : D — R satisfying equation (13.1.3) and constants 
a,b €R\ {0} such that (13.3.7) holds in D. 


Proof. Suppose that f,g, h have not one of forms (13.3.6). By Lemma 13.3.1 a ) 40, 
g(x) # 0, h(x) £ 0 for all x € D \ {0}. If 1 © D, then we put a = g(1), b = A(1), 
fo =a-'b-'f, and the proof runs as that of Theorem 13.3.3. The case “here! 1¢éD, 
is more difficult. We will give here a proof for D = (—1,1). For other D of fori 
(13.1.6) the proof is similar. 

y (13.3.4) we have f(xy) = g(x)h(y) = g(y)h(x), whence for x € (—1,0)U 


(0,1) = D\ {0} 
ha) _ hy) 
g(x) g(y) 
Thus h(x)/g(a) = c = const, and 
h(a) =cg(x), « € (—1,0)U (0,1). (13.3.9) 


Equation (13.3.4) takes now the form 


f(xy) = cg(a)g(y), x,y € (—1,0) U (0,1). (13.3.10) 


Now we show that each of the functions f, g has a constant sign in (0,1). For x € (0,1) 
we have by (13.3.10) 


2 
f(x) = ela (vz)]", 
and so sgn f(z) = sgnc = const. If there existed x,y € (0,1) such that g(x)g(y) < 0, 
then we would have 
f(xy) = —elg(@)g(y)I, (13.3.11) 


whence sgnc = sgn f(xy) = —sgnc, and sgnc = 0, which is impossible. Consequently 
also g has a constant sign in (0,1). Similarly we prove that g has a constant sign in 
(—1,0) (possibly different from the sign of g in (0,1)). If there existed x,y € (—1,0) 
such that g(x)g(y) < 0, then zy € (0,1), sgn f(ay) = sgnc, and we obtain (13.3.11), 
which again leads us to a contradiction. 

Put yo(t)=log|f(e’)|, yo(t) =log|g(e")|, A=log|c|, t € (—oo, 0). Then, for arbi- 
trary u,v € (—00,0) yo(ut v) = log|f (e"*")| = log |f (e“e”)| = log |eg (e“) g (e”)| = 
log |g (e")| + log |g (e”)| + log |e] = yo(u) + yo(v) +A, or, with y = yo +A, Y= +A, 


p(utv) = y(u) + 7(v). (13.3.12) 


Hence 
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By Theorem 13.2.1 there exist an additive function a: R — R and a constant uw € R 
such that 
y(t) = a(t)+p for t € (—ov,0). 


Hence, by (13.3.12), for t € (—oo,0), 


t t t 
g(t) = (5) fy (5) = 24 (5) = a(t) + 2p. 
Thus, with A, = w—A, Ax = 2 - A, 


po(t) = a(t) + ro, 4 (t) = a(t) +A, te (—oo, 0), 
and 
|f(e*)| = exp (a(t) + Az), |g(e")| = exp (a(t) +1), t € (- 00,0), 
or with cl, = exp Ay, ch = exp ra, 
If(e")| = expat), |g(e")| = cexpa(t), t € (—co, 0). 
Writing c; = ci sgng, co = ch sgn f (the sign in (0,1)), we have 
f(x) = cexpa(logz), g(x) =ciexpa(logz), «x € (0,1). (13.3.13) 


The function f(a) = exp a(log x), x € (0,1), satisfies equation (13.1.3): 


fi(zy) = exp a(log xy) = exp a(log x + log y) 
= exp [a(log x) + a(log y)] = [ exp a(log x)] { exp a(log y)] 


= filx) fily). 
Hence, by (13.3.13) and (13.3.9), for x € (0,1), 
{@=of@), 6@)=an@,. A@) =cafi@). (13.3.14) 


If we write a = c1, b = cc, and insert (13.3.14) into (13.3.4), we obtain 
cofi(ry) = f(xy) = g(x)h(y) = afi(x)bfi(y) = abfi(xy), 
whence cy = ab. So we obtain from (13.3.14) for x € (0, 1) 
f(z) =abfi(x), g(a) =afi(x), h(x) = bfi (2). (13.3.15) 
Now, for 2 € (—1,0) we have by (13.3.10) and (13.3.15) 
e[o(a)]" = F (2?) = cfg (lal) = eo? [Alle], 


whence 
g(x) =eaf;(|z|), 2 € (1,0), (13.3.16) 
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where ¢ = +1 or —1 (remember that g has a constant sign in (—1,0)!). With a 
y € (|2|,1) we get hence according to (13.3.10), (13.3.15) and the fact that f satisfies 


(13.1.3) 
f(x) =f (u =) =cg(y)g (=) eee AGA (4) 


= cea’ f(|x|) = cabfi(|z}). (13.3.17) 


Similarly, for « € (—1,0), we have by (13.3.9), and (13.3.16) 


A(x) = cg(x) = ceafy (|x|) = ebfi(|zl). (13.3.18) 
If 
g(0) = 0, (13.3.19) 
then by (13.3.4) 
f(0) =0, (13.3.20) 


and, taking an « € (0,1), we obtain from (13.3.4) 0 = f(0) = f(«0) = g(x)h(0), 
whence 
h(0) = 0, (13.3.21) 
since g(a) #0 for « 4 0. If g(0) 4 0, then by (13.3.4), with an x € (0,1), g(x)h(0) = 
f(0) = g(0)h(x) 4 0, whence also f(0) 4 0 and h(0) 4 0. Let 


a’ =g(0)40, bv) =h(0) 40. (13.3.22) 


By (13.3.4) 
f (0) = g(0)h(0) = ald’. (13.3.23) 


Now take an arbitrary x € (0,1). Then by (13.3.22), (13.3.23) and (13.3.15) 
a'b! = f(0) = g(0)h(x) = a’bfi(2), 


whence : 


b 
fi(x) = 7 const. (13.3.24) 
Since f; satisfies (13.1.3), we have for arbitrary x,y € (0,1) 


Y= new =f@nw=(2) , 


whence b'/b = 1 (since b//b £ 0), and 
b! = db. (13.3.25) 


Next, by (13.3.25), (13.3.23), (13.3.4), (13.3.15), (13.3.22), again (13.3.25), and 
(13.3.24) 
a'b = a'b! = f (0) = g(x)h(0) = abfi (x) = ab’ = ab, 
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whence 
G10: (13.3.26) 
and 
a’b! = ab. (13.3.27) 


Now put 
fiz) for x € (0,1), 
fo(a) = <7 for z= 0, (13.3.28) 
efi(|z|) for x € (1,0), 


where 7 = 0 if g(0) = 0, and 7 = 1 if g(0) 4 0 (note that in the latter case f, = 1). 
We will show that function (13.3.28) satisfies equation (13.1.3) in (—1, 1). 

Ifa >0,y > 0, then ry > 0, and fo(ry) = filey) = f(x) f(y) = fo(x) fo(y)- 
Ifx <0, y <0, then ry > 0, and fo(xy) = fi(ry) = fi (ley!) = fi (al) Ar (yl) = 
efi (lel) fi (Iul) = [efi (aD) [ef (yl)] = fo(w) fo(y). If > 0, y < 0, then zy < 0, 
and fo(ay) = efi (leyl) = efi (alyl) = fi(@eh (lyl) = fol) foly). If 2 <0, y > 0, 
the argument is analogous. 

If x = y = 0, then zy = 0, and fo(xy) = fo(0) = 7 = n° = fo(0)fo(0) = 
fo(x) fo(y): 

In order to consider the cases, where one of x,y is zero, we will distinguish two 
cases. 

I. g(0) = 0. Then 7 = 0. If « = 0, then we have for arbitrary y € (—1,1) 
fo(xy) = fo(0) = 0 = Ofo(y) = fo(x) fo(y). If y = 0, the argument is analogous. 

II. g(0) 4 0. Then 7 = 1, g=aande=1.If x =0, y £0, then xy = 0, and 
1 = fo(x) fo(y). If « 4 0, y = 0, the argument is analogous. 

Now, by (13.3.15)-(13.3.23) and (13.3.25)-(13.3.27) we have (13.3.7) for all x € 
(—1,1) = D. The proof is completed. 


On the other hand, it is easily seen that every triple of form (13.3.7), where 
fo : D — R satisfies (13.1.3), and a,b € R \ {0} are arbitrary constants, actually 
satisfies equation (13.3.4). 


Now we will determine the continuous solutions of equations (13.3.1)—(13.3.4). 


Theorem 13.3.5. Functions f : RY > R,g: RY — Randh: RX — Rarea 
continuous solution of equation (13.3.1) if and only if there exist constants a,b € R 
and c€ RN such that 


f(x) =cr+a+b, g(z)=cx+a, h(x) =cr+b, «eR. (13.3.29) 


Proof. The functions f,g,h have form (13.3.5). Hence if any one of f,g,h is contin- 
uous, then so is also fg, and by Theorem 5.5.2 fo(x) = ex with a certain c € RY. 
(13.3.29) results now from (13.3.5). 


It is obvious that every triple of form (13.3.29), where a,b € R and c € R® are 
arbitrary constants, represents a continuous solution of equation (13.3.1). 
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An analogous theorem is not true for equation (13.3.2). The functions 


cd = 0, tj = 0, 
g arbitrary continuous, g=0, (13.3.30) 
h=0, h arbitrary continuous, 


are continuous solutions of (13.3.2), and nothing more can be said about g resp. h in 
(13.3.30). But we have the following 


Theorem 13.3.6. Functions f : RY > R,g: RY > Randh: RX = Rarea 
continuous solution of equation (13.3.2) if either they have one of the forms (13.3.30), 
or there exist constants a,b € R \ {0} andc€ RN such that 


f(x) = abe, g(x) =ae*, h(x) = be, «ER. 
Proof. This results from Theorems 13.3.2 and 13.1.4. (Note that the case, where 
fo = 0, is contained in (13.3.30).) 


Theorem 13.3.7. Let D = (0,00), or D = (0,0), or D = (—o0, 0)U(0, 00), or D= R. 
Functions f: D—R,g: D—Randh: D—=R are a continuous solution of equation 
(13.3.3) if and only if there exist constants a,b,c € R such that 


f(x)=a+b, g(a)=a, hA(x)=b, xED, 
whenever 0 € D, or 
f(x) =clog|z|+a+, g(x) =clog|z|t+a, h(x) =clog|la|+b, xe D, 
whenever 0 ¢ D. 


Proof. This results from Theorems 13.3.3 and 13.1.5, and Lemma 13.1.2. 


Theorem 13.3.8. Let D be one of sets (13.1.6). Functions f: D> R,g:D—3R 
and h: D — R are a continuous solution of equation (13.3.4) if and only if either 
they have one of forms (13.3.30), or there exist constants a,b € R\ {0} andc Ee R 
(moreover, c>0 if 0 € D) such that for x € D 


f(z) = ab, gla)=a, h(x) =6, 


or 
f(x) =ablx|*, g(@) =alz|*, A(x) = dal’, 
or 
f(x) =ablz|*sgenz, g(x) =ala|°sgenz, h(a) = dla|°sgna. 
Proof. This results from Theorems 13.3.4 and 13.1.6. (The case, where fo = 0, is 
contained in (13.3.30).) 


Remark 13.3.1. If f,g,h are assumed to be continuous only in D \ {0}, then the 
condition c > 0 disappears, and the value of f,g, h at zero (unless f, g,h are constant) 
is zero. 
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Simple proofs of the following theorems are left to the reader. 


Theorem 13.3.9. Let f: RYN > R,g:R*Y —R andh: RX —R satisfy equation 
(13.3.1). If one of the functions f,g,h is measurable, or bounded above, or below, on 
a setT € A, then f,g,h are continuous. 


Theorem 13.3.10. Let f : RY — R, g: RN — R andh: RX — R satisfy equation 
(13.3.2). If f £0, and one of the functions f,g,h is measurable, or bounded on a set 
T €€, then f,g,h are continuous. 


Theorem 13.3.11. Let D = (0,00) or D = (—co,0) U (0,00), and let f : D— R, 
g:D—>Randh: DR satisfy equation (13.3.3). If one of the functions f,g,h is 
measurable, or bounded above, or below, on a set T C D such that m;(T) > 0, or T 
is of the second category and with the Batre property, then f,g,h are continuous. 


Theorem 13.3.12. Let D be one of sets (13.1.6), and let f: D—R,g:D—R and 
h: DR satisfy equation (13.3.4). If f 4 0, and one of the functions f,g,h is 
measurable, then f,g,h are continuous in D \ {0}. 


13.4  Multiadditive functions 


Let p €N. A function f : R?% — R is called p-additive, iff, for every i, 1 <i < p, and 
for every %1,...,%p, Yi € RY 


f(x, paras Sr mes as 1 + Yi, Vi41,--- (Ep) 

Sf Big gp) Tig sta, City Pip 2 og Wp), SAL) 
ie., f is additive in each of its variables 2; € RN, i=1,...,p. A 2-additive function 
is called biadditive. 

An example of a p-additive function is furnished by the product 


fi(t1) +++ fp(&p), 
where f;: RY — R,i=1,...,p, are additive. 
At first let us note the following obvious 


Lemma 13.4.1. Let f,, fo : R?% — R be p-additive functions, and let a,b € R be 
arbitrary constants. Then the function f = af; + bfo also is p-additive. 


Lemma 13.4.2. Let f : R?N — R be a p-additive function, and let (i1,..., ip) be an ar- 
bitrary permutation of (1,...,p). Define the function g: RP — R by g(a1,.-., 2p) = 
f(®i,,--.,2i,). Then g is p-additive. 


Keeping the p—1 variables 71,...,%-1, Vi41,.-., Up fixed, we obtain from The- 
orem 5.2.1 


Theorem 13.4.1. If f : R°N — R is p-additive, then for every %1,...,0p € RY, every 
AEQ, and everyi, 1<icp, 


f(x, ++, Xj-1, ALi, Li41, sey Lp) = Af (21, sey Lp). (13.4.2) 
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Hence we obtain 


Lemma 13.4.3. If f : R?’% — R is a p-additive function, and f is bounded in RP, 
then f =0. 


Proof. Suppose that there exists a point (T1,...,%)p) € R?™ such that f(T1,...,%p) # 
0. Then we have by Theorem 13.4.1 


f(KE1,,.-.,Fp) = kf (Fi, ---,Fp) 


for all k € Z, and thus f cannot be bounded in R?™. 


A multiadditive function cannot, in general, be expressed by additive functions, 
but its general construction can be found with the aid of Hamel basis (Aczél [4]). 


Theorem 13.4.2. Let H C R% be a Hamel basis, and let g: H? — R be an arbitrary 
function. Then there exists a unique p-additive function f : RPN — R such that 
f| HP =g. 


Proof. Suppose that f : R?™ — R is a p-additive function such that f | H? = g. Take 


arbitrary %1,...,%p € RY. Every 2; has a representation 
ni 
f= ¥ Nghe, BHD aang; (13.4.3) 


where A;; € Q, hij € H,i=1,...,p; 7 =1,...,n;. Then by (13.4.1) and (13.4.2) 


Fltigein {Xp 5) So 2 (IDs) (giseneg tips) (13.4.4) 


ji=1j2=1 


a wre (fas) (fag paanty lias.) 


Ji=1 jo=1 Jp 


Consequently, if such an f exists, it must have form (13.4.4), and hence it is unique. 
On the other hand, it is easily checked that a function f : R?’ — R given by (13.4.4) 
is p-additive. If 7] = hi,...,&%p» = hp are elements of H, then in (13.4.3) every n; = 1, 
and rij = Ni = 1, — 1, seey De Hence by (13.4.4) 


Pp 
f(ha,--.shp) = [] Aing(ta,-.., hp) = g(a, ---, hp). 


Thus f | H? = gq. 


It is obvious that the above theorem gives the general construction of p-additive 
functions, since every p-additive function f : R?% — R is the unique p-additive 
extension of g = f | H?. 
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Corollary 13.4.1. Let H C R™ be a Hamel basis, and let g : H? > R be a function. 
Further, let f : RP’ — R be the p-additive extension of g. Then f is symmetric 
[antisymmetric] if and only if g is symmetric [antisymmetric]. 


Proof. If f is symmetric [antisymmetric] then so is also g = f | H?. Now suppose that 
g is symmetric [antisymmetric]. Then OMe, fees Bigs) = eg(hij,,---,Apj,), where 
(i1,...,%p) is an arbitrary permutation of (1,...,p), and e« = +1 if g is symmetric 
or g is antisymmetric and (i,...,i,)) is an even permutation, and « = —1 if g is 
antisymmetric and the permutation (71,..., 7p) is odd. But then, according to (13.4.4), 


Niy Nip 
i Ceewrne: me) — DS sane S- (11 fic) ani) 
ny Np P 
— Dees de (II...) £9 (hij, +++ Apjp) 


which means that f is also symmetric [antisymmetric]. 


Theorem 13.4.3. Let f : R?% — R be a continuous p-additive function. Then there 


exist constants Cj,...5, © IR, jiy---sJp =1,..-,N, such that 
N 
f(Digsed £ =e ss Oy hp Pigy Dope (13.4.5) 
j=l Jp=1 
where x; = (@a1,--.-,Uin), t=1,...,p. 


Proof. We will prove (13.4.5) by induction on p. For p = 1 (13.4.5) holds in virtue 
of Theorem 5.5.2. Suppose (13.4.5) true for a p € N, and let f : R@+)N — R be 


a continuous (p + 1)-additive function. Keep the p variables 7),...,2, fixed. Then 
the function f(#1,...,%p,y) as a function of y is additive and continuous, whence by 
Theorem 5.5.2 there exists a constant c = (c1,...,¢n) € R™ such that 
f(@1,---5%p,y) = cy = So ciyi (13.4.6) 
where y = (yi,..., yw). Of course c, and hence every c;, depends on 21,..., Zp: 
Gy SC (81 00650 8)5 PSG Ne (13.4.7) 


Take 7 = (0,...,0,1,0,...,0), where 1 stands at i-th place. Then we get by (13.4.6) 
and (13.4.7) 


CHE Ep) =f l(E1je 5g tasy): (13.4.8) 
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Relation (13.4.8) shows, since f is (p + 1)-additive, that c; is p-additive. By the 
induction hypothesis 


N N 
Ci(@1,--., 2p) = 5 ve 5 ijt. jpUl jr *** Cpjps 
ji=1 Jp=1 


with certain constants G;;,...;,, whence by (13.4.6) 


N 


N N 
[Gi See SS ee ade et ee 


Putting c;,. = Cj ij1...jp> We Obtain hence (13.4.5) for p+ 1. 


-IpIp+1 


In the proof of Theorem 13.4.3 only the continuity of f with respect to each 
variable separately was used. Therefore the theorem remains valid if f is supposed 
separately continuous with respect to each variable. 


Corollary 13.4.2. Let f : R?’’ — R be a p-additive function. If f is separately contin- 
uous with respect to each variable, then f is continuous. 


Proof. If f is separately continuous with respect to each variable, then the proof of 
Theorem 13.4.3 shows that f has form (13.4.5), and hence it is continuous. 


Theorem 13.4.4. Let f : R?% — R be a measurable p-additive function. Then f is 
continuous. 


Proof. We will prove, by induction on p, that f has form (13.4.5). For p = 1 this fol- 
lows from Theorems 9.4.3 and 5.5.2. Assume it true for ap € N, and let f : R@+Y)N 
R be a measurable (p+ 1)-additive function. Then, for almost all (71,...,2p)) € RP, 
say for («1,...,%p) € A C R?, where m(R?% \ A) = 0, the function f(21,...,2p,y), 
as a function of y, is a measurable additive function, and therefore (13.4.6) holds with a 
certain c = (c1,...,¢n~) € R® depending on zj,...,@p. For almost all (%1,...,%p—1) € 
R®-DN the set 


Bidets ye p-il = {Lp E RY | (Lisetore hp 1G es) € A} 


has full measure (ie. m(RN \ B) a 0). Take Z1,...,%p—1 such that the set Biz, See 
Ep21| has full measure, and take an arbitrary rp € RY. The set Lp—-B [Z1, ae p= 
also has full measure, and consequently also the set 


BBG ote ptt | (ip Rips Bp) ) (13.4.9) 


has full measure. Thus there exists an 2’ in set (13.4.9), which means that x’ and 
zp — x’ both belong to B[Z1,...,Zp—1], or 


(¥1,. a Dptse) €A and (71,. 5 »2p—1, Lp = x’) EA. 
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Therefore, for arbitrary y = (y1,...,ynw) € RX, 


nica cae iin pe mgn 7, Se eB ae en isk JUG 
i=1 


° 


and 
N 
f Cigars, Caper a) = Salhi, oa, Bpcigty — 2) i 
i=1 
If we put 
ci(F1,... ,Ep—1, Lp) = ¢;(%1,... Drie) + ¢(%1,... »Ep—1, Lp — x’), ie area hs 


we will have by (13.4.1) 
fH, aah Sepa eps) = fh, a itp ih ae 4) + f(%, sas »Lp—-1, Lp _ x’, y) 


= aa, ++) Ep—1, Up) Yi 


i=1 


for all y € RY, all z» € RX, and almost all (%1,...,Zp-1) € RY-DN. Repeating this 
procedure p times we obtain formula (13.4.6) with (13.4.7) valid for all y € R% and 
all (21,...,%p) € R?. Further the proof runs as that of Theorem 13.4.3. 


Similarly one can prove 


Theorem 13.4.5. Let f : RR?’ — R be a p-additive function, bounded above, or below, 
on a set T C R°, where either m(T) > 0, or T is of the second category and with 
the Baire property. Then f is continuous. 


13.5 Cauchy equation on an interval 
Now let J Cc I C R be (non-degenerated) intervals, and suppose that J+ J Cc I. 


Suppose that we are given a function f : J — R such that 


f(x+y) = f(x) + fly) for x,y € J. (13.5.1) 
Following J. Aczél [3] we will prove the following 


Theorem 13.5.1. Let J C IC R be intervals such that J+ J C I, and let f : I R be a 
function satisfying equation (13.5.1). Then there exist an additive function g: RR 
and a constant a € R such that 
+ € J, 
fj LLLEe Lee (13.5.2) 
g(a) +2a forve T+ J. 
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1 
Proof. Take arbitrary x,y € J. Then also 5 (@ +y) € J. By (13.5.1) 


fe) + fa) = fet) = 4 (FEE) +s (SE¥) = 29 (4), 


whence (13.2.1) follows. Consequently f | J satisfies the Jensen equation (13.2.1). By 
Theorem 13.2.1 there exist an additive function g : R — R and a constant a € R such 
that f(x) = g(x) +a for x € J. Now, if x € J+ J, then there exist u,v € J such that 
x=u+v. Hence we get by what has already been shown 


f(z) = fut v) = f(u) + f(v) = g(u) tat g(v) +a = g(ut+v) + 2a= g(x) + 2a. 


Thus formula (13.5.2) has been completely shown. 


Theorem 13.5.2. Let J CI CR be intervals such that J+ J CI, and let f:I1—R 
be a function satisfying equation (13.5.1). If JN2J 4 ©, then there exists an additive 
function g: R— R such that 


f(z)=9(a) forxe JU(J+ J). (13.5.3) 


If JN2J = ©, then there exist an additive function g:.R— R and a constant a € R 
such that (13.5.2) holds. 


Proof. First let us note that 

W=I+T. (13.5.4) 
In fact, the inclusion 2J C J+ J is evident. On the other hand, if  € J+ J, then 
there exist u,v € J such that « = u-+v. Then also w = oe v) € J, since J, being 
an interval, is convex. Moreover, x = 2w € 2J. Thus J+ J C 2J, and we obtain 
(13.5.4). 

Now, if JN 2J = @, then (13.5.2) results from Theorem 13.5.1. (Note that in 
this case every function of form (13.5.2) actually satisfies equation (13.5.1).) If there 
exists an % € JM2J, then by Theorem 13.5.1 and (13.5.4) f(xo) = g(ao) + a and 
f (ao) = g(ao) + 2a. Hence g(x) +a = g(xo) + 2a, and a = 0. Formula (13.5.3) results 
now from (13.5.2). (Again, every function of form (13.5.3) actually satisfies eqution 
(1335.4); 


Theorem 13.5.3. Let J C R be an interval such that0 € cl J, and let l= J+J=2J. 
If a function f : I > R satisfies equation (13.5.1), then f can be uniquely extended 
onto R to an additive function. 


1 
Proof. Since 0 € clJ and J is convex, with every « € J also 5% € J, whence 


1 
r=2 ms €2J. Thus J C 2J so that JN2J = J #@, and JU(J+J) = JU2J = 


2J = I. The function g occurring in Theorem 13.5.2 is the desired extension. The 
uniqueness of the extension results from the fact that, since J is non-degenerated, 
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int J 4 @, whence by Lemma 9.3.1 J € 2, and by Corollary 9.3.2 J contains a Hamel 
basis H. Thus any additive extension of f must also be an additive extension of f | H., 
and by Theorem 5.2.2 such an extension is unique. 


The particular case J = I = (0,00) was dealt with by J. Aczél-P. Erdés [9]. 

The form (in JU (J+ J)) of the continuous solutions of equation (13.5.1), and 
conditions ensuring the continuity (on JU(J+J)) of an f satisfying (13.5.1) will be 
easily found by the reader. 

The results of the present section for the case, where the interval J is open, will 


be extended to higher dimensions in the next section. 
13.6 The restricted Cauchy equation 


Now we are going to consider the case (cf. Darédczy- Losonczi [59], and also Golab- 
Losonczi [119], Daréczy-Gyéry [58], Székelyhidi [309], Lajké [204]), where f is a func- 
tion satisfying the equation 


fle+y) = fla) + fy) (13.6.1) 


only for (x,y) € G, where G C R?% is a certain set. As usually K(2,r) C R% will 
denote the open ball centered at x and with the radius r. 


Lemma 13.6.1. Let g, : RN — R and gz : RY — R be additive functions, and let 
a,b € R be arbitrary constants. If U C R% is a non-empty open set and 


g(x) +a = go(x) +b for x € U, 
then g, = g2 anda= b. 
Proof. For « € U we have 

gi(x) — go(x) = b— a= const. 


The function g1—g2 is additive, and is constant on the open set U. Thus U is contained 
in a level set of g1 —g2. By Theorem 12.6.4 gi — g2 = 0, whence gi = gz anda=b. 


Lemma 13.6.2. Let U = K(0,r) C R™ with a certain r > 0, and let D CRN be a set 
such that U + U = K(0,2r) C D. If a function f : DR satisfies equation (13.6.1) 
for all x,y € U, then there exists a unique additive function g : RN — R such that 
f(x) = g(x) forx Ee U+t+U. 


Proof. First observe that we have U = K(0,r) C K(0,2r) =U +U. 
z 7 Y €U, and by (13.6.1) 


Take arbitrary z,y € U. Then 


Fa) + stu) = feet =F (EY) 4 (SY) = 27 (4), 


2 
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i.e., f satisfies in U the Jensen equation (13.2.1). By Theorem 13.2.1 there exist an 
additive function g : RN — R and a constant a € R such that 


f(x) =9(a)+a for x eU. (13.6.2) 
Take an x © U+U. Then « =u+v, where u,v € U, and by (13.6.1) and (13.6.2) 
f(x) = f(utv) = f(w+f(v) = g(u)t+atg(v)+a = g(utv)+2a = g(x)+2a. (13.6.3) 
By (13.6.1) f(0) = 0, and similarly we have g(0) = 0, whence by (13.6.3) 
0 = f(0) = 9(0) + 2a = 2a, 


and a = 0. Thus we get from (13.6.3) f(x) = g(x) for « € U+U. The uniqueness 
results from Lemma 13.6.1. 


Now let G Cc R2™ be an arbitrary set. Every point p € R?% can be written as 
p = (x,y), where x,y € R%. For every G C R?% we define sets G1,G2,G3 C R™ as 
follows: 
G, ={x €R™ | There exists a y such that (a, y) € G}, 
Gy = {y © R* | There exists an x such that (x,y) € G}, 
G3 ={zeER | z=a2+4+y,(2,y) € Gh. 


Thus the sets G, and G2 are the projections of G onto the suitable spaces. 

For every p = (x,y) € R?% and r > 0 let M(p,r) = K(z,r) x K(y,r). Every 
M(p,r) is an open subset of R?%. 

Let GC R24, and let D C RN be a set such that 


G,UG2UG3 C D. (13.6.4) 


We say that a function f : D— R satisfies equation (13.6.1) on G iff (13.6.1) holds 
for every x,y such that (x,y) € G. 


Lemma 13.6.3. Let G = M(p,r) with a certain p € R?% and a certain r > 0, and 
let D C RN be a set fulfilling (13.6.4). If a function f : D > R satisfies equation 
(13.6.1) on G, then there exist a unique additive function g : RN — R and unique 
constants a,b € R such that 


f(x) = g(a) +a for rE G,, 
(a) +b for 7 € Go, (13.6.5) 
f(z) =g9(a) + a+b for c€ Gs. 


Proof. Let p = (u,v). We have G, = K(u,r), G2 = K(v,r) and 


G3 =G,+G2= K(u + Uz 2r). (13.6.6) 
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In fact, if z € Gs, then z = x + y, where (x,y) € G. Then x € Gi, y € Go, and 
z2=at+yeG,+G@ = K(ut+v,2r). If ze K(u+,2r), then z=u+v+4+2, where 


1 1 1 
|x| < 2r. Then 52| <7 80 that u+ 52 € Kur) = G, and v+ a K(v,r) = Go. 


1 1 
Consequently z = | u4 5) (« 5) K(u,r) + K(v,r) = Gi + Gg. Hence we 


2 2 
obtain (13.6.6). 
Now take arbitrary x,y € K(0,r) and write ce =u+ae€K(u,r), y =v+ye 
K(v,r). Thus (2’,y’) € K(u,r) x K(v,r) = G. So we get by (13.6.1) 


f(a t+y') = fl’) + fly’) = fut x) + f(uty). (13.6.7) 
We have also (u,y’) € K(u,r) x K(v,r) = G, whence by (13.6.1) 
futy) =fwm+fy) = fu) + fury). (13.6.8) 
Similarly, (x’,v) € K(u,r) x K(v,r) = G, whence by (13.6.1) 
f(a’ +v) = f(v') + f(v) = f(ut 2) + flv). (13.6.9) 


Relations (13.6.7), (13.6.8), (13.6.9) yield 


futvtaety=f(ae' ty) =f(2' +v)-fiv)+f(uty)—f(u)  (13.6.10) 
= f(utv+a2)— fv) +f(utvuty)— fu). 


Obviously, since (u,v) € G, 


f(u+v) = f(u) + f(r). (13.6.11) 
Subtracting (13.6.11) from (13.6.10) we obtain 


f(utvutaety)—f(utv) = f(utv+2)—f(utv)+f(utvt+y)—f(u+v). (13.6.12) 


Relations (13.6.6) and (13.6.4) show that K(0,r) C K(0,r)+ K(0,r) =K(0,2r)= 
G3—(ut+v)C D—(u+v). Define the function fo : (D —(u+v)) > R by 


fo(z) = f(utut+z)—fluty). (13.6.13) 


Relation (13.6.12) shows that fo satisfies equation (13.6.1) for x,y € K(0,r). By 
Lemma 13.6.2 there exists an additive function g : RN — R such that fo(x) = g(x) 
for « € K(0,r). 

Now, if « € Gj = K(u,r), then «—u € K(0,7r). We have, since x € K(u,r) and 
v € K(v,r), and thus (z,v) € K(u,r) x K(v,r) = G, f(x +v) = f(x) + flv), ie, 
f(utvt(x—u)) = f(z) + f(r), andl by (13.6.13) and (13.6.11) 


f(x) = f(e+v) — flv) = flut+u+t (e—u)) — f(r) 


= fo(a—u) + f(ut v) — flv) = ge —u) + fu) 
= g(x) — g(u) + fw). 
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With a = f(u) — g(u) we obtain hence the first relation in (13.6.5). The second 
is established similarly. The third results from the first and the second: if x € G3, 
then x = t+ s, where (t,s) € G. Hence t € G; and s € Gg, and f(t) = g(t) +4, 
f(s) = g(s) +b. Since (t, s) € G, we have by (13.6.1) 


f(z) = f(t+s) = f+ f(s) =9O +a+ G(s) +b= g(t+s)+a+b=g(4)+atb. 


The uniqueness results from Lemma 13.6.1. 


From Lemma 13.6.3 we derive the following result (Daréczy-Losonczi [59]). 


Theorem 13.6.1. Let G C R?% be an open and connected set, and let DC RN be a 
set fulfilling (13.6.4). If a function f : DR satisfies equation (13.6.1) on G, then 
there exist a unique additive function g: RN — R and constants a,b € R such that 
(13.6.5) holds. 


Proof. For every x € G there exists a set M(a,rz) C G. The family {M(2,rz)}cee 
forms an open cover of G. Since R?% is separable, it follows from Lindeléf’s theorem 
that there exists a countable family M = {M(an,1rn)}nen C {M(a2,rx)}ceq such 
that G C UM. Since the converse inclusion is trivial, we must have 


G=|J™. 


Now we re-arrange M. Let Mp = M(21,11). Suppose that Mg have already been 
defined for 6 < a <Q in such a manner that (Use Mp) Me # @ for all € < a. If 


X Mg = G, we end the induction here. If YX Mg # G, and if we had (eee Ma) N 


(Wizenetay sts M) = ©, then G would be a union of two disjoint open sets 


B<a MEM\{Mg}e<a 


which contradicts the connectedness of G. Thus there exists a set M, such that 


J Mp | 9M. #2. (13.6.14) 
B<a 


We cannot have |) Mg # G for all a < Q, since then we would have card M > Xj > 


B<a 
No. So there exists a y < Q such that 
LU Ms =G, 
B<y 


and we stop there. By Theorem 1.6.2 there exists a transfinite sequence {Mg} <y, 
where 7 < 2 (so that ¥ = No) fulfilling (13.6.14) for all a < ¥. 
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By Lemma 13.6.3 for every @ < 7 there exists an additive function g: RY +R 
and constants ag, bg € R such that 


f(x) = 9e(a) + ag for x € [Mali, f(x) =9e(4) + bg for cE [Mglo, (13.6.15) 


f(x) = ga(z) + ag + bg for x € [Mg]s3. 


We will prove that 
9g = 90, 48=40, bg = bo (13.6.16) 


for all 6 < y. For @ = 0 this is certainly true. Assume (13.6.16) for 8 < a < ¥. 
It follows by (13.6.14) that there exists a @ < a such that MgN Ma # ©. Thus 
Mg Mz, is a non-empty open set, and so is also the set [Mg]i 7 [Mali. By the 
induction hypothesis we have (13.6.16), whence by (13.6.15), for « € [Malin [Mali 
go(@) + ao = 9g(x) + ag = go(x) + aq. By Lemma 13.6.1 ga = go and aq = ao. The 
relation ba, = bo is shown similarly. By Theorem 1.6.1 (13.6.16) holds for all G < 7. 
Put g = 90, @ = ao, b = bo. For & € G; = [| U Mo], = U [Mgl: we have 
B<y B<y 
by (13.6.15) and (13.6.16) f(x) = g(a) + a. Similarly f(x) = g(x) +b for x € Gp = 
[ U Mg], = U [Melo. If x € Gs, then x = t+ 8, where (t,s) € G. Then t € G and 
B<y B<y 


s € Gg. Consequently f(t) = g(t) +a, f(s) = g(s) + 6, whence 
fiz) = ft+s)=f®O)+ f(s) =90) +a+9(s)+b=g(t+5s)+a+b=g(e)+a+5. 


The uniqueness of g, a,b results from Lemma 13.6.1. 


Corollary 13.6.1. Let GC R?% be an open and connected set such that Gy G2 F 2, 
and let D C RN be a set fulfilling (13.6.4). If a function f : D > R satisfies equation 
(13.6.1) on G, then there exist a unique additive function g: RN — R and a constant 
ae€éR such that 


f(x)=g(a)+a for rE G UG, 
f(x) = g(a) +2a for ve Gs. 


Proof. This results from Theorem 13.6.1 and Lemma 13.6.1. 


Corollary 13.6.2. Let G C R?™ be an open and connected set such that Gy AG2NG3 4 
@, and let D C R® be a set fulfilling (13.6.4). If a function f : D — R satisfies 
equation (13.6.1) on G, then there exist a unique additive function g: RN — R such 
that f(x) = g(x) for x € Gy UG2UG3. 


Proof. This results from Theorem 13.6.1 and Lemma 13.6.1. 


Note that if (0,0) € G, then 0 € Gi 7 G2 G3. Thus we obtain from Corollary 
13.6.2 


Corollary 13.6.3. Let D = K(0,2r) C R, with a certain r > 0. If a function f : D> 
R satisfies equation (13.6.1) for all x,y € K(0,r), then f can be uniquely extended 
onto RN to an additive function. 
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The next theorem(Dardczy-Losonczi [59]) refers to the case N = 1. Fix anr > 0. 
Let I = [0,7], and let H C R? be the set 


H={p=(2,y) eR’ |rel,yel, andrtye Th. 


Theorem 13.6.2. Let f : I > R be a function satisfying equation (13.6.1) on H. Then 
there exists a unique additive function g: IR — R such that f = g | I. 


1 
Proof. Let J = o.57| so that J = 2J = J+ J. Take arbitrary x,y € J. Then 


x,y € IT and «x+y € I, whence (z,y) € H, and (13.6.1) holds. Thus f satisfies 
(13.6.1) for «,y € J. By Theorem 13.5.3 f can be uniquely extended onto R to an 
additive function g : R — R. The function g has all the properties specified in the 
theorem. 


Theorem 13.6.2 with r = 1 is particularly important in the probability theory. 
The variables x,y are then to be interpreted as probabilities, and the conditions of 
the theorem say that in the case where the sum of probabilities is again a probability, 
then the value of f for such a sum is the sum of the values of f for the corresponding 
probabilities. 

It is clear that in Theorem 13.6.2 the closed interval J = [0,r] may be replaced 
by any one of the intervals (0,7), [0,7) and (0, 7]. 

Equation (13.6.1) postulated not for all x, y from the space considered, but only 
for x,y satisfying a certain additional condition (in the case of Theorem 13.6.1 the 
condition was (x,y) € G) is called the Cauchy equation on a restricted domain, or a 
restricted Cauchy equation or a conditional Cauchy equation. A review of results and 
references pertinent to restricted Cauchy equations may be found in Kuczma [187], 
Dhombres-Ger [69], [70], Ger [108]. In the present book we only touch upon such 
problems. A complete treatment of these questions is found in the book Dhombres [68]. 


13.7 Hosszti equation 


The functional equation’ (BlanuSa [32], Daréczy [56], [57], Davison [60] ,[61],[62 
Davison-Redlin [63], Fenyé [78], Glowacki-Kuczma [117], Lajk6é [204], Swiatak [300 
[301], [804]) 


o] 


d 


fle+y—ay) + fry) = Fe) + fy) (13.7.1) 


is referred to as the Hosszi equation. Its connection with the theory of additive 
functions is expressed by the following (Dardéczy [57]; cf. also Blanusa [32], Davison 
[60], Swiatak [304]) 


Theorem 13.7.1. Let a function f :R — R satisfy equation (13.7.1). Then there exist 
an additive function g: R— R and a constant a € R such that 


f(z) = g(a) +4. (13.7.2) 


3 This equation was mentioned for the first time by M. Hosszti at the International Symposium on 
Functional Equations held in Zakopane (Poland) in October 1967; cf. Hosszi [147]. 
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Proof. Define the function G : R? > R by 
G(x,y) = f(a) + fy) — Fly). (13.7.3) 
It is easily seen from (13.7.3) that we have for arbitrary u,v,w € R 
G(uv,w) + Glu, v) = G(u, vw) + G(v, w). (13.7.4) 
By (13.7.1) G(a,y) = f(a + y — zy). Inserting this into (13.7.4) yields 
f(uv+w—uvw) + f(utv—uv) = f(ut vw — uw) + f(u+w—vw). (13.7.5) 
Setting in (13.7.5) w = v~', we obtain the relation 
f(w tv -u) + f(utu—uv) = fl) + f(v+07 -1) (13.7.6) 


valid for all u € R and v € R \ {0}. 
Now take arbitrary x,y € R such that «+ y > 0. We are looking for u,v € R, 
v #0, fulfilling the equations 


uvtut-u=a241, utv—w=y4+l. (13.7.7) 
Adding equations (13.7.7) we obtain v-+v-'!=a+y+2, ie., 


v—(e@+yt2)jvu+1=0. (13.7.8) 


Now, (x + y+ 2)? -4 = 274+ y? 4+ Qry + 42 + 4y = (x + y)(x + y +4) > O. Thus 
there exist two distinct real values of v fulfilling (13.7.8), and at least one of them 
must be different from zero*. Let vg be this value. We cannot have vg = 1, since 
votu =xtyt2>2. 


y+1l—-uv 
1 


Now, if ug = Be then uo, vo satisfy the system of equations (13.7.7). 


— v9 
Define the function g: R — Ras 


g(x) = f(a +1) — f(1). (13.7.9) 


We will show that g is additive. 
Take arbitrary z,y € R such that x+y > 0. Let u,v satisfy (13.7.7), v 4 0. 
Then we get from (13.7.6) 


f(et+1)+fytl)=f0)+fetyt)), 
ie., after subtracting from both sides 2f(1) 
fi@+y+))—f)=f@+)—-f0)+fy+))— fF), 
whence by (13.7.9) 


g(x + y) = g(x) + gly). (13.7.10) 


4 Actually both roots of (13.7.8) are different from zero, since their product is 1. 
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Ifa+y <0, then we can findate¢R such thatt+2>Oandt+a+y>0. 
Then 


g(t + x) = g(t) + (2), 
gt+x+y) =g(t+x) + 9(y) = g(t) + 9(x) + oy), 
gt+at+y)=g(t)+g(et+y). 


Thus g(t) + g(a + y) = g(t) + g(x) + g(y), whence again we obtain (13.7.10). Conse- 
quently g fulfills (13.7.10) for all x,y € R, which means that g is additive. 
By (13.7.9) 


f(z) = ge —-1) + FQ) = (2) — 9) + FO), 
whence we obtain (13.7.2) with a = f(1) — g(1). 


On the other hand, it is easily seen that every function of form (13.7.2), where 
g: R— R is additive and a € R is an arbitrary constant, actually satisfies equation 
(13.7.1). 

Theorem 13.7.1 remains true also for functions f : F — IT, where (F;+;-) is 
an arbitrary field with card F > 5, and (IT, +) is a commutative group. (An additive 
function is then understood as a function g: F > T satisfying equation (13.7.10) for 
all x, y € F; the constant a in (13.7.2) must be taken from I). The proof is then more 
difficult (cf. Davison [61]). 

Equation (13.7.1) was also studied on other structures (Davison [60],[62], Gto- 
wacki-Kuczma [117], Swiatak [304]). In particular, on Z equation (13.7.1) has solutions 
which are not of form (13.7.2). For example, the function 


1 if nis even, 
iin) = f if mis odd 


is such a solution. 

By Theorem 13.7.1 equation (13.7.1) has exactly the same solutions as the Jensen 
equation (13.2.1) (cf. Theorem 13.2.1). Thus Theorem 13.7.1 is often formulated as 
follows. 


Corollary 13.7.1. For functions f : R — R the Hosszu equation and the Jensen 
equation are equivalent. 


13.8 Mikusinski equation 


At the Symposium on Functional and Differential Equations held in Zawoja (Poland) 
in October 1971, J. Mikusinski mentioned the equation 


f(et+y)[f@+y) — f&) —- f(2)] =9, (13.8.1) 


which since has been named after him (cf. Dubikajtis-Ferens-Ger-Kuczma [72], Baron- 
Ger [20], Ger [105], [107]; cf. also Kannappan-Kuczma, [162], Ger [109] concerning 
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more general equations of this type). Our primary aim is to show that every function 
f : RX = R fulfilling (13.8.1) is additive. But we will carry out our considerations 
for functions f : X — Y, where (X,+) and (Y,+) are arbitrary (not necessarily 
commutative) groups (cf. 4.5). 

If the range of f is a ring without divisors of zero (e.g., a field or an integral 
domain), then equation (13.8.1) can be written as 


if f(at+y) #0, then f(x+y)= f(x) + f(y). (13.8.2) 
Equation (13.8.2) is meaningful for functions f with the range in a group. 
Lemma 13.8.1. Let (X,+) and (Y,+) be arbitrary groups, and let f : X + Y satisfy 
(13.8.2). Write K = f~'(0) = {a € X | f(x) = O}. Then (K,+) is a subgroup of 
(X, +). 
Proof. If we had f(0) 4 0, then we would get by (13.8.2) f(0) = f(0) + f(0), whence 


f(0) = 0, a contradiction. Consequently 0 € K so that K 4 2. 
Suppose that for an « € K we have —x ¢ K, ie., f(—x) #0. Hence by (13.8.2) 


f(—2) = f(-2%4 2) = f(—2z) + f(x) = f(—2z), (13.8.3) 
since « € K means f(x) =0. By (13.8.3) f(—2x) = f(—a) 4 0, whence by (13.8.2) 
f(—2x) = f(—x) + f(-2). (13.8.4) 


By (13.8.3) and (13.8.4) f(—x) = f(—«)+ f(—2x), whence f(—x) = 0, contrary to the 
supposition. 

Now take arbitrary x,y € K, and suppose that «+ y ¢ K. Then f(a +y) 40, 
and by (13.8.2) 

f(e+y) = f(a) + fy). (13.8.5) 

But f(x) = f(y) =0, whence f(a + y) = 0, contrary to the supposition. 

For arbitrary «,y € K we have —y € K, and «—y=2+(-y) € K. By Lemma 
4.5.1 (K, +) is a subgroup of (X, +). 


Theorem 13.8.1. Let (X,+) and (Y,+) be arbitrary groups, and let a function f : 
X — Y satisfy equation (13.8.2). Then either f satisfies (13.8.5) for all a,y © X 
(i.e., f is a homomorphism), or there exist a subgroup (K,+) of (X,+), of index 2, 
and a constant c € Y \ {0} such that 


5G) forsee Ks, 
f(z) = {° peewee (13.8.6) 


Proof. ° Suppose that f : X — Y satisfies (13.8.2), but does not satisfy (13.8.5). 
Then there exist u,v € X such that 


f(utv)F f(u) + fv). (13.8.7) 


5 Ger [107]. 
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We will prove that for every « © X 


either f(u+v+a) =0, or f(v+a2) =0. (13.8.8) 
Suppose that (13.8.8) does not hold, i.e., there exists a z € X such that 
f(utv+z) #0 and f(vt+z) £0. (13.8.9) 
Hence, by (13.8.2), 
flut+vt+2) =f +fut+z)=f@) +f) fe). (13.8.10) 
On the other hand, we have by (13.8.9) and (13.8.2) 
f(utv+z) = f(utv) +t f(z). (13.8.11) 


Now, (13.8.10) and (13.8.11) yield f(u+v) = f(u) + f(v), contrary to (13.8.7). 
Now put K = f~1(0) and take an arbitrary x € X. By (13.8.8) either ut+vt+2 € 
K,orv+a€ K, ie., either x € -—u—u+K, or « € —v+K. In other words, 


X c (-v-—ut+ K)U(-v+K) = -v—u+([KU(u+K)]. This implies that 
X=X+ut+vuc KU(u+4), and since the converse inclusion is obvious, we have 
KU(u+ K) =X. (13.8.12) 


Put c= f(u) € Y, and take an arbitrary « € X \ K. By (13.8.12) reu+Kk, 
ie., there exists a y € K such that « = u+y. The condition « € X \ K means 
f(ut y) = f(x) #0, whereas the condition y € K means f(y) = 0. Thus by (13.8.2) 


f(x) = f(ut+y) = fu) + f&) = flu) =<. 

Hence we obtain (13.8.6) in view of the definition of K. We also have c = f(x) 4 0, 
whence c € Y \ {0}. 

By Lemma 13.8.1 (K,+) is a subgroup of (X,+). Take arbitrary x,y € K’ = 

X \ K. By (13.8.6) f(x) = f(y) =. If we had f(a + y) #0, then we would get by 
(13.8.6) and (13.8.2) 

c= flat+y) = f(z) + fy) = 2c, 
whence c = 0, which is not the case. Consequently f(~+y) =0,ie., c+y € K. This 
shows that K’+ K’ Cc K. By Lemma 4.5.4 the index of (K,+) is 2. 


Corollary 13.8.1. Let (X,+) and (Y,+) be arbitrary groups, and let f : X > Y satisfy 
equation (13.8.2) but not (13.8.5). Put K = f~1(0). Then there exists au € X such 
that (13.8.12) holds. 


Clearly, if f satisfies (13.8.5), then it satisfies also (13.8.2). If f has form (13.8.6), 
where (A, +) is a subgroup of (X,+) of index 2, then f satisfies (13.8.2), too. In fact, 
let x,y € X be arbitrary. If z,y € K, then x+y € K, since (K,+) is group (a 
subgroup of (X,+)), and 


f(e+y) =0=0+0= f(x) + f(y), 
and we have (13.8.2). Ifa € K, y ¢ K, then by Lemma 4.5.3 2+ y ¢ K, and by 
(13.8.6) f(~@+y)=c, f(y) =c. Thus 


f@t+y)=c=0t+e= f(x) + fy), 
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and (13.8.2) is fulfilled. Similarly, if « ¢ K, y € K, then by Lemma 4.5.3 a2+y ¢ K, 
and 


flz+y)=c=c+0= f(z) + fly). 
Finally, if ,y ¢ K, then by Lemma 4.5.4 x+y € K, whence f(a +y) = 0, and again 
(13.8.2) is fulfilled. 


Note that if 2c £ 0, then function (13.8.6) does not satisfy (13.8.5) for z,y ¢ K, 
since otherwise we would have, since by Lemma 4.5.4 a+yek, 


O= f(a+y) = f(x) + Fly) = 2c, 


a contradiction. 
Since by Corollary 4.5.3 the group (R% , +) has no subgroup of index 2, we obtain 
from Theory 13.8.1 


Theorem 13.8.2. Jf a function f : RN — R satisfies equation (13.8.1), then it is 
additive. 


We will prove also the following 


Theorem 13.8.3. Let (X,+) be a second category topological group® such that for every 
neighbourhood V of zero 
LU nv =x. (13.8.13) 
neNn 


Let (Y,+) be an arbitrary group. If a function f : X — Y satisfies (13.8.2) and the 
set K = f~+(0) has the Baire property, then f satisfies (13.8.5) for all x,y € X. 


Proof. If K is of the first category, then so are the sets c+ K. Suppose that f does not 
satisfy (13.8.5). Then, by Corollary 13.8.1, there exists a u € X such that (13.8.12) 
holds. (13.8.12) implies that K’ = X \ K C u+K. If K were of the first category, 
then so would be also K’, and hence also X = K U K’ would be of the first category, 
contrary to the assumption. 

Thus K is a set of the second category and with the Baire property. By Theorem 
2.9.lint(K+K) 4 @. But, since by Lemma 13.8.1 (KX, +) is a group, we have K+K Cc 
K, whence int K 4 @. Let x € int K. Then the set V = int K — x is a neighbourhood 
of zero, and, by Lemmas 13.8.1 and 4.5.3, int kK —2 Cc kK-K=K+K = K. Thus 
V Cc K, and hence also nV C K for every n € N. By (13.8.13) 


X=|(JnVvck, 
neN 


and thus kK = X, which is incompatible with the fact that (K,+) is a subgroup of 
(X,+) of index 2. 


Finally let us observe that equation (13.8.1) (especially in form (13.8.2)) can be 
regarded as a conditional Cauchy equation, the condition being f(x + y) 4 0. 


6This means that (X,+) is a topological group (cf. 2.9) and the set X in the topological space X is 
of the second category (i.e., cannot be represented as a countable union of nowhere dense sets). 
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13.9 An alternative equation 
If the function f : RY — R is additive, then it satisfies also 


[ft y)]° = [f(@) + Fy)’. (13.9.1) 


The converse implication is less trivial. (13.9.1) yields immediately only 


either f(x +y) = f(x) + f(y), or f(e+y) =—[F(x) + F@)]. (13.9.2) 


Since equation (13.9.2) has the form of an alternative, it is often referred to (as are 
also similar functional equations) as an alternative functional equation (cf. Hosszt 
[145], Vincze [318], [319], Swiatak [303], Swiatak—Hosszu [307], Fischer [81], Fischer— 
Muszély [83, 84], Kuczma [186]; more general equations are dealt with in Swiatak 
[299], [302], [305], Swiatak—Hosszii [306], Vincze [320], [321]. Cf. also Kuczma [187] 
concerning a review of results and further references). In this sense also the Mikusiriski 
functional equation (13.8.1) and related equations (Kannappan—Kuczma [162], Ger 
[109]) are alternative functional equations. Alternative functional equations may be 
regarded as functional equations on restricted domains (conditional equations). 


Similarly as in the case of Mikusinski’s functional equation (13.8.1) we will 
carry out our considerations in more general structures. If (X,+) is a semigroup, and 
(Y;+,-) is an integral domain (cf. Chapter 4), then equation (13.9.1) for functions 
f : X — Y can be written as (13.9.2). It is in this form that we are going to deal 
with equation (13.9.1). 


Lemma 13.9.1. Let (X,+) be a semigroup, let (Y;+,-) be an integral domain, and let 
a function f : X — Y satisfy equation (13.9.1) and the condition 


f(2x) = 2 f(z) (13.9.3) 
for alla € X. Then f satisfies equation (13.8.5) for allz,y EX. 


Proof. Suppose that for a certain x,y € X (13.8.5) does not hold. By (13.9.1) (or, 
equivalently, (13.9.2)) 
fle+y) = —f(2) — f(y). (13.9.4) 
We have 
f(@toty)=f[et(et+y)| =e[f@)+fety] =-ef), 


and by (13.9.3) 


f(ataet+y)=fQr+y)= eo[f(2x) + f(y)] — e2[2f(x) + f(y)], 


where e€1,e€2 = +1. Hence 


2f(x) + fly) = esf(y), (13.9.5) 


where e3 = +1. Similarly 


2f(y) + f(x) = eaf (2), (13.9.6) 
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where e4 = +1. If e3 = e4 = 1, then we get by (13.9.5) and (13.9.6) 2f(x) = 2f(y) =0, 
ie., 


2[ f(x) + f(y)] = 9. (13.9.7) 


If e3 = —1, then (13.9.7) results from (13.9.5), and if eg = —1, then (13.9.7) results 
from (13.9.6). Thus (13.9.7) holds in every case. (13.9.7) means that 


f(x) + fy) = —[f(z) + f(y] = -F (2) — FO), 


and by (13.9.4) we get 
f(at+y) = f(x) + fy), 


contrary to the supposition. 


Lemma 13.9.2. Let (X,+) be a semigroup, let (Y;+,-) be an integral domain, and let 
f:X YY satisfy equation (13.9.1). If f(220) 4 2f (xo) for a certain xo € X, then 
do = f(xo) fulfils the conditions 


2do #0, Ado £0, (13.9.8) 


and 
6do = 0. (13.9.9) 


Proof. We have by (13.9.1) (or, equivalently, (13.9.2)) 
f (2x0) = —2f (zo), (13.9.10) 
whence 
f (3x0) =f (200+ 20) =e1[f (220) + f(x0)] =e1[—2f (xo) + f(wo)] =—e1f (0) =—e1do, 
where e; = +1. Hence 
f (4x0) = f(3x0 + 0) = e2[f (320) + f(xo0)] = e2(—e1 + 1)do, 
and, on the other hand 


f (420) => f (2x0 + 2X0) = €3 [f (220) + f(2x0)] => —4ezdo, 


where €2,e3 = +1. Hence 
(ki — k2)do = 0, 
where ky = e2(—e; + 1), ko = —4e3. Thus the only possible values of k; — kg are 
2, +4, +6 


>) 


If we had 4do = 0, then we would have 2d9 = —2dp, and by (13.9.10) 
f (2x0) = —2f (xo) — —2dpo = 2do Ss 2f(xo), 


contrary to the assumption. Thus 2d9 = 0 also is impossible, for otherwise we would 
have 4dp = 2(2d)) = 0. Hence we get (13.9.8). Consequently we must have (13.9.9), 
or —6do = 0, which also implies (13.9.9). 
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Theorem 13.9.1. Let (X,+) be a semigroup, and let (Y;+,-) be an integral domain 
of characteristic different from 3. If a function f : X — Y satisfies equation (13.9.1), 
then it satisfies also equation (13.8.5). 


Proof. Suppose that f does not satisfy (13.8.5). By Lemma 13.9.1 there exists an 
xo € X such that f(2%9) 4 2f(xo). By Lemma 13.9.2 do = f(a) fulfils (13.9.8) and 
(13.9.9). Thus yo = 2do € Y is an element of order 3, and hence the characteristic of 
Y must be 8, contrary to the assumption. 


Note that if the characteristic of Y is 3, then every constant function f: X — Y, 
f #0, satisfies equation (13.9.1), but not (13.8.5). In fact, then for every d € Y we 
have 3d = 0, whence 2d = —d, and if f(a) = d = const in X, then f(x) + f(y) = 
d+d=2d= -—d, and 


2 2 
[f(z)+fw]) =(-d? = = [fe+y)]- 
On the other hand (d # 0), f(a +y) =d # —d = f(x) + f(y), since otherwise we 
would have 2d = 0, which together with 3d = 0 implies d = 0. 
Since (IR;+,-) is a field, and hence an integral domain, and the characteristic of 


R is zero, we get from Theorem 13.9.1 


Theorem 13.9.2. If a function f : RN — R satisfies equation (13.9.1), then it is 
additive. 


Equation (13.9.1) for functions f : X — Y, where (X,+) is a semigroup, and 
(Y;+,-) is a commutative ring, as well as equation (13.9.2) for functions f : X — Y, 
where (X,+) is a semigroup, and (Y,+) is a group, are dealt with in Kuczma [186]. 


13.10 The general linear equation 


The general linear equation” 
f(aw+ by+c)=Af(z)+Bf(y)+C, abAB FO, (13.10.1) 


has been studied by J. Aczél [2], Z. Dardczy [54], [55], and L. Losonczi [209]; cf. also 
Aczél [5]. The Cauchy equation (5.2.1) is the particular casea = b= A= B=1, 
c=0, C=0, of (13.10.1). The Jensen equation (13.2.1) corresponds toa=b= A= 
B c = 0, C = 0. The question arises what are the solutions f : RY — R of 


(13.10.1) for other values of a,b,c, A, B,C. 
First we determine the constant solutions of (13.10.1). If a function f(x) = B= 
const satisfies (13.10.1), then 6 = (A+ B)B+4+C, ie., 


NlR 


(A+ B-1)6+C=0. (13.10.2) 


7 In equation (13.10.1) it is understood that a,b, A,B,C € R and c € R® are fixed constants. So the 
expression “f : RN — R satisfies (13.10.1)” means that (13.10.1) holds for all 2, y € R% with fixed 
a,b, A, B,C € R and c€ RN such that none of a,b, A, B is zero. 
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If A+ B £1, then equation (13.10.2) has the unique solution 3 = —C(A+ B—1)7}, 
and the function CG 


es eg" 
is the only constant solution of (13.10.1). If A+ B= 1 and C =0, then every G6 ER 
satisfies (13.10.2), and consequently every constant function f : RY — R is a solution 
of (13.10.1). Finally, if A+ B= 1 and C # 0, then (13.10.2) has no solutions, whence 
also (13.10.1) has no constant solutions. 
We summarize this discussion in the following 


Theorem 13.10.1. [f A+ B41, then function (13.10.3) is the only constant solution 
of (13.10.1). If A+ B =1 and C = 0, then every constant function f : RN > R 
satisfies (13.10.1). If A+ B=1 and C £0, then equation (13.10.1) has no constant 
solution. 


TERN, (13.10.3) 


Now we turn to non-constant solutions of (13.10.1). We start with the following 
Lemma 13.10.1. Jf a function f : RN — R satisfies equation (13.10.1), then there 
exist an additive function g: RN — R and a constant 3 € R such that 

f(z) =g() +B, «eR. (13.10.4) 


Proof. Take arbitrary u,v € R%. Equation (13.10.1) with x = u/a, y = (v—c)/b goes 
into 


f(utv) = Af (=) +Bi(“>*) iG). (13.10.5) 
Setting in (13.10.1) « = u/a, y = —c/b, we obtain 
f(u) = Af (=) +Bf (-5) +O, (13.10.6) 
and setting in (13.10.1) 2 =0, y = (v —c)/b, we get 
f(v) = Af(0) + Bf (=) ay (13.10.7) 
Finally, with « = 0, y = —c/b, equation (13.10.1) becomes 
f(0) = Af(0) + Bf ( =) LC. (13.10.8) 
Relations (13.10.5), (13.10.6), (13.10.7), (13.10.8) yield 
f(utv) — f(u) — f(v) + f(0) =0. (13.10.9) 
Define the function g: RY — R by 
g(z) = f(z) -— f(0), cer”. (13.10.10) 


Then we have by (13.10.9) and (13.10.10) 
g(u+ v) = g(u) + g(r), 
iLe., g is additive, and (13.10.4) follows with 6 = f(0). 
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But now not every function of form (13.10.4) satisfies equation (13.10.1). 


Theorem 13.10.2. If a non-constant function f : RN — R satisfies equation (13.10.1), 
and f is measurable, or bounded above, or below, on a set T € A, then necessarily 
a= A, b= B, and there exists a constant a € RN \ {0} such that 


f(x) =ar+B, «eR, (13.10.11) 


where, in the case where A+ B #1, B = (ac—C)(A+B-1)7}. If A+B=1, 
then a additionally fulfils the relation ac = C, and then 6B € R may be arbitrary. In 
particular, f is continuous. 


Proof. By Lemma 13.10.1 f has form (13.10.4), where g : RY — R is additive. The 
conditions on f enforce the analogous conditions on g, therefore g must be continuous 
(cf., in particular, Theorem 9.4.2), and it follows from Theorem 5.5.2 that there exists 
an a € RN such that g(x) = ax, and so f has form (13.10.11). We must have a 0, 
since otherwise f would be constant. Inserting (13.10.11) into (13.10.1) yields 


aax + bay +ac+ 3 = Aax+AB+ Bay+ BB+C 


for all 2, y € R%, which is possible only if a = A and b = B. Hence we get (A+ B— 
1)6 = ac—C. Thus, if A+ B #1, 6 must have the form asserted. If A+ B = 1, then 
a must fulfil the condition ac = C, and there is no constraint on /. 


The argument presented shows also that every function f : RN — R of the form 
described actually satisfies equation (13.10.1). 

In order to determine non-measurable solutions f : RY — R of (13.10.1) we will 
need the following 


Lemma 13.10.2. Let f : RY — R be a non-constant solution of (13.10.1), and let 
r € Q(a,y) be a rational function in x,y, with the coefficients from Q. If one of the 
expressions r(a,b), r(A,B) has sense, then the other has sense, too, and function 
(13.10.10) satisfies 

g(r(a,b)x) = r(A, B)g(a) (13.10.12) 


for every x in RN. 


Proof. First we prove that for every x € RN and k € Nu {0} 
g(a*x) = A*g(x), g(b*x) = B* g(a). (13.10.13) 


For k = 0 (13.10.13) is trivial. Assume it valid for a k € NU{0}. Replacing in (13.10.1) 
x by a®x, and setting y = —c/b, we obtain 


fas) — Af (a*z) + Bf (-5) +C. 
Setting in (13.10.1) x =0, y = —c/b, we get 


f(0) = Af(0) + Bf (-5) 426 
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Subtracting the two expressions, and making use of the induction hypothesis 
(13.10.13), we obtain 


g(a**12) = f(a*t1z) — f(0) = A[f(a*x) — f(0)] = Ag(a*a) = A*** g(a). 
Induction shows that the first formula in (13.10.13) is generally valid. The second 
formula in (13.10.13) is established similarly. 

Now let p € Q[z, i be an arbitrary polynomial in x, y with rational coefficients: 

=S2¥ net —*) on, €Q, K=1,...,.n; i= 1,...,k. 

k=0 i=0 
It follows from Lemma 13.10.1 that g is additive. In fact, if f has form (13.10.4), 
then f(0) = @, and g(x) = f(x) — 6 = f(x) — f(0) coincides with function (13.10.10). 
Hence, by Theorem 5.2.1, g(aziu) = agig(u) for every u € R% and k = 1,...,n; 
i=1,...,k, whence by (13.10.13), for every 7 € RY, 


g(p (a, b)x =a nee br ‘) x) 


k=0 i=0 


n ek 
= (SO oni’BY') o(e) = p(A, B)g(z). (13.10.14) 
k=0 i=0 
Since f is non-constant, there exists a u € R% such that g(u) 4 0. Suppose that 
p(a, b) 4 0. Setting in (13.10.14) x = u/p(a, b) we obtain g(u) = p(A, B)g(x), whence 
p(A, B) #0. If p(A, B) 4 0, then g(p(a, b)u) = p(A, B)g(u) 4 0, whence p(a,b) 4 0, 
since g(0) = 0. 
Now take an arbitrary r € Q(a, y): 
Pe, 
r(a,y) = ee) 
g(x,y) 
where p,q € Q[z, y]. If one of g(a, b), g(A, B) is different from zero, so is the other, as 
has been just shown, and consequently if one of r(a,b),r(A,B) has sense, then the 
other has sense, too. Now for arbitrary x € R, we have by (13.10.14), if r(a,b) and 
r(A, B) have sense, 
P(A, B)g(x) = g(p(a,b)x) = g(a(a, 6) r(a,b)x) = q(A, B)g(r(a, b)z), 
whence we obtain (13.10.12). 


Now consider the extensions Q(a, b) and Q(A, B) of Q by a,b and A, B, respec- 
tively (cf. 4.7). 


Lemma 13.10.3. Let y : Q(a,b) = Q(A, B) be an isomorphism such that 
p(a)=A, (b) = B. (13.10.15) 


Then for every « € Q we have v(x) = x, and for every rational function r € Q(z, y) 
such that r(a,b),r(A, B) have sense 


y(r(a,b)) = r(A, B). (13.10.16) 
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Proof. Since ¢ is an isomorphism, ¢ is one-to-one. Now, y(0) = y(0) + y(0), whence 
y(0) = 0, and so v(x) £ 0 for « £ 0. We have y(1) = y(1)y(1), whence y(1) = 1. 
By induction y(k) = k for k € N. Further y(1) = y(—1)y(—1), whence y(—1) = -1, 
since y is one-to-one and 1 = y(1). So y(—k) = y(—1)y(k) = —y(k) = —k fork EN, 
and since (0) = 0, we have y(k) = k for k € Z. Now, for arbitrary k € Z and m € N 


we have mp (= = y(k) =k, whence v(x) = x for xe Q 
m 


Since y is an isomorphism, we have by (13.10.15) y(r(a,b)) = r(y(a), y()) = 
r(A, B). 


R may be regarded as the linear space (R%; Q(a,b);+;-) over Q(a, b), and as 
such has a base H in virtue of Corollary 4.2.1. If c 4 0, then {c} is linearly independent 
over Q(a,b), and by Theorem 4.2.1 we may require that c € H. 


Theorem 13.10.3. Suppose that there exists an isomorphism yp : Q(a,b) > Q(A, B) 
fulfilling (13.10.15). Let H C R% be a base of RX over Q(a,b) such that c € H 
whenever c # 0. Put Ho = HU {0}. Further assume that if A+ B= 1 andc=0, 
then C = 0. For every function fo : Hp — R such that 


fo(e) = (A+ B) fo(0) + € (13.10.17) 
there exists a unique function f : RN — R satisfying equation (13.10.1) and such that 
f(x) = fo(a) for « € Ho. 


Proof. Every x € R™ has a representation 
¢= ah bah (13.10.18) 


where a; € Q(a,b), hij € H,i=1,...,n, and representation (13.10.18) is unique up 
to terms with coefficients zero. For such an x put 


n 


F(a) = S~ y(ax) [folhs) — fo(0)] + fo(0). (13.10.19) 


i=l 


Thus the function f : RY — R is unambiguously defined in the whole RY; note that, 
since y(0) = 0 (Lemma 13.10.3), adding to (13.10.18) terms with coefficients zero 
does not affect (13.10.19). 

Let c #0 so that c € H. Take arbitrary z2,y € RY, and let x have a representa- 
tion (13.10.18). y has a representation 


y = Bhi +--+ + Brkn. (13.10.20) 


We may assume that the same h; occur in (13.10.18) and (13.10.20), adding, if neces- 
sary, suitable terms with coefficients zero. For the same reason we may assume that 
one of h1,..., hy is c, and thus c can be written as 


c= Vhit-+++Inhn, (13.10.21) 
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where all 7; are zero, except one, which is one. Now, by (13.10.18)—(13.10.21), 


f(ax + by +e) = f (Siow + Bib+ v0 


i=1 


= S- playa + Bib + yi) [fo(hi) — fo(0)] + fo(0) 


i=l 


= “Dkr (ai)A + 9(8:i)B + 9(%)] [fo(hs) — fo(0)] + fo(0) 


=A Soa) [ fo(hi) — fo(0 ]+ By ot B;) [fo(h ae fo(0)] 


w=1 


ot S- v7) | fo(hi) — fo(0)] + fo(0) 
i=1 
= Alf (x) — fo(0)] + B[F(y) — fo(0)] + FCO) 
= Af(x) + Bf(y) + C — [(A+ B) fo(0) — fe) + C] 
= Af(x) + Bly) +, 
because the expression in brackets is zero in virtue of (13.10.17) and of the fact 
that, since c € H, we have by (13.10.19) f(c) = ¢(1)[fo(e) — fo(0)] + fo(0) = 
fo(e) — fo(0) + fo(0) = fole): 
If c = 0, the argument is the same, only we do not assume that c is one of 
hy,...,hn, and in representation (13.10.21) all 4; are zeros. 
Thus f satisfies equation (13.10.1). For « € H we have by (13.10.19) 


f(x) = (1) [fo(x) — fo(0)] + fo(0) = fo(z). 
Similarly, for z = 0 we have x = 0h with an arbitrary h € H, whence by (13.10.19) 


f(0) = ¥(0) | fo(h) — fo(0)] + fo(0) = fo(0). 


Thus f(x) = fo(x) for x € Ap. 

In order to prove uniqueness, suppose that a function f : RY — R satisfies 
equation (13.10.1) and f | Ho = fo. By Lemma 13.10.1 f has form (13.10.4), where 
g: R® — Ris additive, and G € R is aconstant. Since g(0) = 0, we have 3 = f(0), and 
thus g fulfils (13.10.10). Now take an arbitrary x € RY, and let x have representation 
(13.10.18). Since a1,...,@n € Q(a,b), it follows by Corollary 4.8.1 that for every 
i =1,...,n there exists a rational function r; € Q(z, y) such that a; = ri(a,b). By 
Lemmas 13.10.2 and 13.10.3 


n n 


= x g(aihs) = S— g(ri(a, d)hi) = S$ ri(A, B)g(hi) 


i=1 i=1 


= Di o(ri(a,d)) 9(hi) = D7 elaa)a(h), 
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whence 


n n 


f(x) = g(x) + £0) = > vlaa)g(hi) + £0) = S— g(a) [F(hi) — F(O)] + F(0), 


w=1 ik 
i.e., since h; € Ho, 0 € Ao, and f | Ay = ho; 


n 


f(z) = S (ai) [fo(hi) — fo(0)] + fo(0). 


i=l 


Thus f must be given by formula (13.10.19), which proves the uniqueness of f. 


Theorem 13.10.4. Suppose that equation (13.10.1) has a non-constant solution f : 
RY — R. Then there exists an isomorphism yp : Q(a,b) > Q(A,B) fulfilling 
(13.10.15). Moreover, if A+ B=1 and c=0, then also C =0. 


Proof. Define the function y : Q(a,b) + Q(A, B) by (13.10.16). We shall show that 
this definition is correct. Suppose that r1(a,b) = re(a,b) for some r1,r2 € Q(x, y). 
Function (13.10.10) is not constant, since otherwise f would be constant. So there 
exists a u € R™ such that g(u) 4 0. We have by Lemma 13.10.2 


r1(A, B)g(u) = g(ri(a, b)u) = g(ra(a,b)u) = r2(A, B)g(u), 


whence also 71(A,B) = ro(A, B). Also, if a = r(a,b) € Q(a,b), then r(A, B) has 
sense, and so y(a) = y(r(a,b)) is by (13.10.16) well defined. 

It follows by Corollary 4.8.1 that y is defined on the whole Q(a, b), and maps it 
onto Q(A, B). Also, the rational functions r,(z,y) = 2/1, and r,(z,y) = y/1 belong 
to Q(a,y), whence y(a) = y(re(a,b)) = r,(A,B) = A, and y(b) = y(ry(a, b)) = 
r,(A, B) = B. Thus ¢ satisfies (13.10.15). 

Now we show that y is a homomorphism. Let a, 3 € Q(a,b). Then a = r1(a, b), 
3 = ro(a, b) for certain r1,r2 € Q(z, y). Then a+ = ri (a, b)+re(a, b) = (r1+1r2)(a, b) 
and a3 = r1(a, b)re(a, 6) = (rir2)(a, b). Of course, 71 + 72, rire € Q(x, y). Hence 


y(at 8) = p((ri+r2)(a, b)) = (r1 + 1r2)(A, B) = 11(A, B) + r2(A, B) = (a) + (8), 


y(a3) = 9((rire)(a, b)) = (rire)(A, B) = r1(A, B)ra(A, B) = v(a)y(). 


Suppose that for a certain a = r(a,b) € Q(a,b) we have y(a) = r(A, B) = 0. Let 
u € R® be such that g(u) 4 0. Suppose that a 4 0. Then by Lemma 13.10.2 


U 


0= 14, Bla (T=) = aw #0. 


Consequently y(a) = 0 implies a = 0, ie., if y(a) = y(G) for some a, 3 € Q(a, bd), 
then y(a — 8) = y(a) — y(8) = 0, and a = 8G. Thus ¢ is one-to-one, i.e., it is a 
monomorphism. We have pointed out above that y is an epimorphism, and so y is 
an isomorphism. 
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Setting in equation (13.10.1) x = y = 0, we obtain 


f(c) = (A+ B)fF(0) +C. 


Hence, if A+ B=1 and c=0, we obtain C = 0. 


Theorems 13.10.3 and 13.10.4 imply the following 


Theorem 13.10.5. Equation (13.10.1) has a non-constant solution f : RN — R if and 
only if there exists® an isomorphism ~ : Q(a,b) > Q(A, B) fulfilling (13.10.15) and 
C =0 whenever A+ B=1 andc=0. 


Proof. Since R 4 Q(a,b) for any a,b € R, we have dim (R; Q(a, b); +; -) > 1, and 
hence, in Theorem 13.10.3, card H > 1. Thus fo fulfilling (13.10.17) can be chosen 
non-constant, and then also f is non-constant. The theorem results now from Theo- 
rems 13.10.3 and 13.10.4. 


Exercises 


1. Find solutions f : (0,1] — R of equation (13.1.3). 

2. Determine all functions f : RY — R satisfying the condition: For every 2, y, u, 
veER, ifx+y=u+ty, then f(x) + f(y) = f(u) t+ f(v). 

3. Let I = [0,1], and let the operation + be defined for x, y € I by 


‘ zc+y ife+y<l, 
rry= : 
a+y-1 ifa+y>l1. 


Find all monotonic solutions f : [ — I of the equation 


f(@+y) = f(x) + fy). (*) 


(Hint: Note that if f : I — I satisfies («), and g(a) = 1— f(a) for x € J, then 
also g satisfies (*).] 
4, Find solutions f : RN — R of the equation 


Fay) [f(ey) — (a) — fy] =0. 


5. Let f : RN 4 R and g: RN — R be additive functions. Prove that if [f(x)] _ 


[a(x)]° for x € RN, then either f = g, or f = —g in RY. (Grzaglewicz [123].) 


8A condition for the existence of such an isomorphism is found in Theorem 4.12.2. (Note that by 
Lemma 13.10.3 we have ¢ | Q = identity.) 
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Chapter 14 


Derivations and Automorphisms 


14.1 Derivations 


In this chapter we will deal with functions satisfying the Cauchy equation (5.2.1) and 
also, simultaneously, another equations of a similar type. 

Let (Q;+,-) be a commutative ring, and let (P;+,-) be a subring of (Q;+,-). A 
function f : P > Q is called a derivation! (or a darivation of P) iff it satisfies both 
the equations 


f(at+y) = f(x) + fy), (14.1.1) 
f(xy) = xf(y) + yf (@) (14.1.2) 
for all xz, y € P. Before we give some examples, let us note the following simple fact. 


Lemma 14.1.1. Let PC Q be commutative rings, let f,, fa: P—Q be derivations (of P), 
and let a,b€Q be arbitrary constants. Then f=afi+bfe also is a derivation of P. 


Proof. Obvious. 


Example 14.1.1. Let (F;+,-) be a field, and let P = Q = F'[z] be the ring of 
polynomials with coefficients from F’. Let the function f : F' [x] — F [a] be defined as 
f(p) = p’, where the derivative p’ is defined in 4.7. We have clearly 
fe+q=(ptay =p +d =f(p)+ fa), 
f(pq) = (pg)' = pd’ + av’ = pf (a) + af (P)- 


Consequently f is a derivation. 


Example 14.1.2. Let (F';+,-) be a field, and suppose that we are given a derivation 
f : F — F. We define a function fo : F [z] — F [2] as follows. If p € F [a], p(x) = 


>> agx*, then fo(p) is the polynomial (in sequel denoted by p/): 
k=0 


n 


folp) =p! (2) = >> F(a)2*. 


k=0 


1 The present exposition of the theory of derivations is based on Zariski-Samuel [325] (cf. also 
Horinouchi-Kannappan [144] concerning a generalization). 
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If q € F{z], q(x) = >> bpx* is another polynomial (we can write p and q with the 
k= 


=0 
same n, adding to that of the smaller degree terms with coefficients zero), then by 
(14.1.1) 


fo(p) + fo(q)- 


lI 
wy 
— 

iS 
= 
8 
+ 
7 
= 
= 
ca 
8 
oo 
lI 


fol(p+@) = >_ fax + dx)a* 
k=0 


2n 


k 
We have pq = >> @ abr) x* (where a; = b; = 0 for 7 > n), whence by (14.1.1) 
k=0 \i=0 
and (14.1.2) 


fo(pa) = % (3X aibki)* = Ss os f(aiby-:)) 
k=0 1=0 k=0 i=0 
2n 


(Note that by (14.1.1) f(0) =0 so that f(a;) = f(b;) for j > n.) Consequently fo is 
a derivation. 


The derivations described in the above two examples have rather a fundamental 
importance for we have the following 


Lemma 14.1.2. Let (K;+,-) be a field, and let (F;+,-) be a subfield of (K;+,-), and 
let f: F — K be a derivation. Then we have, for every a € F and every polynomial 
pe F[al, 


f(p(a)) = p! (a) + f(a)p'(a). 
Proof. For k € N we have 
f(a") =ka® * F(a): (14.1.3) 
(14.1.3) is evidently true for k = 1. Assuming it valid for a k € N, we have by (14.1.2) 
f(a***) = f(aa*) = af(a*) + a* f(a) = aka’ f(a) + a* f(a) = (k+ Da* f(a), 


ie., we obtain (14.1.3) for k +1. Thus (14.1.3) is generally true. 
Moreover, setting in (14.1.2) « = y = 1 we obtain f(1) = 2f(1), whence 


fQ) =0. (14.1.4) 
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Now let p(a) = s a,x". Then by (14.1.3) and (14.1.4) 
k=0 
F(r(a)) = F( So ana®) = SOF (axa®) = S7 a" F(ax) + Yo an f(a*) 
0 = k=0 k=1 


k= =0 


= pl(a) + )) agka’ f(a) = pl (a) + f(a)p'(a), 


k=1 


which proves the lemma. 


In R the function f = 0 evidently is a (trivial) derivation (of R). It is difficult 
to find another example. We have, in particular, 


Lemma 14.1.3. If f : R— R is a derivation, then f(x) =0 for every x €Q. 


Proof. By (14.1.1) f is an additive function. Hence we have by (14.1.4) and Theorem 
5.2.1 f(x) =af(1) =0 for every x € Q. 


This result can be strengthened as follows. 
Lemma 14.1.4. If f : R— R is a derivation, then f(x) =0 for every x € algclQ. 
Proof. Let a € algcelQ, and let p € Q[z] be its minimal polynomial. Write p(x) = 
= azav™, a, € Q, k=0,...,n. By Lemma 14.1.3 f(ay) = 0 for k = 0,...,n, whence 
k=0 


pl (a) = S > f (ax) a = 0. 
k=0 


So by Lemma 14.1.2 f(p(a)) = f(a)p'(a). Now, p(a) = 0, whence f (p(a)) = f(0) = 0. 
On the other hand p'(a) 4 0, because degree p’(a) < degree p(a), and p is the minimal 
polynomial of a. Hence f(a) = 0. 


From Lemma 14.1.3 we get also 


Theorem 14.1.1. [f f : R — R ts a derivation, and f is measurable, or bounded above, 
or below, on a set T € A, then f =0. 


Proof. Since, by (14.1.1), f is additive, the conditions on f imply its continuity. Since 
Q is dense in R, we obtain from Lemma 14.1.3 that f = 0 identically in R. 


It is not difficult to solve equation (14.1.2) alone for f: R— R. Taking z,y 4 0 
and dividing (14.1.2) by xy, we obtain 


flew) _ fle) , FW) 
zy x y 

which means that the function fo(x) = f(a)/x satisfies equation (13.1.2) in (—00, 0)U 

(0,00). By Theorem 13.1.2 there exists an additive function g : R — R such that 


fo(z) = g( log |x|), whence 


? 


f(z) = xg(log |z\). (14.1.5) 
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Formula (14.1.5), established so far only for x 4 0, remains true also for x = 0 if we 
agree that Og(log 0) = 0. 

But, in general, function (14.1.5) will not be additive, i.e., it will not satisfy 
(14.1.1). Is it possible to choose g in such a manner that f given by (14.1.5) should 
be additive? In the light of our experience up to now it seems doubtful whether there 
may exist non-trivial derivations f : R — R. In the next section we will answer this 
question. 


14.2 Extensions of derivations 


In the present section we study the possibility of extending a derivation from its 
domain of definition onto a larger algebraic structure. 


Lemma 14.2.1. Let (P;+,-) be an integral domain, let (F;+,-) be its field of fractions, 
and let (K;+,-) be a field, PC F CK. If f : P > K is a derivation, then there 
exists a unique derivation g: F > K such that g| P= f. 


Proof. Every x € F can be written as x = u/v, where u,v € P, v #0. For such an x 
we put 


g(x) = 9 (=) A a 2A (14.2.1) 


v v2 ; 


We must check that definition (14.1.1) is unambiguous, i.e., if u/u = z/w, v,w #0, 
then g(u/v) = g(z/w). Now, u/v = z/w means 


uw = v2, (14.2.2) 
whence by (14.1.2) uf(w) + wf(u) = vf(z) + zf(v), ie, 
of (2) — uf(w) = wf(u) — zf(v). 
Multiplying this by uw we get 
v’wf(z) — uwwf(w) = vw’ f(u) — zvwf(v), 


or, by (14.2.2) 
v’wf(z) — v?zf(w) = vw f(u) — uw? f(v). 


Dividing this by v?w? we obtain 


wf(z)—zf(w) _ of(u) —ufw) 


we y2 : 


ie., g(z/w) = g(u/v). Thus expression (14.2.1) does not depend on the representation 
of x as a fraction u/v. 
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Now take arbitrary z,y € F, « = u/v, y = z/u, u,v,2z,w € P, v,w #0. Then 
by (14.1.1) and (14.1.2) 


vw 22 


uw + *) = vwf (uw + zv) — (uw + zv) f(uw) 
v 


get) =9( +=) =o( 

_ vw(uf(w) + wf(u) + 2f(v) + vf (2) = (uw + 2») (of (w) + wf (r)) 
vw? f(u) + v2wf (z) — uw? f(v) — zu? f(w) 
= VA) ah) a we) — fu) = () 2,4 (2) 

= g(x) + g(y)» 
and 
dary = () A wo Fe) weve) 

vw(uf(z) + zf(u)) — uz(vf(w) + wf(v)) 


uv(wf (2) — 2f(w)) + zw(wf(u) — uf (v)) 


= <9 (=) + =9(=) =29(y) +9(2)- 


W Ww 


Consequently g is a derivation of F’. If « € P, then « = x/1 and by (14.1.4) 


g(a) =9 (=) sia 


= f(z), 
ie, g|P=f. 

Now let g : F — K be an arbitrary derivation such that g | P = f. Take 
an arbitrary « € F, x = u/v, u,v © P, v # 0. We have f(u) = g(u) = g(vx) = 
vg(x) + xg(v) = vg(x) + xf(v), whence 

fw) =af(v) _ of) —uf(w) 


tee 8 oy age at 


This means that g has form (14.2.1), which proves the uniqueness of the extension. 


Lemma 14.2.2. Let (K;+,-) be a field, let (F';+,-) be a subfield of (K;+,-), and 
let f : F — K be a derivation. Further, let a,u € K. There exists a derivation 
g: F(a) > K such that g| F = f and g(a) = u tf and only if 


rf (a) + ur'(a) =0 (14.2.3) 


for every r © F [x] such that r(a) = 0. If it exists, the extension g is unique. 
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Proof. First we define a derivation fo : F' [a] > K such that fo | F = f and fo(a) =u. 
If « € Fa], then there exists a polynomial p € F'[t] such that p(a) = x. For 
such an x we put 
fo(a) = fo(p(a)) = p! (a) + up'(a). (14.2.4) 
We must check that definition (14.2.4) is unambiguous, i.e., if p(a) = g(a), q € F [t, 
then 
p! (a) + up'(a) = q* (a) + ud (a). (14.2.5) 
Put r = p—q. Then r(a) = 0, whence it follows that (14.2.3) is fulfilled. But rf = 
p! —q! and r’ = p' — dq, so (14.2.3) means (14.2.5). 
It is easily seen that fo is a derivation, and if « € F so that x = p(a) for 
p(t) = x = const, then by (14.2.4) 


fo(x) = fo(p(a)) = p!(a) + up'(a) = f(z), 


since p/(t) = f(x) for every t € F, and p’ = 0. Thus fo | F = f. Similarly, a = p(a) 
for p(t) =t. By (14.2.4) 


fo(a) = fo(p(a)) = p! (a) + up'(a) =u, 


because p/(t) = f(1)t = 0 by (14.1.4), and p’(t) = 1. Thus fo(a) = u. 

The extension fp is unique, for if fo : F [a] — K is an arbitrary derivation such 
that fo | F = f and fo(a) = u, then, by Lemma 14.1.2, for arbitrary x € F [a], 
«= p(a),p€ F fA, 


fol) = fo(p(a)) = p!?(a) + fo(a)p'(a) = p! (a) + up'(a). 


So fo has to have form (14.2.4). 

Before proceeding further, let us make sure that F'[a] is an integral domain. 
F {al clearly is commutative, and the constant polynomial p(t) = 1 fulfils p(a) = 1, 
so 1 € F'[a}. Now let w,v € F'[a] be such that wu = 0. Since F'[a] C K, we have 
w,v € K. But a field has no divisors of zero, so wv = 0 implies that either w = 0, or 
v = 0. Consequently F [a] has no divisors of zero, and so it is an integral domain. 

By Lemma 4.8.1 F (a) is the field of fractions of F' [a]. By Lemma 14.2.1 fo can 
be uniquely extended onto F(a) to a derivation g : F(a) > K such that g| Fla] = fo. 
Hence g| F=g| Fla]| F = fo| F = f, and, since a € F [a], g(a) = fo(a) = u. 

In the opposite direction, if g is the required extension, then, in particular, g 
satisfies equation (14.1.1) for z,y € F(a), whence g(0) = 0. Hence, by Lemma 14.1.2, 
if r € F'[t] is such that r(a) = 0, then 


rf (a) + ur’(a) = 19(a) + g(a)r'(a) = g(r(a)) = g(0) = 0. 
Consequently condition (14.2.3) is fulfilled. 


Lemma 14.2.3. Let (K;+,-) be a field, let (F;+,-) be a subfield of (K;+,-) and let 
SC K algebraically independent over F. Let f : F — K be a derivation, and let u: 
S— K be an arbitrary function. Then there exists a unique derivation g: F(S) > K 
such that g| F=f andg|S=u. 
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Proof. Let R be the collection of all couples (Sq, ga) such that Sa CS, ga: F(Sa) > 
K is a derivation, and g. | F = f, ga | Sa = u. The couple (2, f) € R so that 
R #@. We order RF as follows: (Sa, ga) < (Ss, 98) iff Sa C Sg and gg | F(Sa) = ga. 
Thus (R,<) in an ordered set, and if £ C FR is a chain, then the couple (So, go) 
such that So = U = Sa, go | F(Sa) = ga for (Sa,ga) € £, is an upper bound 
(Sa,ga)EL 
of £ in R. By Theorem 1.8.1 there exists a maximal element (Sinax,Jmax) in R. 
Thus, in particular, Sinax C S. Suppose that there exists an a € S \ Sinax. Since S is 
algebraically independent over F' and a € S\Smax, we have (cf. Exercise 4.19) r(a) 4 0 
for every r € F'(Smax)[z]. So the condition in Lemma 14.2.2 is trivially fulfilled. By 
Lemma 14.2.2 the derivation gmax can be extended onto F'(Sinax)(a@) to a derivation 
g* : F(Smax)(a) — K such that g* | F\(Smax) = Gmax, g*(a) = u(a). Hence g* satisfies 
g | f= g | F(Smax) | Fo JGmax | Fa fs g | Smax = Jmax | Smax = U, whence 
g* | (Smax U {a}) = u. Writing S* = Smax U {a} we obtain hence that (S*,g*) € R 
and (Snax; Jmax) < (S*,g*), which contradicts the maximality of (Snax; Jmax): 
Consequently Sinax = S, and g = gmax is the required extension. 


It remains to prove the uniqueness. Let x € F(.S). By Lemma 4.8.2 there exists 
a finite set S; = {a1,...,an} C S such that x € F(S,). But 


F(S1) = F(a1)(42) «++ (an). 


Since, by Lemma 14.2.2, the extension of a derivation onto a simple extension of its 
field of definition (with the prescribed value at the element by which we extend the 
basic field) is unique, g is uniquely determined on F'(a1)...(a,) for every k = 1,...,n, 
and so, in particular, g(x) is uniquely determined. Thus g is uniquely determined at 
every point « € F(S), and so g is unique. 


Lemma 14.2.4. Let (K;+,-) be a field of characteristic zero, let (K1;+,-) be a subfield 
of (K;+,-), and let (F;+,-) be a subfield of (Ki;+,-) such that Ky, C algcel F. Let 
f:F—K be a derivation. Then there exists a unique derivation g: K, — K such 
thatg|F =f. 


Proof. Let R be the collection of all couples (Ka, ga) such that (Kq;+,-) is a subfield 
of (Ki;+,-), F C Ka, ga: Fa — K is a derivation and g, | F = f. (F,f) € R, so 
R # @. We order FR similarly as in the proof of Lemma 14.2.3: (Ka, ga) < (Kg, gg) iff 
(Ka;+,-) is a subfield of (Ag;+,-) and gg | Ka = ga. Then (R, <) is an ordered set, 
and as previously we verify that every chain in R has an upper bound (Ko, go) € R. 
By Theorem 1.8.1 there exists in R a maximal element (Kynax, Gmax)- In particular, 
(Kimax; +,:) is a subfield of (K1;+,-). Suppose that there exists an a € Ky \ Kinax. 
Thus a is algebraic over F’, and let p € F'[a] be its minimal polynomial. We have 
p' #0, since the characteristic of K is zero (whence also the characteristic of Fis 
zero), whence p’(a) # 0, since degree p’ < degree p, and p is the minimal polynomial of 
a. Put u = —p9=*(a)/p'(a), and let r € Kyax(x] be a polynomial such that r(a) = 0. 
There exist polynomials g,s € Kinax[2] such that r = gp + s and degree s < degree p. 
Hence 0 = r(a) = q(a)p(a) + s(a) = s(a), whence it follows that s = 0, and r = gp. 
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Now 


ro (a) + ur! (a) = q(a)p%™* (a) + p(a)g2™** (a) + up'(a)q(a) + up(a)d' (a) 
= q(a)(p™=*(a) + up'(a)), 


since p(a) = 0. By the choice of u we have p%«(a) + up'(a) = 0, whence also 
r9max (a) + ur’ (a) = 0. 

By Lemma 14.2.2 there exists a derivation g* : Kymax(a) — K such that g* | 
Kinax = Jmax- Write K* = Kyax(a). Since Kmax C Ky, anda € Kj, the field (K*;+,-) 
is a subfield of (K1;+,-), and, of course, F C Kyax C K*. Moreover, g* | F = 
Jmax | fF = f. Thus (K*,g*) € R, and (Kinax; Jmax) < (K*,g9*), which contradicts 
the maximality of (Kimax,Jmax)- Hence Kmax = Ki, and g = gmax is the desired 
extension. 

To prove uniqueness, suppose that g : K; — K is a derivation such that g | F = 
f. Take an a € Ky. Let p € F'[2] be the minimal polynomial of a. As we have seen 
above, we have p'(a) £ 0. By Lemma 14.1.2 


p! (a) + g(a)p'(a) = p%(a) + g(a)p'(a) = g(v(a)) = 9(0) = 0. 


Hence g(a) = —pf(a)/p’(a) is uniquely determined. Thus all the values of g on Ky, 
are uniquely determined, whence g is unique. 


Theorem 14.2.1. Let (K;+,-) be a field of characteristic zero, let (F';+,-) be a subfield 
of (K;+,-), let S be an algebraic base of K over F, if it exists, and let S = @ 
otherwise. Let f: F — K be a derivation. Then, for every function u: S — K, there 
exists a unique derivation g: K > K such thatg| F=f andg|S=u. 


Proof. If K = algcl F, this results from Lemma 14.2.4. (Then S = @, and there is 
no u involved). If K 4 algcl F, then, by Theorem 4.10.1, there exists an algebraic 
base S of kK over F so that algcl F(S) = K. S is algebraically independent over 
F, so by Lemma 14.2.3 there exists a unique derivation go : F(S) — K such that 
go | F = f and go | S = u. By Lemma 14.2.4 the derivation go can be uniquely 
extended onto algcl F(S) = K to a derivation g: K — K such that g | F(S) = go, 
whence g| F =g|F(S)|F=90|F =f, andg|S=g| F(S)|S=g|S=u. 


Theorem 14.2.2. There exist non-trivial derivations of R. 


Proof. We have R ¥ algclQ, so there exists, by Theorem 4.10.1, an algebraic base 
of R over Q. Let u: S — R be an arbitrary function, u 4 0. The characteristic 
of R is zero. Now take in Theorem 14.2.1 F = Q, kK = R. The trivial derivation 
fo: Q — R, fo = 0, can, by Theorem 14.2.1, be uniquely extended onto R to a 
derivation f : R — R such that f | S =u, whence f 40. 


lary 


Incidentally, in this way we have obtained a description of all the derivations 
of R. Every such derivation can be arbitrary prescribed on an algebraic base S of R 
over Q, and then it is already uniquely determined. Unless identically equal to zero, 
every such derivation is discontinuous (and hence non-measurable, unbounded above 
and below on every set T € 2) in virtue of Theorem 14.1.1 . 
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14.3. Relations between additive functions 
Let f : RR be a derivation, and let « € R \ {0}. We have by Lemma 14.1.3 


0= f1)=F(02) ef (2) + =F) 
whence 
f(a) = —a* f (=) (14.3.1) 


We will show that relation (14.3.1) characterizes derivations among additive func- 
tions? f:R—R. 


Theorem 14.3.1. Let f : R— R be an additive function satisfying condition (14.3.1) 
for all realx £0. Then f is a derivation. 


Proof. Take an arbitrary x € R, « 4 0,1,—1. Then we have by (14.3.1) and (14.1.1) 
x? — 
fa) + Ste) = se) -9(4) = 1 (2-2) =1 (4) 
ety x ees1\" 1 1 

a ce le eal aap gt 
2) 2 ee 2 
Ge) ee) ee 

1 2 


fQ1) = f(-1) = 0. (14.3.2) 


Hence f (u—1) = f (u) — f (1) = f (u) for every u € R, and we get 


iomerice 


Le., 
fe?) = 2e7@). (14.3.3) 


?Kurepa [201]; cf. also Jurkat [159], Kurepa [202], Nishiyama-Horinouchi [243], Kannappan-Kurepa 
[163], Grzaslewicz [122], [123]. Also the remaining results in this section are due to S. Kurepa [201], 
[202]. 
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By (14.1.1) f(0) = 0. Thus, in view of (14.3.2), relation (14.3.3), so far obtained for 
x #0,1,-—1, is valid for all « € R. We have by (14.3.3) for every z,y € R 


f((e@ty)?) =2(e@4+y) f(e+y), 


Le., 
f (x?) + 2f (xy) + f (y?) = 2a f(x) + 2af(y) + 2y f(x) + 2yf(y), 
and by (14.3.3) 
2x f(x) + 2f (xy) + 2yf(y) = 2xf(x) + 2xf(y) + 2y f(x) + 2yf(y). (14.3.4) 


Relation (14.3.4) yields (14.1.2), i.e., f is a derivation. 


Lemma 14.3.1. Let f : R — R andg: R—R be additive functions, f £4 0, and let 
P:R-—R be a continuous function. If 


g(x) = P(x) f (=) (14.3.5) 
for alla ER, x £0, then 
P(a) = P(1)2? (14.3.6) 


for alla ER. 


Proof. Since f(0) = 0, but f 4 0, there exists an 2 € R \ {0} such that f (ao) 4 0. 
Put u =p‘, and take an arbitrary a € Q, a £ 0. We have by (14.3.5) and Theorem 
5.2.1 


ag(u) = g(a) = Pau) f (=) = XP (au) f 0). 


au 


On the other hand, also by (14.3.5) 


Hence 


and, since f (xo) 4 0, 
P (au) = a? P (u) 


for all a € Q\ {0}. Setting au = y we obtain hence 


(14.3.7) 


for all y € Qu \ {0}. Since P is continuous and the set Qu \ {0} is dense in R, it 
follows that (14.3.7) is valid for all y € R. Setting y = 1, we obtain from (14.3.7) 
P(1) = P(u) /u2, and so (14.3.7) implies (14.3.6). 
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Theorem 14.3.2. Let f : R— R andg:R-—-—R be additive functions satisfying the 
relation 


g(x) = x f (=) (14.3.8) 


for all « € R, « # 0. Then the function f +g is continuous, and the functions 
FLG:R—-R: 


F(a) = f(@)-af(), Gla) = g(x) — xg(1) (14.3.9) 


are derivations. 


Proof. We have by (14.3.8) g(1) = f (1), whence by (14.3.8) and (14.3.9), for « 4 0, 


ep (2) = 027 (2) - ef) = (2) - eft) = 6 
so that 
G(2)=a°F (=) (14.3.10) 


for every x 4 0. Now, F(1) = G(1) =0b 
are additive, F(a + I= F(#)+F(1)= 
for every « € R. Hence and by (14.3.10) w 


y (14.3.9), whence, since F' and G clearly 
F(a) and G(a#+1)=G(x2)+G(1) = G(z) 
e have for every x #4 —-1 


oe) (e+) =tesi%e (Ay) =e+nte(--4)) 


--tnte( 5) cer" (Ye) 
= —2°G (1+ -) =-2°G (=) =—F (sz), 


G(x) =—F (a). (14.3.11) 


Le., 


For « = —1 we have G(—1) = —G(1) =0 = F(1) = —F (—1), so (14.3.11) holds for 
x = —1, too, and thus (14.3.11) is valid for all  € R. (14.3.11) yields g(x) — xg(1) = 
—f(x) + x2f(1), whence 


f(x) + g(x) = «(f(1) + 9(1)), 


and consequently f + g is a continuous function. Further, we get by (14.3.10) and 


(14.3.11) 
F(g)=—-a?F (=) 


for  £ 0. By Theorem 14.3.1 F is a derivation, and by Lemma 14.1.1 G = —F also 
is a derivation. 
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Theorem 14.3.3. Let f : R — R be an additive function, and let P: R — R be a 
continuous function. If 


f(z) = P(a) f (=) (14.3.12) 


for allx ER, « £0, then if P(1) = —-1, f is a derivation, and if P(1) 4 —1, then f 


ts continuous. 
Proof. By Lemma 14.3.1 
P(x) =ca?, «ER, (14.3.13) 


where c = P(1). If c= 0, then f = 0 by (14.3.12), and f is continuous. If c 4 0, 
write g(x) =c-'f(x), c € R. Thus g: R — R is an additive function, and (14.3.12) 
with (14.3.13) imply (14.3.8). By Theorem 14.3.2 f + g = (1+c~') f is continuous, 
and hence f is continuous if c 4 —1. If c= —1, then P(x) = —x?, and by Theorem 
14.3.1 f is a derivation. 


14.4 Automorphisms of R 


Let (F';+,-) and (K;+,-) be fields. As introduced in 14.2 a function f : F > K is 
called a homomorphism iff the equations 


fla+y) = fla) + fy) (14.4.1) 


and 
f(xy) = f(2) f(y) (14.4.2) 


are fulfilled for every x,y € F. If K = F, then f fulfilling (14.4.1) and (14.4.2) is 
called an endomorphism. If K = F and f is one-to-one and onto, then f is called an 
automorphism of F’. 

In this and the next section we will be concerned with the automorphisms of R 
and C. In R the situation is very simple (Darboux [53)). 


Theorem 14.4.1. The only function f :R—R satisfying both equations (14.4.1) and 
(14.1.2) are fi: =0 and fg = identity. 


Proof. Let a function f : R > R satisfy (14.4.1) and (14.4.2). Then f is additive, and 
we have by (14.4.2) for every x > 0 


Thus f is bounded below on (0,00). By Lemma 9.3.1 f is continuous, and hence 
(Theorem 5.5.2) f(x) = cx with a certain c € R. Inserting this into (14.4.2) we 
obtain, cry = cay for every x,y € R, whence (on setting x = y = 1) c = c’, and 


either c= 0, or c= 1. Thus f is either zero, or the identity. 


The function f(a) = « clearly is an automorphism (of every field). We call it 
a trivial automorphism. On the other hand, the function f = 0 is neither invertible, 
nor onto, and thus it is not an automorphism. So we obtain from Theorem 14.4.1 the 
following 
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Theorem 14.4.2. The only automorphism of R is the trivial automorphism f(x) = x. 


By Theorem 14.4.1 the only endomorphisms of R are f = 0 and f(z) = a (trivial 
endomorphisms). 


14.5 Automorphisms of C 
As we shall presently see, the situation in C is completely different (Kestelman [170]). 


Lemma 14.5.1. The only continuous endomorphisms f :C — C are f =0, f(a) =a 
and f(x) == °. 


Proof. By Theorem 5.6.1, if f : C > C is a continuous solution of equation (14.4.1), 
there exist constants a,b € C such that 


f(x) = ax + b2. (14.5.1) 
Inserting (14.5.1) into (14.4.2) we obtain 
acy + bry = a’ ay + b°T Gy + ab (ay + Ty) (14.5.2) 
for every x,y € C. Setting in (14.5.2) « = y = 1 we get 
at+tb=a?+b* + 2ab, (14.5.3) 


whereas setting in (14.5.2) « = y =i we obtain 


a—b=-—a? — b? + 2ab. (14.5.4) 


Adding (14.5.3) and (14.5.4) yields 4ab = 0, whence either a = 0, or b = O. If 
a= b=0, then we get by (14.5.1) f = 0. Ifa £0, then b = 0, and (14.5.3) reduces to 
a =a’, whence a = 1, and by (14.5.1) f(z) = x for z € C. If b #0, then a = 0, and 
(14.5.3) reduces to b = b?, whence b = 1, and by (14.5.1) f(x) = F. It is readily seen 
that all the three functions actually satisfy both equations (14.4.1) and (14.4.2). 


The endomorphisms furnished by Lemma 14.5.1 are referred to as trivial. Of 
these f = 0 is only an endomorphism, whereas f(x) = x and f(x) = % are auto- 
morphisms. So far the problem of the existence of non-trivial endomorphisms and 
automorphisms is unsettled. By Lemma 14.5.1, such endomorphisms and automor- 
phisms, if they exist, must necessarily be discontinuous. 

In the sequel we use the terminology and notation from 4.12. 

Lemma 14.5.2. Let (F;+,-) be a subfield of (C;+,-), and let a € C be transcendental 


over F. Further, let f* : F — F be an automorphism of F. Then there exists an 
automorphism f : F(a) > F(a) such that f | F = f*. 


Proof. Since a is transcendental over F’, a # 0 and a is f*-conjugate with itself. By 
Theorem 4.12.1 there exists an isomorphism f : F(a) > F(a) (i.e., an automorphism 
of F(a)) such that f(a) =a and f | F = f*. f is the desired extension. 


3 The complex conjugate of x. 
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Lemma 14.5.3. Let (F;+,-) be a subfield of (C;+,-), and let a € C be algebraic 
over F’. Further, let f* : F — C be a homomorphism, f 4 0. Then there exists a 
homomorphism f : F(a) > C such that f | F = f*. 


Proof. It is easily checked that (f*(F);+;-) is a field (subfield of (C;+,-)). By 
Lemma 4.12.2 f* is a monomorphism, and hence an isomorphism of (F';+,-) onto 
(f*(F);+;-). Since f* satisfies (14.4.2), we have (on setting « = y = 1) f*(1) =1 
(for otherwise we would have f*(1) = 0, whence f* = 0 results on setting y = 1 in 
(14.4.2)). 

Let q € F'[z] be the minimal polynomial of a, and put Q = Iy«(q). If we had 
Q = Q1Q2, Q1, Qe € f*(F)[a], then since by Lemma 4.12.1 I+ is an isomorphism, 
so is also Te and we would have q = Te (Q) = Ts (Qi) Ip« (Q2) and q would be 
reducible, which is not the case. So also @ is irreducible. The coefficient of x in the 
highest power in Q is f* (1) = 1. Consequently Q is the minimal polynomial of every 
of its roots. By the fundamental theorem of algebra Q has a root A € C. Thus Q is 
the minimal polynomial of A. 

Consequently a and A are f*-conjugate. By Theorem 4.12.1 there exists an 
isomorphism f : F(a) — f*(F)(A) C C such that f(a) = A and f | F = f*. f is 
a homomorphism of (F;+,-) into (C;+,-) fulfilling f | F = f*, and hence it is the 
desired extension. 


Let (Fo;+,-) be a subfield of (C;+,-), and let F be the collection of all couples 
(F, f) such that Fo C F, (F;+,-) is a subfield of (C;+,-) and f: F > Cisa 
homomorphism. The order < is defined in F as es for (Fi, fi), (2, fo) € F we 
write (Fi, fi) < (Fo, fa) iff Fy C Fy and fe | Fi = 


Lemma 14.5.4. Let F be as described above, and let LC F be a chain. Define F* = 
UF, and let f* : F* — C be defined by the condition f* | F = f for every 

(Fy f)EL 

(Ff) €£. Then (F*, f*) €F, and (Ff) < (F*, f*) for every (Ff) €£ 


) 
Proof. Take arbitrary x,y € F*. Since L is a chain, there exists an ( I, f) € £ such 
that 2,y € F. By Lemma 4.7.1 ¢—y € F C F* and, ify 740, 2yteFc F*. 
Thus again by Lemma 4.7.1, (F*;+,-) is a field (a subfield of (C;+,- NB and clearly 


Fo C F*. Consequently we have also x + y, ry € F. Hence 
Paty =fe+y=f@+fmMa=Kr@O+hy), 
f*(ay) = Flay) = F@F@) = FOF), 


since f isa homomorphism. Consequently f* also is a homomorphism. Thus (F™, f*) € 
F, and evidently (F, f) < (F*, f*) for every (F, f) € L. 


u = V2 is algebraic over Q of degree 2, g(x) = a? — 2 being its minimal 
polynomial. By Lemma 4.11.3 the system {1,u} forms a base of the linear space 
(Q(u); Q;+,-). Consequently every x € Q(u) can be uniquely written as 


r=at+fBu, a,BEQ (14.5.5) 
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Define the function fp : Q(u) > Q(u) by 
fo(x) = fo(a + Bu) = a— Bu. (14.5.6) 


Thus, unless 6 = 0, fo(a) # « = F and fo(a) 4 0, and so fo is not a restriction to 
Q(u) of a trivial automorphism of C. 


Lemma 14.5.5. Let u = V2, and let the function fo : Q(u) — Q(u) be defined by 
(14.5.6). Then fo is an automorphism of Q(u). 


Proof. Take arbitrary x,y € Q(u). Then x can be written in form (14.5.5), and 
similarly 
y=7+du, 7,6€Q. 
Hence (x + y) = (a+ 7) + (8+ 4)u, zy = (ay + 286) + (ad + By)u, and 
fo(@ + y) = (a+) — (6+ 5)u = (a — Bu) — (7 — bu) = fol) + foly), 
fo(wy) = (ay + 296) — (ad + By)u = (a — Bu)(y — 6u) = fo(«) fo(y). 


Consequently fo is a homomorphism. Moreover, we have 


fo [ fo(x)] = fo(a — Bu) =a+ Bu= xz. 


By Lemma 15.5.2 fo is one-to-one and onto. Consequently fp is an automorphism of 
Qiu). 


Theorem 14.5.1. There exist non-trivial automorphisms of C. 


Proof. Let u = V2. Let R be the collection of all couples (F, f) such that (F;+,-) 
is a subfield of (C;+,-), Q(u) C F, f : F — F is an automorphism of F, and 
f | Qu) = fo, where fo is defined by (14.5.6). By Lemma 14.5.5 (Q(u), fo) € R 
, so R # @. Let LC R be an arbitrary chain, and put F* = l F, and let 
(F,f)EL 

f* : F* — F* be defined by the condition that f* | F = f for every (F, f) € £L. We will 
show that (F*, f*) © R. By Lemma 14.5.4 (F*;+,-) is a subfield of (C;+,-), and f* 
is a homomorphism. Clearly Q(u) C F* and f* 4 0, since f* | Q(u) = fo. By Lemma 
4.12.2 f* is one-to-one. Take an arbitrary y € F*. Then there exists an (F, f) € £ such 
that y € F. Since f is an automorphism of F’, there exists an « € F C F* such that 
f(x) = y. Hence also f*(x) = f(x) = y. Thus F* Cc f* (F*). On the other hand, since 
for every (F, f) € £ we have f (F) = FC F*, we have f*(F*) C F*. Consequently 
f* maps F* onto F*, and so is an automorphism. Consequently (F*, f*) € R. 

By Lemma 14.5.4 (F*, f*) is an upper bound of £. Thus in virtue of Theorem 
1.8.1 there exists in R a maximal element ( F ; a } Suppose that there exists an a € C 


transcendental over F. Then, by Lemma 14.5.2, f can be extended onto F(a) to an 
automorphism f of F(a), and obviously (F(a), f) € R and (F, f) < (F(a), f), which 
contradicts the maximality of (F ; ae 


Consequently every element x € C is algebraic over F. Let F be the collection 
of all pairs (F, f) such that (F';+,-) is a subfield of (C;+,-), FC F,and f:F—C 
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is a homomorphism such that f | F = f. We have (F, f) € F,so F # @. If we order 
F in the same way as R above, then it follows from Lemma 14.5.4 that every chain 
in F has an upper bound. By Theorem 1.8.1 there exists in F a maximal element 
(Finax, fmax)- Suppose that Finax 4 C, and let a € C \ Finax. Then a is algebraic over 
F , and hence also over Fynax. By Lemma 14.5.3 fmax can be extended onto Finax(a) 
to a homomorphism f : Finax(a) — C. But then (Finax, fmax) < (CPinecse(@)s.f) e F, 
which contradicts the maximality of (Finax, fmax). Consequently Frnax = C. 

Thus fmax : C — C is a homomorphism, fmax | F = ia and ri | Q(u) = 
fo #0, whence fmax # 0. By Lemma 4.12.2 fimax is one-to-one. We shall show that 
fmax (C) = C. Since C is algebraically closed and fmax is an isomorphism of C onto 
fmax (C), also fmax (C) is algebraically closed (cf. Exercise 4.18). Since F C C, we 
have jae) C fmax(C). But fmax | F = f, 80 fmax(F) = f(F) = F, since f is an 
automorphism. Hence F' = fimax(F’) C fimax (C). 

Now, every x € C is algebraic over F. This means that 


C =algcl F C algcl fimax (C) C fimax (C) 


(cf. Exercise 4.17). Consequently fmax (C) = C. Thus fimax is onto C, and consequently 
it is an automorphism of C. 

We have fmax | Q(u) = fmax | F’ | Q(u) = f | Q(u) = fo. If fmax were a trivial 
automorphism, then fp would be a restriction of a trivial automorphism, which, as 
pointed out before Lemma 14.5.5, is not the case. Consequently fmax is a non-trivial 
automorphism of C. 


14.6 Non-trivial endomorphisms of C 


Now we will prove a number of theorems indicating at certain irregularities of dis- 
continuous functions f : C — C satisfying (14.4.1) and (14.4.2) (non-trivial endomor- 
phisms of C). If f is such a non-trivial endomorphism, then, in particular, f 4 0, and 
hence by Lemma 4.12.2 f is one-to-one. Since, as results from (14.4.1), f(0) = 0, we 
have f(x) £0 for every x€ C,x £0. 


Theorem 14.6.1. If f : C > C is a non-trivial endomorphism, then f | R is discon- 
tinuous. 


Proof. Write fo = f | R. For every « € C we have « = Rex + iImz, whence by 
(14.4.1) and (14.4.2) 


f(x) = f (Rea +iIma) = f (Rea) + f@f (ime) = fo (Rex) + f(t) fo (Ima). 
If fo were continuous, then also f would be continuous, and f would be a trivial 


endomorphism. 


Lemma 14.6.1. If f : C — C satisfies (14.4.1), then we have for every a € Q and 
zeCc 


f (ax) = af (a). 
Proof. This results from Theorems 5.6.1 and 5.2.1. 
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Theorem 14.6.2. Let f : C > C be a non-trivial endomorphism, and let A C R, 
m, (A) > 0, or A of the second category with the Batre property. Then f is unbounded 
on A, and f (A) is not contained in R. 


Proof. Suppose that f is bounded on A. Write fo = f | R and g = |fo|. It follows 
from Lemma 14.6.1 that g: R — R is a convex function, and our supposition implies 
that g is bounded on A. By Theorems 9.3.1 and 9.3.2 g is continuous. In particular 


lim, |fo(t)| = lim g(t) = 9(0) = | fo(0)| = f(0) = 0. 
teR teR 


Hence lim fo(t) = 0, and for every cE R 
icR 


lim fo(x + t) = lim [fo(a) + fo(t)] = fol2), 
teR teR 


i.e., fo is continuous, which contradicts Theorem 14.6.1. 

Suppose that f(A) C R. Let « € A+A. Then « = u+v, u,v € A, and 
f(z) = f(u) + f(v) € R. Thus f(A+ A) C R. By Theorems 3.7.1 and 2.9.1 the set 
A+ A contains an interval J. Take an x € intl. If « € I— 420, then x = y— 29, 
where y € 1 C A+A, and f(x) = f(y) — f(ao) € R. Thus f(1— 2) C R. But I-29 
is a neighbourhood of 0. Consequently for every « € R there exists an n € N such 
that x/n € I— a. Hence f(a/n) € R, and by Lemma 14.6.1 f(x) = nf(a/n) € R. 
Consequently f(R) C R, and fo is an endomorphism of R. By Theorem 14.4.1 fo is 
continuous, which is incompatible with Theorem 14.6.1. 


Theorem 14.6.3. Let f :C > C be a non-trivial endomorphism. Then cl f(R) = C. 

Proof. By Theorem 14.6.2 there exists a u € R such that f(u) ¢ R. The set 
Z={zeEC|z=a+/f(u),afeQ (14.6.1) 

is dense in C. For every z € Z we have by (14.4.1), (14.4.2) and Lemma 14.6.1 
2 =a Bf(u) = f (a+ Bu) € F(R). 

Consequently Z Cc f(IR), and f(R) is dense in C. 


Lemma 14.6.2. Let f :C > C be a non-trivial endomorphism, and let U = {x € C 
|x — ao| < r} Cc C be an open disc in C centered at an xo € C and with a radius 
r > 0. Then the set A= RN f~'(U) CR fulfils m;(A) = 0, m.(A) > 0. Also, A 
is of the second category, but does not contain any subset of the second category with 
the Baire property. 


Proof. Let B= {x € R| f(x) € R}. Thus for every u € R \ B we have f(u) ¢ R and 
set (14.6.1) is dense in C. It will remain dense when we subject @ to the additional 
condition @ # 0. Consequently for every u € R \ B there exist a, 6 € Q, 8 # 0, 
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such that f(a + Bu) = a+ Bf(u) € U, whence a+ Bu € f~1(U). Since evidently 
a+ Gu € R, we have a+ Bu € A, whence u € —(A — a). Consequently 


B 


R\Bc VU = Chat: 
a,peo ? 
B#0 


If we had m(A) = 0 or A were of the first category, then the same would also be 
true about R \ B, whence B would have positive measure or would be of the second 
category with the Baire property. By the definition of B we have f(B) C R, which is 
incompatible with Theorem 14.6.2. Consequently m_.(A) > 0 and A is of the second 
category. 

On the other hand, for « € A we have f(x) € U, which means that f is bounded 
on A. By Theorem 14.6.2 m;(A) = 0 and A cannot contain any subset of the second 
category and with the Baire property. 


Lemma 14.6.3. Let A C R be a measurable set. Then m(A) > 0 if and only if 
m((A\ {0})~') > 0. Similarly, let A C R have the Baire property. Then A is of 
the second category if and only if (A \ {0}) is of the second category with the Baire 
property. 


Proof. Let y : (—00,0)U(0, co) > R be given by y(x) = x7!, and let y1 : (—00,0) > 
(—co,0) and ge : (0,00) — (0,00) be defined as vy, = y | (—00,0), yo = vy | (0,00). 
The function y2 is continuous and convex, and y , is continuous and concave. More- 
over, ~1 and @ are involutions (cf. 12.5), whence y; = vy," and ye = yz. By 
Theorem 7.4.6 yi and yz are absolutely continuous, whence also pe and py,” are 
absolutely continuous. Also, evidently, ¢; and y2 are homeomorphisms. 

For any set A C R write At = AN (0,00), and A~ = AM (00,0). Then, the 
following statement are equivalent: 

(2) A is measurable and m(A) > 0; 

(ii) At and A~ are measurable and m(AT) > 0 or m(A7~) > 0; 
(iii) p2(At) and y1(A7) are measurable, and m(¢~2(At)) > 0 or m(y~i(A~)) > 0; 
(iv) y(A \ {0}) is measurable, and m(y(A \ {0})) > 0. 

Similarly, since yi and y2 are homeomorphisms, the following statements are 
equivalent: 


(7’) A is of the second category and with the Baire property; 
(ii?) At and A~ have the Baire property, and At or A7 is of the second category; 
(iit?) yo(A*T) and yi(A7~) have the Baire property, and y2(A*) or y(A7) is of the 
second category; 
(iv’) p(A \ {0}) is of the second category and with the Baire property. 
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Lemma 14.6.4. Let f : C — C be a non-trivial endomorphism, and let U C C be an 
open disc. Put A=Rn f~!(U). Then m;(R \ A) =0 and R\ A does not contain a 
subset of the second category and with the Batre property. 


Proof. At first we consider the case, where U = {x € C | |a2| < r} is centered at 
the origin. Let B C R be an arbitrary measurable set with m(B) > 0 or a second 
category set with the Baire property. Suppose that |f(z)| > r for « € B. Takea 
y € (B\ {0}) '. Then y~? € B\ {0} c B, and 1 = f(1) = |f(1)| = |F(yy)| = 
If(IF(y-)| = rl f(y)|, whence |f(y)| < 1/r. Thus f is bounded on (B \ Op By 
Lemma 14.6.3 m((B \ {0})) > 0 or (B\ {0})~ is of the second category and with 
the Baire property, and we get a contradiction with Theorem 14.6.2. 

Consequently there must exist an x € B C Rsuch that |f(x)| < r,ie., f(x) € U. 
Thus « € RNf-1(U) = A, ie., ANB 4 @. So we have ANB # @ for every measurable 
set B C R with m(B) > 0 and for every set B C R of the second category with the 
Baire property. By Theorem 3.3.1 m;(R\ A) = 0. It is also evident that R \ A cannot 
contain a subset of the second category and with the Baire property, for otherwise, 
if B CR\A were such a set, then we would have AN B = @, contrary to what has 
just been established. 

Now let U = V + f(d), where d € R and V C C is an open disc centered at 
the origin. Take an arbitrary x € RN (f~1(V) +d). Then there exists a t € f~1(V) 
such that c = t+ d. Thus t = x—d ER, since x € R and d € R. We have also 
f(z) = f(tt+d) = ft)+f@ €V+f(d) = U. Thus z € f71(U), and since 
« € R, « € A. Hence RN (f~'(V) +d) C A. By what we have already shown 
m(R \ (RN f71(V))) = 0 and R\ (RA f~1(V)) does not contain any subset of the 
second category and with the Baire property. Further, 


R\ [RN (f-*(V) +4)] = [R\ (RN f-1(V))] +4. (14.6.2) 


By Corollary 3.3.2 the set on the right-hand side of (14.6.2) has inner measure zero, 
and since translation is a homeomorphism, this set does not contain any subset of 
the second category and with the Baire property. Consequently also R \ A has the 
analogical properties. 

Finally, let U C C be an arbitrary open disc. By Theorem 14.6.3 there exists a 
d€Rsuch that f(d) € U. Further, there exists an open disc W centered at f(d) and 
contained in U. Put V = W — f(d). Then V is an open disc centered at the origin, and 
W =V + f(d). By what we have already proved the set R \ (RN f~'(W)) has inner 
measure zero and does not contain any subset of the second category and with the 
Baire property. But we have W C U, whence f-'(W) c f-1(U) and RN f-'(W) c 
RN f-\(U) = A. Consequently R \ A Cc R\ (RN f~1(W)), and it follows that R\ A 
has inner measure zero and does not contain any subset of the second category and 
with the Baire property. 


Corollary 14.6.1. Let f : C — C be a non-trivial endomorphism, and let U C C be 
an open disc. Then the set A= RM f~'(U) is a saturated non-measurable and has 
property (*) from 3.3. 
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Proof. This results from Lemmas 14.6.2 and 14.6.4. 


Theorem 14.6.4. Let f :C — C be a non-trivial endomorphism, and let S C C be a 
set such that int S 4 @ and int(C\ S) 4 @. Then the set A= RO f—1(S) is saturated 
non-measurable and has property (*) from 3.3. 


Proof. There exist open discs U C S and V Cc C\ S. We have S$ Cc C\ V and 
C\S c C\U, whence f-1($) c f-1(C\V) C C\ f-1(V) and C\ f-1($) c C\ f-1(U). 
Hence A= RN f-1(8) CRN [C\ f-1(V)] =R\ (RN f-1(V)). By Lemma 14.6.4 A 
has inner measure zero and does not contain any subset of the second category and 
with the Baire property. Similarly, R\\ A =R\ (RN f7!(S)) =Rn (C\ f7-(S)) c 
RN(C\ f7*(U)) =R\ (RN f71(U)). By Lemma 14.6.4 also R \ A has inner measure 
zero and does not contain any subset of the second category and with the Baire 
property. 


Theorem 14.6.5. Let f : C — C be a non-trivial endomorphism, let | Cc C be a straight 
line, and let S C C be a set such that int S 4 @ and int(C \ S) #4 @. Then the set 
IN f-1(S) is saturated non-measurable and has property (*) from 3.3. 


Proof. Let «9,21 € l, x) # x1. The assertion of the theorem means that the set 
A= {t ER | Lo + (a4 — Xo) E f-'(S)} 


is saturated non-measurable and has property (*) from 3.3 in R. 
By Lemma 4.12.2 f(xo) 4 f(x1). Put 


B=RnS*( 2 af (#0) ) 


f(x1) — f(xo) 


Ift € B, then f(t) € [S—f(xo)]/[f(e1) — f(xo)] and f(zo)+ f(t) [f (x1) — f(xo)] eS. 
But by (14.4.1) and (14.4.2) 


f (wo) + F()[F(e1) — F(xo)] = f (wo + t(a1 — x0)). (14.6.3) 


Thus 2p + t(21 — xo) € f~1(S), ie, t € A. Hence B C A. On the other hand, if 
t € A, then t € R and x + t(x1 — xo) € f~'(S). This means that, by (14.6.3), 
f (xo) + f(t)[f(x1) — f(xo)] € S, and t € B, whence AC B. Consequently A= B. 
Now, the set $, = [S—f(2o)]/[f(a1)—f(2o)] fulfils int $; # @ and int(C\$;) 4 
@. The theorem results now from Theorem 14.6.4. 


Theorem 14.6.6. Let f :C — C be a non-trivial endomorphism, and let A C R be a 
set of positive inner measure or of the second category and with the Baire property. 
Then cl f(A) =C. 


Proof. Let U Cc C be an arbitrary open disc. By Theorem 14.6.4 the set B = 
RA f-t(U) is saturated non-measurable and has property (*) from 3.3. Conse- 
quently (Theorem 3.3.1) B intersects every measurable set in R of positive measure. 
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If m;(A) > 0, there exists a measurable set C C A with m(C) > 0. Therefore 
BNC @, whence also 
BNA#®. (14.6.4) 


If A is of the second category and with the Baire property, then (14.6.4) results from 
Corollary 3.3.1. 

Let t € BOA. Then f(t) € U and f(t) € f(A), whence f(t) € UN f (A). 
Consequently UN f (A) 4 @. Consequently f (A) intersects every open disc contained 
in C, ice., f (A) is dense in C. 


In the sequel m? denotes the two-dimensional Lebesgue measure on the complex 
plane C. Also, the expression “the set A is saturated non-measurable in C” means 
that m?(A) = m?(C \ A) = 0. Similarly, the expression “A has property (*) in C” 
means that neither A, nor C \ A, contains a subset which is of the second category 
and has the Baire property in the topology of C. 


Theorem 14.6.7. Let f :C — C be a non-trivial endomorphism, and let S C C be a 
set such that m?(S) > 0 or S is of the second category and with the Baire property 
(in the topology of C). Then cl f(S) =C. 


Proof. If m?(S) > 0, then there exists a measurable (with respect to m?) set C Cc S$ 
with m?(C) > 0. By the Fubini theorem there exists a straight line | C C such that 
the one-dimensional measure m(1M C) > 0. Hence m;(1M C) > 0. 

If S is of the second category and with the Baire property (in the topology of 
C), then S = (GU P) \ R, where G is open (and non-empty), and P, R are of the 
first category (in the topology of C). It follows from Theorem 2.1.7 that there exists 
a straight line 1 c C such that the sets 1M P and 1” R are of the first category (in 
the topology of !), whereas ING # @. Thus 1N S = [(ING) U(IN P)] \ (IN R) is of 
the second category and with the Baire property. 

Suppose that f(S) is not dense in C. Then there exists an open disc U Cc C 
such that f(S) U = 9. Hence f(S) CC\U and $c f-(C\ UV). But C\ U fulfils 
int(C \ U) # @ and int [C \ (C \U)] #4 @. By Theorem 14.6.5 the set 1M f~1(C \ UV) 
is saturated non-measurable and has property (*) (in the topology of 1). Since INS C 
IN f-1(C\ U), we obtain hence that 1M S has inner (one-dimensional) measure zero 
and does not contain a subset which is of the second category and with the Baire 
property, a contradiction. 


Theorem 14.6.8. Let f : C — C be a non-trivial endomorphism, and let S Cc C be 
a set such that int S #4 @ and int(C \ 8) # @. Then the set f—+(S) is saturated 
non-measurable in C and has property (*) in C. 


Proof. If we had m?(f~1(S)) > 0 or f~'(S) contained a second category subset 
S, with the Baire property, then f(f~1(S)) resp. f(f~1(S1)) C f(f-1(S)) would be 
dense in C according to Theorem 14.6.7, and since f(f~1($)) = S, the set S$ would be 
dense in C, which is not the case, since int(C\ S) 4 @. Consequently m?(f~1(S)) =0 
and f~'(S) does not contain any subset of the second category and with the Baire 
property. 
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Because of the symmetry of the assumptions we may interchange S and C \ S, 
and we get m?(f~!(C \ $)) =0 and f~*(C \ S) does not contain any subset of the 
second category and with the Baire property. But f~!(C \ S$) = C \ f~1(S), whence 
also inner (two-dimensional) measure of C \ f~!(S) is zero and C \ f~1(S) does not 
contain any subset of the second category and with the Baire property. 


Theorem 14.6.9. Let f : C — C be a non-trivial endomorphism. Then (f(R);+,-) 
is a proper subfield of (C;+,-), card f(R) = ¢, and either m?(f(R)) = 0, or f(R) is 
saturated non-measurable in C. Similarly, f(IR) either is of the first category, or has 
property (*) in C. 


Proof. Take arbitrary z,y € f(IR). Then there exist u,v € R such that f(u) = 
x, f(v) = y. We have u—v € R, whence x — y = f(u) — f(v) = f(u—v) © F(R). 
Similarly, if y 4 0, then by Lemma 4.12.2 also v 4 0, since f(0) = 0. Thus u/v € R 
and we have u = v(u/v), whence by (14.4.2) f(u) = f(v)f (u/v) and f (u/v) = 
f(u)/f(v). Consequently z/y = f (u/v) € f(R). By Lemma 4.7.1 (f(R);+,-) is 
field, and thus a subfield of (C,+,-). We have card R = c, whence also card f(R) = ¢, 
since by Lemma 4.12.2 f is one-to-one. Lemma 4.12.2 implies also that f(R) 4 f(C), 
whence it follows that necessarily f(R) 4 C, since f(R) Cc f(C) Cc C, and thus 
(f(R);+,-) is a proper subfield of (C;+,-). 


It follows easily from the fact that (f(IR);+,-) is a field, that 


F(R) + F(R) = F(R) — F(R) = FR). (14.6.5) 


Assume that we do not have m?(f(R)) =0. Then m?2(f(R)) > 0. By Theorem 14.6.3 
f(R) is dense in C. By Theorem 3.6.1 (C is to be regarded as R?) m?(C \ f(R)) =0. 
Suppose that m?(f(R)) > 0. By (14.6.5) and Theorem 3.7.1 int f(R) 4 @. Take an 
xo € int f(R) Cc f(R). The set V = int f(R) — 2p is open, contains the origin, and by 
(14.6.5) 


Vc f(R) — f(R) = F(R). (14.6.6) 


Thus V is a neighbourhood of zero. For every x € C there exists an n € N such that 
xz/n € V. In other words, there exists a y € V such that + = ny. But by (14.6.6) 
and using repeatedly (14.6.5) we obtain ny € f(IR). Hence C c f (R), ie, f(R) =C, 
contrary to what we have already established. Thus m?(f(R)) = 0, and f(R) is 
saturated non-measurable in C. 


If we assume that f (IR) is of the second category, then from (14.6.5), Theorem 
14.6.3, and Theorem 3.6.2 we infer that C \ f(IR) does not contain any subset of the 
second category and with the Baire property. If the set f(IR) contained a subset of 
the second category and with the Baire property, then by (14.6.5) and Theorem 2.9.1 
we would get int f(R) 4 @, which, as we have just seen, leads to a contradiction. 
Consequently also f(IR) does not contain any subset of the second category and with 
the Baire property, and f(R) has property (*) in C. 


14.6. Non-trivial endomorphisms of C 413 


Exercises 


1. 


Show that there exists a discontinuous additive | function f : R — R such that 
the series > an f(a") converges if the series Ss Gnx" converges (Baker-Segal 


n=0 
[17]; cf. also Kanpeagn [166]). 


. Let fi : R — R and fo : R — R be derivations. Show that the composition 


fi ° f2 is a derivation if and only if either f; = 0 or fo =0. 


. Let fy: R— Rand fo: R— R be derivations. Show that the product fi fo is a 


derivation if and only if either f; = 0 or fo =0. 


. Let R be a ring. Show that if fi, fo: R — R are derivations, then so is also 


[fi, fo] = foo fi— fro fa. 
[The derivation [f1, f2] is called the bracket of f, and f2.] 


. Let F be a field and K = F'\(a1,...,%n) be the field of rational functions (in 


n variables) over F’. Prove that, for each i (1 < i < n), there exists a unique 
derivation D;: K — K such that 


[The derivation Dj is called the partial derivation (with respect to x; ) of K.] 


. Let F and K be as in Exercise 14.5, and let K be a field such that KC K. 


Prove that the family Do of all derivations f : kK — K such that f | F =Oisa 
linear space over Kk and the partial derivations 1; ...,;Dr,, form its base. 


[Hint: Show that for every f € Do we have f = oy f(w:) Di. 


. Show that there exists no Hamel basis H of R ach that ab € H, whenever 


a,be H. 

[Hint: Let H C R be a Hamel basis such that ab € H whenever a,b € H, and 
put fo(h) = 1 for h € H. Let f :R —R be the additive extension of fo. Show 
that f satisfies equation (14.4.2).] 


BIRKHAUSER 


Chapter 15 


Convex Functions of Higher Orders 


15.1 The difference operator 


Let D C RN be a convex set, let f : D > R be an arbitrary function, and let h ¢ RX 
be arbitrary. The difference operator Ap, with the span h is defined by the equality 


Anf(x) = f(a +h) — f(a). (15.1.1) 


Thus A;,f is a real-valued function defined for x € D such that x+h € D. 
If g:R —R is another function, then in general the expressions Aj f (g(x))] = 
f(g(a+h)) — f(g(x)) and (Ap f)(9(2)) = f (g(x) +h) — f(g(a)) do not coincide. In 


other words the order of effecting the operations of taking the difference and of sub- 
stitution is essential. Only if g is a translation: g(x) = x+ a, with a constant a € RN, 


then 
Anlf(9(x))] = (Anf)a(a), 


and in the sequel this common value will be denoted simply by Anf(g(z)) = 
Anf(a +a). 
The iterates A? of A;,, p= 0,1,2,..., are defined by the recurrence 


AMfaf, ARTT=A,(APf), p=0,1,2... (15.1.2) 


In particular , we have A; f = A; f. More generally, the superposition of several 
difference operators will be denoted shortly 


Anyutp f = An, An,---An,f, pen. (15.1.3) 
Of course, if hj =--- = hp =h, the expression (15.1.3) reduces to 
An...nf=Anf, PEN. (15.1.4) 
SVS 
p times 


Expression (15.1.3) is a function defined for all x € D such that «+e ,hi+---+ 
Eph, € D for every choice of ¢; = 0 or 1, i =1,...,p. Generally, in the sequel of this 
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section we will write expressions containing difference operators without mentioning 
the domain of definition of the functions represented by these expressions, being 
understood that the identities derived are valid for x in the domain of definition of f 
such that all the occurring expressions are meaningful. 


Lemma 15.1.1. The operator Ap (and hence also all operators (15.1.3) is linear, 1.€., 
for arbitrary functions fi, fo and for arbitrary constants a,b € R, we have 


An(afi + bf2) — aAnfi + bAn fa. 
Proof. This results immediately from (15.1.1). 


Lemma 15.1.2. For arbitrary h,,h2 € R™ the operators Ap, and Ap, commute: 
An Anz f = An, An f. 
Proof. We have by (15.1.1) 
An, Anof = An (f(@ + he) — f(x) 


= f(e@thit he) — flat+ha)— flat ha) + f(x) 
= An, An, f(z), 


which was to be shown. 


Corollary 15.1.1. Operator (15.1.3) is symmetric under the permutation of hi,..., hp. 
Lemma 15.1.3. For arbitrary hi,h2 € RN we have 


Anithef — An f — An f = Anita. 
Proof. We have by (15.1.1) 
Anstnad (a) — Am f(a) — Angf (a) = f+ ha + ha) ~ f(a) ~ fet hi) 
+ f(a) — fla + ha) + f(a) 


= f(x+hi+he)— f(~@+hi) — fet he) + f(z) 
= Anno f (2) 


(cf. the proof of Lemma 15.1.2). 


The following two lemmas are immediate consequences of (15.1.1). 


Lemma 15.1.4. Let D C R™ be a convex set, and let H C R?% be the set of those 
(x,h) € Dx RN for which x +h € D. If the function f : D — R is continuous in D, 
then the function g: H — R given by g(a,h) = Anf(ax) is continuous in H. 


Lemma 15.1.5. If {fn}nen is a@ pointwise convergent sequence of functions, then 
noo N—- CO 


The next lemma, of a slightly similar character, refers to the one-dimensional 
case N = 1. 
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Lemma 15.1.6. Let J C R be an interval, and let f : J — R be a continuous function. 
Then, for arbitrary x € J anda, 3, hE R such thatxr+h,r+a,x+6,r+ath, 
xr+6+heJ we have 


e+ 


An f #0 wef Anf(t)at 
xr+ta 
Proof. We have 
L+E Lt+B+h Lt+B e+e t+B 
Ay f feat = i, pear ff f(Oae = [ se+ma— f seoae 
ata atath ata ata xrta 
z+B t+e 
= f [re+m—sola= f assenat 
L+a ata 


which is the desired formula. 


Theorem 15.1.1. We have for p €N 


1 
Anyuhpf(@) = S> (HL) Ete) fe + erhy ++++ + ephy). (15.1.5) 


Proof. For p = 1 formula (15.1.5) becomes 


1 


An f(e) = >> (1) f(@+ erm) = -f(@) + fle + ia) = f(e@ +) — FQ), 


€1,=0 


which is consistent with (15.1.1). Now assume (15.1.5) true for a p € N. Then we have 
by Corollary 15.1.1, induction hypothesis, and Lemma 15.1.1, 


Big otisea td (@) = hp+1 [Aves hed Oe x)| 


1 
mee S- (—1)P-(at+8n) f(g + erhi +++: + €phy) 


| 
> 
> 


= S- (-1)P lt FA, f(e@ ter +:: - + Ephyp) 


1 1 
= SP Gye tte): SO (G1 eH FG eth sb eplip Peptiliey) 
E1,--,€p=0 Ep41=0 


= CR et fear he eh ested) 


and so we obtain formula (15.1.5) for p+ 1. Induction completes the proof. 
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Corollary 15.1.2. We have for p EN 


P 
—k{P 
Aiea = So(-1)? *(f) fle + ty, (15.1.6) 
k=0 
Proof. If exactly k among €1,...,€p in (15.1.5) are ones, the expression under the 
sum sign (with hy = --- = hp = h) reduces to (—1)?-* f(a + kh). But there are 
exactly choices of k ones from among €1,...,€p, where k may run from 0 to p. 


Thus (15.1.6) results from (15.1.4) and (15.1.5). 
Corollary 15.1.3. We have forp EN 
A? ad (2) = (-1)P AY f(x — ph). 


Proof. We have by (15.1.6) 


AP fla) = So(-ayr-*(P) se kn) 
k=0 
= So(-1P* (2) 4 —ph+(p—k)h) 
k=0 
_y _1)i( pees 
= (,,” , ) f= ph ban) 
=r Or (2) Fle = pn at) 


j=0 
= (-1)PA; f(x — ph), 


due to the equalities (") = ( - ) and (—1)??-J = (-1)/, 7 =0,...,p. 
J P-J 


Theorem 15.1.2.! Let f : RY — R be an arbitrary function, and let hy,...,hp € RN 
be arbitrary. For any €1,...,€) € R put 


P Pp 
/ — . s WW as . F 
hae = y eghs/J, a 5 egy. 
j=l j=l 


Then we have for every x € RN 


a 
An..ipf(z)= Oo (<1) Any Fe + hep): (15.1.7) 


E1,-+-,Ep=0 


! A private communication of J. H.B. Kemperman. 
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Proof. We will prove the formula 
1 


(1A; Soe fey = pam yP-(ert+ep) AP, FE LY oy. (GL) 


E1--Ep 
Er, Ep = 


where 
P 
€ y! 165 Y; 
a ge meas IVs) yep JEGYI» 
j=1 


valid for all z € RN and all y,..., yp € R¥. (15.1.7) results from (15.1.8) on multi- 
plying by (—1)? and putting h; = jy;, j=1,...,p. 
We have by Corollary 15.1.2 


1 


€1---Ep 


Pp 
=, Sy ener te) yer tt) erat.) 


E15--5Ep=0 k=0 
1 P » P 
= ‘2 (—1)P- (ext +0) ye 1)P-* (R) fe 3G — k)ezy;) 
E1,--,€p=0 k=0 j=l 
P , 1 , ’ P 
= —k —(e1t-+ep ay py as 
=n (2) Yo yet) pee 20 — Hews) 
k=0 E1,-+-,Ep=0 j=l 
~ P 
=>7(-1)"* (R)da-wy (p—k) ye F () 
k=0 
in virtue of Theorem 15.1.1. For every k = 1,...,p one of the increments (1—k)yi,..., 


(p — k)yx is zero, whence by Corollary 15.1.1 


Diem = EAN Ghee renee meer ae Cee [Ao f(z)] = 0, 


since by (15.1.1) Ao f(a) = 0. Consequently in the last sum only the term correspond- 
ing to k = 0 remains, which yields (15.1.8). 


Theorem 15.1.3. Let D C R™ be a convex set, and let f : D — R be an arbitrary 
function. Then for every a1,...,% € QM (0,00) there exists an a € QN (0,00) and 
m,ko,..-;km € N such that for every x € D andh € RN such that x + (aq +--+ + 
Qp)h € D we have x+(m+p)ah € D and 


m 


Aayh...apht (2) = S- kA? f(a + iah). (15.1.9) 
i=0 


420 Chapter 15. Convex Functions of Higher Orders 


Proof. By (15.1.1) 


— 
> 
Re 

= 

SS 

aa 
8 
> 

= 


(15.1.10) 


Summing up (15.1.10) over i from 0 to an n—1 € NU {0} we obtain (supposing that 
x,xu+nhe D) 


Annf(x) = f(a + nh) — = Saas f(x+ih), neN. (15.1.11) 


Fix arbitrarily z € D, h € RN, and take arbitrary a1,...,a € QN (0,00) 
such that «+ (a; +-:-+a,)h € D. There exist numbers M,m,...,mp, € N such 
that a; = m;/M,i = 1,...,p. Put a = 1/M so that a € QN (0,00), and M, = 
my +-::- +m, EN, q=1,...,p. We have a; = ma, i=1,...,p, and «+ Mpah = 
et+(m,+-:-+m,)ah = «2+ (ai+---+a,)h € D, whence by the convexity of D we 
have «+ M,ah € D for q=1,...,p 

We will prove by induction on q that for every gq =1,...,p there exist numbers 
kogs-+ +s kM,—a,q © N such that 


M,-4 
Aarh...aghf(®) = > hig’, f(a + oh). (15.1.12) 
1=0 
For g = 1 we have by (15.1.11) 
mi—-1 M,-1 
Aart (t) = Aman f(x =e Aanf (x + tah) = a Ninf (at iah), 
i=0 i=0 
o (15.1.12) holds with ko, = --- = ky,-1, = 1. Assume (15.1.12) true for a q € 
{1,...,p—1}. We have by Corollary 15.1.1, induction hypothesis, and Lemma 15.1.1, 
M,-4 
Nath She ht Oe) =e, an Ae ad @)| =a ah S- kigAt, f (x + tah) 
i=0 


= SO highag in Ad, f(a +iah), 


i=0 


and again by Corollary 15.1.1, (15.1.11), and Lemma 15.1.1, 


M,-4 

Nash. preter she =) Kig Ae Non cveta te x + iah) 
1=0 
M,—4 Mati-l 


= S- Right A, Aonf (a +iah + jah) 


i=0 j=0 
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Mg—amqti-1 
hight" f (x + (i+ j)ah) 


I 


i=0 j=0 
Mg—qmq4iti-1 
SN) highth f(a + lah) 
i=0 l= 
Mgt+mg+1—q-1 min(1,Mq—q) 
=F S- hight), f(a + lah) 
1=0 


i=max(0,l—m,g414+1) 


Mg+i1-—q-1 
= SS) hig At,  f(a+ lon), 
1=0 
min(l,Mg—q) 
where kig41 = > kig. Thus we have obtained (15.1.12) for q + 1. 


i=max(0,l—m,g414+1) 
Induction shows that (15.1.12) is valid for gq = 1,...,p. For g = p we obtain hence 
(15.1.9) with m = M, — p and kj = kip, 1 = 0,...,m. Moreover, we have « + (m+ 
pjah =x+ Mpah e€ D. 


15.2 Divided differences 


In the sequel of this chapter RY denotes the set of those « € R™ whose first non-zero 
coordinate is positive: 


N 
RY =) {2 = (1,.-..€v) ERY | == 61 = 0, & > 0}. 


i=1 


Then RN = RW U (-RY) U {0}. For z,y € R™ we write x > y iff z—y € RY and 
x <y iff y >a. Then for any z,y € R% we have either 2 = y, or x < y, or x > y. If 
x >y and a € R is positive, then ax > ay, and if a < 0, then ax < ay. We write 


1 if x >0, 
sgnaz = <0 if «=0, 
-1 ifa<0. 


Let D C RN be aconvex set, and let f : D > R bea function. Let 71,..., Lp ED 
be distinct collinear points. Put 


Lp — @ 


h= sgn(Zp — 21) (15.2.1) 


[tp — 21 
so that always h > 0. Since x1,...,2p are collinear, they may be represented in the 
form 
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The divided difference [11,...,2p; f| of f at points 71,...,2, is defined by recurrence 
(Norlund [244], Popoviciu [259], Ger [101]): 


[z1; f] = f(w1), 
[v1,.--,¢p; f] = a, p>2. (15.2.3) 
P 


It is seen from (15.2.3) that the divided difference [xz1,...,x,; f] depends on the 
differences of \’s rather than on \’s themselves. Therefore if we represent 21,...,%p 
with the aid of another collinear point xp as 4; = 2% + A,h, where h is given by 
(15.2.1), and i =1,...,p, and form the divided difference (15.2.3) with the aid of i 
instead of A;, the result will be the same. This can also be shown by induction from 
(15.2.3). Also, if we build h according to (15.2.1) with other points x 4 x, lying on 
the same straight line, we obtain the same result. 

For p = 2 we have always A; = 0, Ao = |w2 —21|sgn(a2—21), whence by (15.2.3) 


F(v2)~ F(t) Aen f(@1) (15.2.4) 


£1, 22; f] = —————- = . 
[1,025 f] |vo — #1|sgn(aq — 21) |v2 — a1|sgn(aq — 21) 


For higher values of p the situation is more complicated. 


Let, for collinear 71,...,2) € D, U(x1,...,2p; f) denote the determinant 
1, M1, Mis ’ pas f (x1) 
1, ra, XB; ’ rs, f (x2) 
Oy 2 48a f) = ‘ (15.2.5) 
1, Xp, MS ) aE? f(a) 
where A1,..., Ap, are defined by (15.2.2) and (15.2.1). Let Vigigitp) HU tig 
|x — a, |P-1) be the Van der Monde determinant of A1,...,A). We have, as is well 


known from the elementary theory of determinants, 


1 Ot. De ahts Ges 
Ie, Dass 8, ge DE OEE P 
4 Cee os = [JQ -»), (15.2.6) 
bad aan Sonds Siar anerie dregs D att S Sndphacsers sbaratevong are 
Diy Ape Ag, DEE ee 
and so V(x1,...,%p) # 0 if and only if the points z1,...,a, are distinct; and if, 


moreover, 21 <--+ <p, then V(a1,..., 2p) > 0. 
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We have the following 


Theorem 15.2.1. Let D C R be a convex set, and let f : D — R be an arbitrary 
function. Then, for every p > 2, p € N, and for every p distinct collinear points 
L1,-++,Lp € D, we have 


U(#1,.--, 2p; f) 


Vii (15.2.7) 


[tipsy tet] = 


Proof. The proof runs by induction. For p = 2 we have by (15.2.5) and (15.2.6) 


1 x 
Utero f=] 7) = peer) - sen), 
1 f(xe 
1 4 
V = =2—- Aq. 
(£1, £2) io 2 1 
By (15.2.2) and (15.2.1) Ay = 0, Ag = |a2 — 21|sgn(a2 — 71), and thus (15.2.7) holds 


in virtue of (15.2.4). 
Suppose (15.2.7) true for a p € N, p > 2. We have by (15.2.3) 


[t2,...,€p413 f] — [a1,..., 2p; f] 


[Sayin yeast | = pti — At 


i.e., by the induction hypothesis, 


1 GEeEeD eee 


L1,.++,Lp41; f] = —————— 
| : oe f pti — AL V ($9,524,044) Vbiges stp) 


Developing the determinants U according to the last column we have? 


ptl 


O Gane PES RLV (UPS eV ager cae Atenas Sena Bat) 
k=2 
and 
P 
U(a1,...,2p3 f) = Sor LE FeV ip eee iy eeu): 
k=l 


On the other hand, by (15.2.6), 


pti 
V(a1, aria »Zp41) = V (22, seey Lp+41) [[o: = A1) 
i=2 
P 
= (Apt — A1)V (a2, .-- 5 @p41) | [Os — Aa), 
i=2 


? The remarks after formula (15.2.3) apply also to the determinants U and V. Therefore during 
the whole this proof we may calculate the occurring differences and determinants with the same ’s 
determined from (15.2.1) and (15.2.2) fori =1,...,p4+1. 
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P 
V(a1,---,fp4i) = V(21,..-, 2p) [[Qou — ri) 


t=1 
P 
= (Apt — Ar) V(a1,---, 2p) [[(Apta — i) 
1=2 
Hence we get 
1 
; sfl= 15.2. 
[x1, >Up+13 f] V (21, , p41) ( 5 8) 
p+1 p 
1 GP fa Casares eats tetas. ea) | [OG 4) 
k=2 i=2 
Pp P 
+ 0-1 tH faa) V (wr, ety Pept +++ Bp) [Ove — ri)| 
k=1 i=2 
Next again by (15.2.6), for k = 2,...,p, 
V(a1, see) Uk-1,Uk41),--- »Ep41)(Apsi = Xk) (15.2.9) 
P 
= (Ap+1 = Mi) V (a1, oeeyUk—-1,Uk415--- Zp) [[Qrn = Xi); 
i=2 
V(a1, sey Uk-1,Uk41,--- »Ep41) (Ak = A1) (15.2.10) 
P 
= (Ap+1 = Ai) V (x2, oeeyUk—-1,Uk415--- »Zp41) ][0: on A1). 
i=2 
From (15.2.8) , (15.2.9) and (15.2.10) we get 
1 P 
be trl=T {fre DV east») ] T=) 
P 
+(-1)? f (a1)V (w2,...5ap) | [p41 — 4) 
i=2 
’ Me—A1 
+> 1D hanes de )|s 7X Vile es Ces Pee) 
k=2 pri AL 
Apti—A 
$ REV (et stet teed tpt)| } 
p+ 
1 ae 
an ACHMED MM COLAC Cs casa Ze) 
Lyeesph pt k=1 
O (Gigs etna ft 


V(x1,---,2p41) 


Thus we obtain (15.2.7) for p+ 1. Induction completes the proof. 
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From Theorem 15.2.1 we get the following lemmas. 
Lemma 15.2.1. Let D C R% be a convex set, and let fn : D > R, n € N, be 


pointwise convergent sequence of functions. Then, for arbitrary p distinct collinear 
points £1,...,2) € D, 


lim [1,...,2%p3 fn] = ree lim fh}. 
n-Coo n—-oco 


Lemma 15.2.2. Let D C R be a convex set, and let f : D — R be a continu- 
ous function. Then the divided difference [r1,...,%p; f] is a continuous function of 
L1,-.-,Lp € D, under the condition that these points vary in such a way that they 
remain collinear and distinct. 


Lemma 15.2.3. Let D C R% be a convex set, and let f : D> R be an arbitrary func- 
tion. Then, for every distinct collinear points 21,...,%» € D, the divided difference 
[v1,..., Lp; f] ts symmetric with respect to permutations of £1,..., Xp. 


Proof. If we permute 21,...,%p in (15.2.7), then U(a1,...,2p; f) and V(a1,..., Zp) 


either remain unchanged (if the permutation is even), or both change the sign (if 
the permutation is odd). Consequently [x1,...,2p; f] remains unchanged in both 
cases. 


Let D Cc R bea convex set, let f : D > R be a function, and let 71,..., 2) € D 
be distinct and collinear. For 2 € R™ of the form 2 = 2; + Ah, where h is given by 
(15.2.1), the function P is defined by the formula 


ae M1 ) gee f (x1) 
=0. (15.2.11) 
1, Apa yess, 2 ec Ff (&p-1) 
Ale r pute APS. PU) 
It is seen that P is polynomial in \ of degree at most p — 2 fulfilling the conditions 


P(«;) = f(a) for i = 1,...,p— 1. (The Lagrange interpolation polynomial). As is 
well known, and also easily seen, such a polynomial is unique. In the sequel P defined 
by (15.2.11) will be denoted by P(x1,...,2p—1; f | 2). 


Lemma 15.2.4. Let D C R% be a conver set, and let f : D > R be an arbitrary func- 


tion. Let p > 2, and let x1,...,%p € D be distinct and collinear. Then for every x = 
x1 +Ah lying on the straight line determined by x1 and xy (x # £1,...,%p—1) we have 
V(a1,...,p—1, 2) 


f(a) — P(ai,...,%p-3f |2)= [%1,.--,@p-1, 2; f]. (152.12) 


V(a1, ee ,Zp—1) 
Proof. We have, developing the determinant U according to the last row, 


U(a1,...,2p-1, 0; f) = V(a1,..., tp-1) f(z) + R, (15.2.13) 
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where the rest R depends only on 4 and on the first p — 1 rows of the determinant 
(15.2.5). Similarly, by (15.2.11), 

C= Vigne, ea Pieces |e (15.2.14) 
where F is the same expression as in (15.2.13). From (15.2.13) and (15.2.14) we obtain 


Oar y05 Lp_1, 8} f) 


f(a) — P(x1,..., 2-14 f |x) = V(a1,.--,2p—1) 


whence (15.2.12) follows in virtue of Theorem 15.2.1. 


The next lemma concerns the case, where the points 21,...,%p» are equidis- 
tributed on the segment 7 Zp. 


Lemma 15.2.5. Let D C R™ be a convex set, and let f : D — R be an arbitrary 


function. Let 71 ERX, dé RY, and let the points x2,...,%p be given by 
ej=a,+(i—1)d, ¢=2,...,p. (15.2.15) 
Then : 
Ar 
[21,..-, 2p; f] = - Ay (15.2.16) 
(p — 1)! |a\? 
Proof. The proof runs by induction on p. For p = 2 we have by (15.2.4) 
Ags 2% A 
[x1, 22; f] = ——>——_, viCzy = pail) ’ 
|2 — x1|sgn(x2 — 21) Id| 


since by (15.2.15) x2 — a, = d > 0. Thus (15.2.16) holds for p = 2. Now we assume 
(15.2.16) true for ap—1¢N, p—1 22. By (15.2.1) we have \y =0, Aph = tp — 21, 
whereas by (15.2.15) x, — v1 = (p—1)d. Hence A,h = (p — 1)d, and since |h| = 1, we 
have |Ap| = (p — 1)|d|. Finally h = [(p — 1)/Ap]d, and since h > 0, d>0, p—1>0, 
we obtain A, > 0 and A, = (p—1)|d|. Thus we obtain from (15.2.3) by the induction 
hypothesis 


[v1,---, 2p; f] = Btocooaph I pete 
se | a By 
(p — 1)|d| | (p — 2)!|dlp-? (p — 2)!]dp-2 
~ (p= a [Ai ? Fl@2) — M4? F(es)| 
~ (Dp sa ace d= Ar? f(z1)| 
1 — 
= @opyatoe So). 


So (15.2.16) holds true also for p. Induction ends the proof. 
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Now let 71,...,2p, with (15.2.2) and (15.2.1), be arbitrary p distinct collinear 
points in D, p > 2. We prove the formula 


(Ape et) Pa tee i ey T| 
= (Ai — At) [@1,---, Spa; fF] + (Ap — Aa) [22,---, &p; f]  (15.2.17) 


fori =1,...,p. For i = 1 or p (15.2.17) is trivial, so we need only consider the case, 
where 1 <i < p. By (15.2.3) and Lemma 15.2.3 


[ays eay tert |= inet yeni Dee S| 
= [xa, vee) Uj-1,TVi41,-- 2p, 0:3 f] = [1,. ++) Uj—-1,Ui41;-- “Clips f| 
Mi — At , 
But, according to Lemma 15.2.3, [wo,...,%j-1, Vi41,---, 2p, i; f] = [wa,..., 2p; fl. 


Hence and by (15.2.3) we obtain 


ayelveteey Vip ep tel = [eae ee S| ie te May oe | 
an ae 


After simple calculations we obtain hence (15.2.17). 


Lemma 15.2.6. Let D C R™ be a convex set, and let f : D — R be an arbitrary 


function. Let 21,...,2) € D be p distinct collinear points, and let {x',,...,x},,} be a 
subsequence of {x1,...,&p}. Then there exist constants Ao,...,Ap—-m € R such that 
p—m 
i=0 
p—m 
eee ee ce S- Aj [Gi41,---;Litms f]- (15.2.18) 
i=0 


If, moreover, %1 <+++ < 2p, then Aj > 0 fori=0,...,p—m. 


Proof. Write k = p—™m. Introduce \1,...,Ap by means of (15.2.2) and (15.2.1). Note 
that 71 <--- <2, means dj <--: < Ap. 

For k = 0, the lemma is trivial. If k = 1, the lemma results from (15.2.17). 
Observe that the coefficients (A; — A1)/(Ap — A1) and (Ap — Au) /(Ap — A1) are non- 
negative whenever Ay < +--+ < Ap. 

Now assume the lemma true for a k € N. Take p distinct collinear points 


L1,...,Lp € D, and let {x},...,x/,,} be a subsequence of {x1,...,2,)}, where p—m = 
k +1. Take another subsequence La ae naa of {x1,...,%p} containing all the 
points x1,...,2;, and another point rf ¢ {z{,...,x/,}. There exist constants Bo, B1, 


where By + B, = 1, such that 
(2h, syns f= Boley, ..-,aths f]+ Ba [2f,.. 0a] (15.2.19) 


(the lemma for k = 1). If 7; <--- < ap, then Bo and By, are non-negative. 
Now, {x/,..., v1, } is a subsequence of {a1,...,%p—1}, and { xf, dacs a ea isa 
subsequence of {x2,...,2p}, and in both cases we have (p—1) -m=p—m-—1=k. 


428 Chapter 15. Convex Functions of Higher Orders 


By the induction hypothesis there exist constants Ap,..., Aj, and Aj,..., Az, (non- 
negative, whenever 71 <--- < Zp) such that 


k+1 


k 
WAS Ara (15.2.20) 
1=0 t=1 
and 
k 
[e1,.--5 2m f] = >> A; [tit1,---,%itm fl, 
1=0 


k+l 
[z2, oe: rtm J = SoA! [tiz1,---,Litm; fl. 
i=1 


Hence and by (15.2.19) 


k k+1 
atl =>, BoA, Waris iste t+ BiAy ete teas] 
1=0 w=1 
k+l 
_ S> Ai [Tints +++) erm) fl ) 
i=0 


where 
Ao = BoA, Ak4+1 = By Ags; A; = BoAt + B, AY for i= 1, eaey k. 
Hence and by (15.2.20) 


k+1 k k+1 
i=0 i=0 i=1 
If z1 <-+-- < ap, then Bo, Bi, Ap,..., Ay, AY,--., AX, 1 are non-negative, whence also 
Aj,..-,Ar41 are non-negative. 


Thus we have obtained (15.2.18) for p—m = k+1. Induction ends the proof. 


Lemma 15.2.7. Let D C R™ be a convex set, and let f : D — R be an arbitrary 
function. Let x1,...,%) € D and y1,...,Yp € D be two systems of p distinct points 
such that 1,...,2p, Y1,---,Yp are collinear. Suppose that for h defined by (15.2.1) 
and for a certain xo collinear with points x;,y;, we have 


V=XotAh, y=Xo+pmih, t=1,...,p. 


Ifa, Ay; foriF j, then 
P 
Pie ef) = is 24th T] = S00 — 1s) [Saiyan a yay Vine s4 Vor 4 (15.2.21) 


i=1 
where 


(As — Ma) [71,---5 Li, Yass --sYpi f] =O whenever z;,=y;, t=1,...,p. (15.2.22) 
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Proof. As observed immediately after formula (15.2.3), in the definition of the di- 
vided differences we may use the linear coordinates \1,..., Ap, [M1,.-+5 Up related to 
an arbitrary point zo collinear with 71,...,%p,y1,.--,Yp. We have by (15.2.3) and 
Lemma 15.2.3, for arbitrary i such that x; 4 yi, 


(Asse). iy sy Rian ps 
= (Ai — i) [Ye T1,- ++, Li, Yay ++) Up Vis fF] 
D1, +++ Li 1, Yi, +++ Yps Lis F = Wi Mis ey DA dite | 


Lying ES Poms tay to een | [a yt iy Dy Dev Me wets | 


and, due to convention (15.2.22), this formula remains valid also if 7; = y;. Summing 
up over 7 = 1,...,p we obtain (15.2.21). 


15.3 Convex functions of higher order 


Let D C R% be an open and convex set, and let f : D — R be a function. The 
function f is called convex of order p, or shortly p-convex (p € N) iff 


A? f(x) > 0 (15.3.1) 


for every x € D and every h € RY such that «+ (p+1)h € D. In virtue of Corollary 
15.1.3 if p is odd and f : D — R is p-convex, then AP* f(x) > 0 for every x € D and 
every h € R% such that + (p+1)h € D. 


Lemma 15.3.1. Let D C R% be a convex and open set, let f,, fo: D > R be p-conver 
functions, and let a, b € R be non-negative constants. Then the function f = afitbfe 
also is p-convec. 


Proof. This results from Lemma 15.1.1. 


If 
AP* f(x) <0 (15.3.2) 


for every x € D and every h € RY such that x + (p+ 1)h € D, then f is called 
concave of order p, or shortly p-concave (p € N). A function f is p-concave if and 
only if —f is p-convex (cf. Lemma 15.1.1), so in the sequel we will deal only with 
p-convex functions. p-concave functions will not be considered separately. 
If a function f : RY — R is at the same time p-convex and p-concave, i.e., if we 
have 
AP* F(x) =0 (15.3.3) 


for every « € RN and (cf. Corollary 15.1.3) every h € RY, then f is called polynomial 
function of order p (p € N). Conversely, every function f : RY — R fulfilling (15.3.3) 
for all xh € RX is at the same time p-convex and p-concave. Polynomial functions 
will be considered more in detail in the last section of this chapter. 

The above notions are due to T. Popoviciu [259], who also proved a number 
of basic properties of p-convex functions. Concerning a generalization cf. Moldovan 
[228], [229], [230] and Kemperman [167]. 
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Lemma 15.3.2. Let fi, fo : RN — R be polynomial functions of order p, and let 
a, bE R be arbitrary constants. Then the function f = af, +bf2 also is a polynomial 
function of order p. 


Proof. This results from Lemma 15.1.1. 


Let D C RN be a convex and open set, and let f : D — R be a convex function 
of order 1. Then, by Corollary 15.1.2 


f(a +2h) —2f(a +h) + f(x) > 0, (15.3.4) 


and, as pointed out above, since p = 1 is odd, (15.3.4) holds for every x € D and 
1 
h € RN such that 2 +2h € D. Take arbitrary u,v € D, and put « = u, h = a —u). 


1 
Then t+h= gut v), ©+2h=v € D, and we get by (15.3.4) 


U+U 
2 


so) ~ 24 ( ) + Flu) 20, 


or 


5(=*) < fay 10) 


Thus f fulfils in D the Jensen inequality (5.3.1). In other words, convex functions 
of order 1 are ordinary convex functions as defined in 5.3. (It is evident that every 
convex function f : D > R satisfies inequality (15.3.4) for every x € D and h € RN 
such that «+ 2h € D, i.e., is convex of order 1). The notion of p-convex functions is 
a generalization of the notion of ordinary convex functions. 

Similarly, if f : RN — R is a polynomial function of order 1, then f satisfies 
the Jensen equation (13.2.1). Thus the notion of polynomial functions generalizes the 
notion of functions fulfilling the Jensen equation, i.e., those functions f : RY — R 
which are of the form (cf. Theorem 13.2.1) 


where g : RN — R is additive, and a € R is a constant. 
Theorem 15.3.1. Let D C R™ be a convex and open set, and let f : D > R be a 
p-convex function. Further, let x1,...,2p42 € D be p+2 distinct collinear points. Let 
he RY and d4,...,Ap42 be such that 

r= 241+ ;h, t=1,...,p+2. 


Tf \1,.-+,Ap42 are rational, then 


[t1,...,€p423 f] > 0. (15.3.5) 
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Proof. According to Lemma 15.2.3 we may assume that 71 < +--+ < &p4o. Let? \; = 
k;/m, kx, m EN, t=1,...,p+2, and put 


oy 
a 


Y= tit ’ t=1,...,¢g=hpyo+1. 


Then 2; =yx,41,t=1,...,p+2, so that {x1,...,¢p42} is a subsequence of {y1,...,yq}- 
By Lemma 15.2.6 


q-p-2 
[teh sch oy repo | =) A; | [wipty = 5 Mippeas Tt], 
1=0 


where A; >0,1=0,...,q—p-—2. Put 
da 2 a Yee 
m pt2 — 
We have by Lemma 15.2.5, since yi4j; = yi4a + (9 —1)d, 7 =1,...,.p+2 (1 <ix< 
q—p—2), 
AB" f(yi41) 
t1y ++ Yi ;f] = ——————,, i= 1,...,¢- 2. 
[y +1 Yit+p+2 fl (p+ 1)!|d\p+1 a q pt 


Hence 
q-p-2 


1 
[v1,.--,2p425 f] = @FDaen S- AiAS* f(yiz1) 20, 
: i=0 


i.e., we have (15.3.5). 


Similarly we have 


Theorem 15.3.2. Let D C R™ be a convex and open set, and let f : D > R be a p- 


convex function. Let 1,...,Ap+1 € Q be positive. Then for every x € D andhe RY 
such that e+ (Ar +--+ +Ap4i)h € D, we have 
Aye os are) = 0. (15.3.6) 


Proof. By Theorem 15.1.3 there exist a € QN(0, co) and m,ki,...,km € N such that 


Anca Deasies @) -¥ ki: APT f(a + iah) > 0 


so that (15.3.6) holds. 
Theorem 15.3.3. If f : RY — R is a polynomial function of order p, then 


Pipes Hing t(D) =0 


for every x,hi,...,hp4i € RX 


Proof. This results from Theorem 15.1.2. 


Sa <-:- < %p+2 implies 0 = Ay <--- < Apyo and 0 =k, <--- < kpt42, whence kj 217-1 for 
t=1,...,p+2. 
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15.4 Local boundedness of p-convex functions 


First we note that it is purposeless to consider boundedness above of p-convex func- 
tions for p > 1. A p-convex function f : D — R can be bounded above in D, and 
nevertheless unbounded and discontinuous in D. E. g., let g: RN — R be a discon- 
tinuous additive function, and put f(x) = —[g(z2)] * for « € RN. Then f: RY Ris 
bounded above (by zero) in R%, but unbounded below at every point of RY, and is 
discontinuous at every point of RY. We also have by (15.1.6), for every x, h € RN, 


Ai. f(a) = —[g(@ + 3h)]” + 3[o(@ + 2h)]” — 3[g(a + h)]* + i 
—[g(a) +39(h)]° + 3[9(@) + 2g(h)]? — 3[g(e) + 9(A)]? + [9(@)]” 
—[g(x)]* — 6g(x)g(h) — 9[9(h)]* + 3[9( eee )g(h) 
se tetnyy — 3[9(x)]* — 69(«)g(h) — 3[g(h)]” + [g(x)]° = 9, 


whence also 

A TGA Aaya Ar 0 =0 
for p > 2. Thus f is a polynomial function of every order p > 2, and hence f is 
p-convex for every p > 2. 


Theorem 15.4.1. Let D C R™ be a convex and open set, and let f : D > R be a 


p-conver function. If f is locally bounded at a point xo € D, then f is locally bounded 
at every point x € D. 


Proof. Suppose that f is locally bounded at a point rq € D, and take an arbitrary 
z€D, z#4 x. Since D is open, we can find a point y € D, collinear with xp and z, 
and such that z lies between y and xo. 

There exists an open ball K = K(ao,1r), centered at xo and with the radius 
r >0, such that f is bounded on K, i.e., for a certain M > 0 we have 


|f(~)| <M for week. (15.4.1) 
We may choose r so small that r < |%o — z| so that z ¢é cl K. 
Let C' be the part of D formed by the rays issuing from y and passing through 
1 1 
the points of the ball kK; = K | zo, a centered at x9 and with the radius 5 r. 


There exists an open ball B centered at z and contained in C, BN K 4 @. We will 
show that f is bounded on B. 

Take an arbitrary x € B, and assume that y < «. (If y > a, the proof is 
similar). Let 1 be the ray from y through x. The ray / intersects K,, and hence also 
intersects K along a segment S, whose length is greater than /3r. Choose on S$ 
points 7; <--+- < Z, (then we have also x < x1) in such a manner that all the ratios 


1 
|x; — y|/|x — y| are rational, and |aj41 — 2;| > apv3” which is possible, because the 


length of S is greater that /3r, and the points u € S$ such that Ju — y|/|2 — y| € Q 
from a dense subset of S. Let h = (a — y)/|x — y|, and 


et=ytrAoh, x4 =ytrAh, t=1,...,p. 
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Further oe A-1 = 0 so that y = y+ A_1h. The conditions on x; imply that |Aiz1 — 
ri] > Vir for i = 1,...,p,0 = A-1 < Ao < A < +++ < Ap, and all the ratios 
aj; = A;/Xo, 7 = —1,0,1,...,p are rational. Put ho = Aoh € RY. Then 


y=yta_jho, r=ytaoho, x=ytajho, ail ae Fe 
We have by Theorems 15.2.1 and 15.3.1 


UG BiPisni Beth) 


7 | 9 : cere | } S 0 
V (y, @,%1,..-, Lp) ly. 224 fe fl 
Also V (y,&,21,...,%p) > 0, since y <a < a1 <--+ < @p». Consequently 
OG ty Lise Bart) S03 (15.4.2) 


Developing the determinant U in (15.4.2) according to the last column, we have 
(-1)P'V (a, 21,---,%p) f(y) + (-1)PV (y, 21,---, &p) f(a) 


P 
+5°(-1 1)P** V( (y, @, Bisa Pe Ty Lea ase eas (ee) Se 0; 
i=1 


whence, if p is odd, 


f(z) < iy (15.4.3) 
erie os 
Pp 
8 oft VY RO pes ng BER PGT 5 dg De 
+ oy ee Rie o) 10) 


i=1 


If p is even, we obtain the opposite inequality. The Van der Monde determinants 
V(y,21,---,€p), V(@,21,...,@p), and V(y, 2, 21,...,%i-1, Li41,---, Lp) are bounded 
above and below by constants, which may be made independent of x, since all the 
differences \;—Aj, 7,7 = —1,0,1,...,p,7 > 7, may be estimated by r and the distances 
between y and B and between y and K, and the radius of B. Moreover, f(«;) fulfil 
(15.4.1), 7=1,...,p. Consequently we obtain from (15.4.3) that f is bounded above 
(bounded below, if p is even) on B. 

The boundedness of f on B in the opposite direction may be established sim- 
ilarly. One must choose points 71,--+ ,%p41 € S such that x1 < +--+ < %p41, all the 


1 
distances |x; — x| are rational, i =1,...,p+1, and |a;41 —2;| > 5 V3", ial oer 7} 


Then it is proved quite similarly as above that U(x, 21,...,@p41; f) > 0, and further 
the argument is the same. 


Theorem 15.4.2. Let D C R™ be a convex and open set, and let f : D > R be a p- 
convex function. If f is locally bounded at a point xo € D, then f is continuous at x. 
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Proof. It is enough to show that 


Jim, f(x) = Jim f(x) = f(e0). (15.4.4) 
ene xL>xo 


We will show that Jim, f(x) = f(xo). The other equality in (15.4.4) can be established 
L<xLO 

similarly. 

Let f be bounded on a ball K = K(ao,7r) centered at xo and with the radius r. 

1 

Take an arbitrary « € K such that x < xo, and |ap — 2| < 5 Let | be the straight 
line passing through x and xo, and write S =1M Kk. We choose on S two sequences 
of points: 

I. a] <--+< 2» such that 2, < x. Put h = (xo — £1)/|xo — 21| > 0, and write 


X= 21 + Apyth, Xo = 2&1 + Apy2h, a= 41 + Ajh. 


We choose 21,...,£») € Sin such a manner that all the ratios \;/Ap+2, 1 = 1,...,p+2, 

are rational, and the distances |\A;+1 — A;|, 7 = 1,...,p, are bounded below by a 

constant which may be made independent of x. Clearly Ap41 — Ap+2 when x — Zo. 
I. x, <-++<2,_, < y such that v_) <x <x < y. Write 


x= 2,+A,h, to = 21 4+A,y1h, y= 21 +A,40h, e=U,+Mh, i=1,...,p—l. 


We choose 2{,..-,;2,-1,y € S$ in such a manner that all the ratios Xi/N,42, 7 = 

1,...,p +2, are rational, and |, — Aj], 7 =1,...,p —1,p +1, are bounded below 

by a constant which may be made independent af x. Now x — 2p implies A, > AA41- 
Similarly as in the proof of Theorem 15.4.1 we have 


U(a21,...,2p, 2,20; f) 0 and Olay ee -43 Meo) >0 
whence 


Viet Cie) 
V(a@1,.--,2p, Zo) 


feo) — f(x) > F (eo) E _ 


Dp 
; V(a1 vey Vi-1,Vi41,-+-+-, Up, Xo) 
—1)Ptett nf (ri), (15.4.5 
Des! ee f(ei), (15.4.5) 


and 


Vig tft) 
7 | 
+ caer eth tah tor) 
Vi 2h ses, Ry ay 20yY) 
(Gisele alas i; to) 
(x4 y) 


ZO, 


fly). (15.4.6) 


pees ae 1 


15.5. Operation H 435 


Every determinant V(a1,...,%-1,%i+1,---,2p,,o) contains the factor (Ap+2 — 
Xp+1) (cf. (15.2.6)), and hence tends to zero when x — 29, whereas f(a;) remain 
bounded. The determinant V(x1,...,2p, Zo) can be estimated from below by a con- 
stant independent of x. The ratio V(a1,...,%»,@)/V(a1,...,%p,£o) tends to 1 when 
x — ag. So the right-hand side of (15.4.5) tends to zero when x — Zo. Similarly, the 
right-hand side of (15.4.6) tends to zero when x — x. Hence f(x) approaches f (29) 
when x approaches Zo. 


Theorem 15.4.3. Let D C R™ be a convex and open set, and let f : D > R be a 
p-convex function. If f is bounded on a set T C D such that intT 4 @, then f is 
continuous in D. 


Proof. Results from Theorems 15.4.1 and 15.4.2. 


15.5 Operation H 
Fix a p € N. For every set TC R we define the set H(T) as follows (Ger [98], [101], 
[104]): 


H(T) = {x € RN | there exists an h € RN (15.5.1) 
such that c+ ihe T,i=+1,...,+(p+1)}. 


Choosing, in particular, h = 0, we get from (15.5.1) T Cc A(T). 
Lemma 15.5.1. Jf D C R% is a convex set, and T C D, then H(T) CD. 


Proof. Suppose that « € H(T). Then there exists an h € R% such that «+h € T 
1 
and « —h € T. Hence also x = 5l(e@ +h) + (e—h)| e D. 


The main property of the operation H is contained in the following (Ger [98], 
[101],[104}) 


Theorem 15.5.1. Let D C R™ be a convex and open set, and let f : D > R be a 
p-convex function. If f is bounded on a set T C D, then f is bounded also on H(T). 


Proof. Let 
lf(z)| <M for x eT. (15.5.2) 


Take an « € H(T). By (15.5.1) there exists an h € R% such that x +ih € T for 
i= +1,...,+(p4+1). Replacing, if necessary, h by —h, we may assume that h > 0. 
(If h = 0, then x € T, and we get |f(x)| < M by (15.5.2)). 

We must distinguish two cases. 

1. pis even. We have A?*' f(a) > 0, or, by Corollary 15.1.2, 


p+l 


So(-1yett* @ ‘) f(c+kh) > 0. (15.5.3) 


k=0 
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Hence, by (15.5.2), since p is even, 


ptl ptl 
f(a) < ye aaa ') 100 +kh) < > & '\ Mt = (2?+1 _1)M. (15.5.4) 


Similarly, we have A?*" f(a — h) > 0, whence 


ptt p+1 
aye : ) fle — n+ bn) > 0, (15.5.5) 
k=0 
1.€., 
> (aayek(P +1 kh) >0 
Drs feta 20, 
and 


5 mea 1) fle kh (15.5.6) 


k=1 
We clearly have 
gett paw a 2P+ opti 1 
ptl pt+l 
whence by (15.5.6) 
f(z) > —(2°t? -1)M. 
This together with (15.5.4) yields 
|f(a)| < (2?t'-1)M. (15.5.7) 
2. pis odd. Again we have (15.5.3), whence 
p+l pti 
= +1 ptl 
> W-1e-F(? kh) > — M = —(2?+1_1)M 
Flo) > Syes(PE) eth) > (PE) Mm 0 a, 


whereas by (15.5.5) 


< (Pt —p-1)M< 


and consequently we obtain again (15.5.7). 
Since 2?+!—1 > 1, if h = 0, then we obtain (15.5.7) from (15.5.2). Thus (15.5.7) 


holds for all « € H(T), i.e., f is bounded on H(T). 
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The following two lemmas (Ger [98], [101], [104]) show an important feature of 
the operation H. 


Lemma 15.5.2. Let TC RY be such that m;(T) > 0. Then int H(T) 4 2. 


Proof. There exists a measurable set To C T such that m(Zo) > 0. Let 2p be a 
density point of Tp. Then 0 is a density point of To — xo as well as of (To — Xo) 
for all A € R, A # O. There exists a cube K centered at 0 such that, for every 


i€1={-(p+1),-p,...,-1,4+1,...,p,(p+ )}, 
rae ee hee (K) (15.5.8) 
m = - —_______ ; 5. 
Ne TOE) ONT pa) 
1 
Let U = 5K so that U+U Cc K. We will show that 
1 
a 7 (T —x9-—2) #2 (15.5.9) 


wel 


for every x € U. If x € U, then /i € U for i € I, and hence U+(a/i) CU +U CK, 
ie, U C K — (2/i) for i € I, and hence U Cc {)} (K —(x/i)). On the other hand, 
ie] 


K= (95 (te~20))U(K\ 5 (Toa), 


where by (15.5.8) m(Q) < m(K)/2%, whereas m(U) = m(K)/2%. Hence 


(1 |(#n (loa) - =| #D. (15.5.11) 
But 
1 [(x0 5-2) a <() [F(t 20) ~F =.) =p a Se) 
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Thus we have proved (15.5.9). Now take an arbitrary x € U. By (15.5.9) there exists 
an 


1 1 
he =(Tp — % — 2) C —(T —29— 2) 
a a 
for every 7 € I, which means that «+ih € T— <9 for 7 € J. Thus for every x € U+ x9 


we have « + th € T for i € I. Consequently x € H(T) and U+ 29 C H(T). Hence 
int H(T) # @. 


Lemma 15.5.3. Let T C R™ be of the second category and with the Baire property. 
Then int H(T) 4 @. 


Proof. The proof is similar to that of Lemma 15.5.2. Since T has the Baire property, 
we have 

T=(GUP)\R, 
where G is a non-empty open set, and the sets P, R are of the first category. Put 
To = G \ R, and let xo be an arbitrary point of Ty. Let Kk be an open ball centered 


at zero and contained in (] —(G — 2). (Note that 0 belongs to this intersection.) 
ier t 
Then, for every i € I, we have 


le 


K\ + (Toa) C = (G ~ 29) \ = (To - 20) = ~ [(@\.%) — 20). 


But G\ To = G\(G\ R) C R, and so G \ Tp is of the first category, whence also 
K\ = (To — 20) is of the first category for i € I. This replaces relation (15.5.8). Define 
i 


~ 


1 
U= 5 k. Again we have (15.5.10) for every « € U, where now Q is a set of the first 


category, and (15.5.11) follows, which implies (15.5.9). Further the proof runs exactly 
like that of Lemma 15.5.2. 


From Lemmas 15.5.2 and 15.5.3 and from Theorems 15.5.1 and 15.4.3 we obtain 
the following theorem of Ciesielski (Ciesielski [46]; cf. also Kurepa [201]). 


Theorem 15.5.2. Let D C R™ be a convex and open set, and let f : D > R be a 
p-convex function. If f is bounded on a set T C D such that m;(T) > 0, or T is of 
the second category and with the Baire property, then f is continuous in D. 


The iterates H” of A are defined as usually: 
PSH). BOTS BB), avd, 2, Buns 
The following theorem, which may be regarded as a generalization of Theorem 15.5.2, 
is due to R. Ger [98], [101], [104]. 


Theorem 15.5.3. Let D C R™ be a convex and open set, and let f : D > R be a 
p-conver function. If f is bounded on a set T C D such that for a certainn € N we 
have mi(H"(T)) >0 or H”(T) is of the second category and has the Baire property, 
then f is continuous in D. 


Proof. This is an immediate consequence of Theorems 15.5.1 and 15.5.2. 
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From Theorem 15.5.2 we obtain also the following (cf. also Gajda [95]). 
Theorem 15.5.4. Let D C R™ be a convex and open set, and let f : D > R be a 


p-convez function. If f is measurable, then it is continuous in D. 


Proof. Put 
E,={xeED||f(x)| <n}, nen. (15.5.12) 


The sets E, are measurable, since f is measurable, and 
(i) SD. 
neN 


Therefore for a certain no € N the set E,, must have positive measure: m(E,,) > 0. 
According to (15.5.12) the function f is bounded on E,,,. By Theorem 15.5.2 f is 
continuous in D. 


We conclude this section with an example (Ger [98]) showing that there exist 
sets T, of measure zero and nowhere dense, such that int H(T) 4 @. Thus if f isa 
p-convex function bounded on such a set, its continuity can be inferred from Theorem 
15.5.3, but not from Theorem 15.5.2. 


Example 15.5.1. Let N = 1. Put q = 2p +4, and let T be the set of those zx € [0,1] 
which may be written as 


c=) 2 (15.5.13) 


where c; € {0,...,p,p+2,...,2p+3}, i ¢ N. The set T has measure zero (Theorem 
3.6.4) and is nowhere dense. 

Take an arbitrary «x € [0,1], and suppose that x has a representation (15.5.13), 
where c; € {0,...,2p +3}, 7 € N. Define the number h as 


dj 
h=>o4, 
i=1 q 
where 
fee G Te aay 
1 ifq=pt+l, 
Then «+ kh € T fork = +1 (p +1), which means that x € H(T). Thus* 


[0,1] C H(T), whence int H(T) # ©. 
15.6 Continuous p-convex functions 


Let D C RN be a convex and open set, and let f : D — R be a p-convex function. If 
f is continuous in D, then we obtain by Theorem 15.3.1 and Lemma 15.2.2 that 


[t1,...,€p423 f] > 0 (15.6.1) 
for every system of distinct collinear points 71,...,%p42 € D. 


4 By Lemma 15.5.1 H(T) C [0,1] so that actually H(T) = [0,1]. 
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The converse is also true: 


Theorem 15.6.1. Let D C R™ be a convex and open set, and let f : D > R be a 
function. The function f is p-convex and continuous in D if and only if (15.6.1) 
holds for every system of distinct collinear points 11,...,€p42 € D. 


Proof. As pointed out above, the necessity results from Theorem 15.3.1 and Lemma 
15.2.2. Now assume that (15.6.1) holds for every system of distinct collinear points 
@1,...,Lp42 € D. Take an arbitrary c € D and h € R™ such that e+ (p+1)he D. 
Put 

a=xt+(i-Dh, ti=1,...,p+2. 


By Lemma 15.2.5 and by (15.6.1) 
Aj f(a) = pl|h|? [er,..-, xp42; f] > 0, 


whence APT f(x) > 0 for every x € D, and h € RY such that «+ (p+1)h € D. Thus 
f is p-convex. Consequently in order to prove that f is continuous, it is sufficient to 
prove that f is bounded on a subset of D with a non-empty interior (cf. Theorem 
15.4.3). 

We will prove by induction on k that f is bounded on every closed k-dimensional 
rectangular parallelopiped P contained in D, k = 1,...,N. For k = N we have 
int P # @, and the theorem follows. 

For k = 1, P is a closed segment contained in D. Since D is open, there exists 
a closed segment S C D such that P C int S. Let S = ab, P = cd, and let, e.g., 
a<c<d<_b. (The other possibility is b < d < c<_a, which may be reduced to the 
former by re-naming the points a,b,c,d). Fix p+ 1 distinct points 71,...,¢)41 on 
the segment a@¢ such that a < 21 <--+ < p41 < c. We have by (15.6.1) for arbitrary 
zreEP 

[x1,. ++) Upt1, 0%; f] S 0 


whence also, according to Theorem 15.2.1, 


U(a1,..., p41, 0; f) 20, (15.6.2) 


since @] <-++ < p41 < @sothat V(21,...,%p41,2) > 0. Developing the determinant 
in (15.6.2) according to the last column we obtain 


p+l 


V wee) Dj-1,VLj41,--- : 
f(a) > 5 Cp eee ee f (aj). (15.6.3) 
j=1 V(a1,..-,£p41) 
The determinant V(a1,...,%j-1, Vi41,---Vp41, 2) (for every 1 = 1,...,p+1) isa 


continuous function of «, and thus remains bounded when « ranges over the compact 
set P. The remaining expressions on the right-hand side of (15.6.3) are independent 
of x (the points 71,...,2%p41 are fixed). Consequently the whole expression on the 
right-hand side of (15.6.3) remains bounded when x ranges over P, and consequently 
f is bounded below on P. 
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Similarly, we have for arbitrary x € P 
[v1,...,2p,x,; f] > 0, 


whence also 
O (Biju 030; f) 20, 


and 


P 
,V(a1,..-)Ui-1, Vig, --- Lp, 2, b) V(a@1,.--,2p,2) 
LYS —])jPt) eee f(a) $ SS f(D). 
A(z) 2 ) V(a1,...,£p, 6) F(a) VGisseo 


Consequently f is also bounded above on P, and hence f is bounded on P. 

Now suppose that our statement is true for a certain k < N, and let P C D be 
a closed (k + 1)-dimensional rectangular parallelopiped. Let P = S x Po, where S isa 
closed segment and Po is a closed k-dimensional rectangular parallelopiped. We may 
find a closed segment Sp such that S$ C int Sp and So x Py C D. Let So = ab, S = cd. 
Again we may assume that a < c < d < b. Choose p+ 1 distinct points x1,..., p41 
on the segment @é such that a < 11 <-++ < @p41 <c. Let 


Py = {b} x Po, P, = {x} x Po, t=1,...,pt+1. 


P,,...,Pr41,P, are closed k-dimensional rectangular parallelopipeds, consequently, 
by the induction hypothesis, the function f is bounded in the set 


pt+l 
E=P,U |) F,. 


i=l 


For every x € P let I(x) be the straight line passing through x and parallel to S. 
Write 
cee 9 al ay eee | a ay Pe 2 7 


Thus, for every x € P, x},..., 2,41, 2, v are distinct collinear points fulfilling x) < 
1 SP Se < a, and 
/ / / 
Diss l pte SE (15.6.4) 


The Van der Monde determinants V(2},...,%,41); V(@1,---®j-15 2iqas +++ Lp4is 2), 
V(@q, +++) Vas Figay +++ Bp) ©, 04), V(xq, ..-2,, 2) and V(x},...%,,%) depend on 
@,+++;Lp44,2, Only through their distances, which remain constant when x ranges 
over P, so as a function of x the above mentioned determinants are continuous, and 
hence bounded on P. Also, by (15.6.4), the values f(x{),..., f(@p41), f(x) remain 


bounded when x ranges over P. From the inequalities 


ites eis | > 0, [ocho ey >0, 


we infer that f is bounded on P quite similarly as in the case k = 1. Induction ends 
the proof. 
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15.7 Continuous p-convex functions. Case NV = 1 


In this and in the next section, in order to avoid burdensome details, we restrict 
ourselves to the one-dimensional case N = 1. Moreover, many results are not longer 
valid in the general, N-dimensional case. At first let us note the following consequence 
of Theorem 15.3.2 and Lemma 15.1.4: 


Theorem 15.7.1. Let D C R be an open interval, and let f : D— R be a continuous 


p-convex function. Then, for arbitrary x € D and arbitrary positive hy,...,hp41 such 
that «+hy+-+-+hp41 € D, we have 
Bhi chat (2) = 0. (15.7.1) 


But now condition (15.7.1) does not imply that f is continuous. E.g., let f : 
R — R be a discontinuous additive function. Then we have by (15.1.5) for arbitrary 
xt,hy,hoER 


Anyhof(") = f(a + hi t+ he) — f(a + hi) — f(x + ha) + f(x) =9, 


but f is not continuous. On the other hand, condition (15.7.1) clearly implies that f 
is p-convex. (15.3.1) results from (15.7.1) with hy =--- = Ap41 =A. 

Hence we get the following 
Theorem 15.7.2. Let D C R be an open interval, and let f : D— R be a continuous 
p-convex function, p>1. Leth > 0 be such that Dy = DN (D—h) 4 @, and define 
the function g: D, — R by 

g(x) = Anf(2). 

Then g is (p — 1)-convex. 
Proof. The set D;, evidently is open, and by Theorems 5.1.1 and 5.1.2 D);, is convex. 
By Theorem 15.7.1 f satisfies (15.7.1). Take hp41 = h. Then (15.7.1) yields 


Api. nge) 2S 0 


for every x € Dp and every positive hy,..., hp such that +h, +---+hp € Dp. This 
implies that g is (p — 1)-convex. 


Concerning the case p = 1, cf. Theorem 7.3.4. 

According to the remarks after formula (15.2.3), in the one-dimensional case in 
the definition of the divided differences [r1,..., 2p; f] we may take \; = 2;. Similarly, 
due to the uniqueness of P(x1,...,%p41; f), in the definition (15.2.11) we may take 
A; = x;. Now, making use of Lemma 15.2.4 we can give a geometrical interpretation 
of the p-convexity for continuous functions. Let the points 71,...,%p41,x2 € D satisfy 
Ly < +++ <Upy1 <u. Then V(a1,...,%p41, 2) > 0 and V(21,...,% 41) > 0, and con- 
sequently, by (15.2.12), f(x) — P(x1,...,2p4i; f | x) > 0 (cf. Theorem 15.6.1). Thus 
if we take arbitrary p+1 points 71,...,%p41 € D, 41 <-++ < p41, and draw the La- 
grange interpolation polynomial P through the points (x1, f(x1)),.-.,(tp4i,f(@p41)), 
then to the right of z,41 the graph of f lies above (or on) that of P. When the point 
x moves leftward, the graph of f will lie in the intervals (xp, »41),...,(%1, £2) alter- 
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natively below and above (or on) that of P, since with every crossing of a point x; the 
determinant V(a1,...,2p 41,2) changes the sign. Finally, to the left of x, the graph 
of f lies below resp. above (or on) that of P, depending on whether p is even or odd. 

In the case p = 1, when f is continuous and convex in the usual sense, if we draw 
a straight line L (a polynomial of degree 1) through the points (u, f(w)) and (v, f(v)), 
u,v € D, then the graph of f lies below (or on) LZ between u and v, and above (or 
on) L outside of the segment @, which is the usual geometrical interpretation of 
convexity for continuous functions (cf. 7.1). 

Below we prove some lemmas concerning the boundedness of the divided differ- 
ences of a function. 


Lemma 15.7.1. Let D C R be a finite interval, and let f : D — R be a function. 
If, forapeN, p> 1, the divided difference [x1,...,£p; f] remains bounded for all 
L1,...,Lp € D, &1,...,2p distinct, then also the divided difference [x1,...,%p-13 f] 
remains bounded for all %1,...,%p—1 € D, @,...,€p_1 distinct. 


Proof. There exist an M > 0 such that 
l[ti.---stp fll <M (15.7.2) 


for all t),...,tp €D, t1,...,tp distinct. Fix arbitrarily p—1 distinct points y1,...,y%p—1€ 
D, and take arbitrary p— 1 distinct points x1,...,%p)-1 € D. By Lemma 15.2.3 we 
may assume that the point x;,...,2%p)-; have been numbered in such a manner that 
if some of the points x1,...,£p)—1 coincide with some of the points y1,..., Y%p—1, then 
they have the same indices as the corresponding y’s, i.e., if 7; = yi, then 7 = 7. 
Put 
A=|[y1,---,¥p-15 FI |- (15.7.3) 


A is a fix finite number. 
By Lemma 15.2.7 


p-l 
Pitney hat f| — [yt,-- 65 %p-as fl = (ai — ys) i paonny laste x25 Pott Fs 
i=1 
whence by (15.7.2) and (15.7.3) 
p-l 
lot. estpas fl] <A+M Yes — wel < A+ (9-1) MIDI, 
t=1 


where |D| is the length of D. 


Now fix m > p+1 points x1,...,%m € D such that 71 <--+- < am, and put 
d; = [vi,...,%itp3 f], t=1,...,m—p. (15.7.4) 


Lemma 15.7.2. Let D C R be an open interval, and let f : D — R be a continuous p- 
conver function. Then, for every 21,...,%m € D, 41 <+++ <2m,m> ptl, sequence 
(15.7.4) is increasing. 
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Proof. We have by (15.2.3) 


dizi — di [tiz1,---, Pitptis f] — [2 itp; f] 
ra p+) torres Hitps : 
os = [€j,.++5 Li4p41; f] 20 
Litpt1 — Vi Litpt1 — % 
(cf. Theorem 15.6.1). Hence d; < dji1, since a; < @itp,41,7=1,...5m—p. 


Lemma 15.7.3. Let D C R be an open interval, and let f : D — R be a continuous 
p-convez function. Then, for every compact interval I C D, the divided difference 
[v1,.--,€p413 f] remains bounded for all 71,...,@p41 € 1, ©1,...,€p41 distinct. 


Proof. Let D = (a,b), I = [c,d], a<c<d< b. Fix arbitrarily p+ 1 distinct points 
Y1,++-Yp+1 © (a,c) and p+ 1 distinct points z1,...,Zp41 € (d,b) such that y, < 
oo <Ypg < 21 <i < Zp41. Take arbitrary p+ 1 distinct points 71,...,¢p41 € I. 
According to Lemma 15.2.3 we may assume that 21,...,2%p)+41 have been numbered 
in such a manner that 71 <--- < p41. Then we have yy < +++ < Ypy1 <1 <+++ < 
Lp41 < 21 < +++ < Zp41. By Lemma 15.7.2 (m = 3p + 3) we have 


ia vee Upset | -< [ice ee < Pisaxgepen | ; 


and the lemma follows. 


From Lemmas 15.7.1 and 15.7.3 we obtain 


Corollary 15.7.1. Let D C R be an open interval, and let f : D— R be a continuous 
p-conver function. Then the divided differences of f of all orders < p+1 are bounded 
on every compact interval IC D. 


15.8 Differentiability of p-convex functions 
Also in this section we restrict ourselves to the one-dimensional case N = 1. 


Theorem 15.8.1. Let D C R be an open interval, and let f : D— R be a continuous 
p-conver function, p> 1. Then f is of class C! in D, and the derivative f’: DR 
is a (p—1)-convex function. 


Proof. Take an arbitrary « € D and an 7 > 0 such that J = [x —7,2+7] C D. By 
Corollary 15.7.1 the divided difference [t;, t2,t3; f] is bounded in J, i-e., there exists 
a constant M > 0 such that 

| [t1, t2, ts; f]| <M 


for every distinct points t1, t2,t3 € I. In other words, by (15.2.3) 


[t2, t3; f] = [t1, ta; f] 


<M 
tz —ty = 


for every distinct points t1, t2,t3 € I. Hence 


| [t2,t3; f] — [ta ta; f] | < M|ts — t1| (15.8.1) 
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for every distinct points t1,t2,t3 € I. Now take arbitrary distinct points 71, x2, v4, 
x € I. We have by (15.8.1) 


|e), 53 f] — [er 223 fl] < |[ae, 24; f] — [wr 22; f]|+ 
+ [21,23 f] — [2,245 f]| 
<M |x, — 21|+ M |a, — 22] <4Mn (15.8.2) 
Inequality (15.8.2) shows that there exists the limit 
faa) — fle) 


. 2 = . ces / 
7, fm, [1,025 f] =, lim —a- f(z). 
Axe L1Ax2Q 


Consequently f is differentiable at every point x € D. Moreover, it follows from 
(15.8.2), when 21, %2 > « ET, 4, Ax, and x1,2, ~y EI, ve A x5, that 


lf’(y) — f'(2)| < 2M|y - « 


which proves the continuity of f’ in D. Consequently f is of class C1 in D. 
Since the derivative f’ exists in D, we have for every x € D 


‘3 


lim —~—— = f'(z). 


Take arbitrary x € D and arbitrary positive h1,...,h») € Dsuchthat r+hi+-+-t+hp € 
D. For sufficiently small h > 0 we have 7+h,+--:+hp+he€ D, whence by Theorem 
15.7.1 


1 
7 Aa heh f(2) 20. 
Hence also (cf. Lemma 15.1.5) 
a Aap) ae 
Aig .hp df’ (#) = Ata..chp lim ai ae lim i Ahy...Aphf (x) 2 0. 


Consequently jf’ is (p — 1)-convex. 


Theorem 15.8.2. Let D C R be an open interval, and let f : D— R be a function of 
class C' such that f’ is (p — 1)-convex (p > 1). Then f is p-convez. 


Proof. We have for arbitrary x € D and h > 0 such that +h € D 


Anf(e) = f(e+ h) — fle) = / f'(tat, 


whence by Lemma 15.1.6 


ath ath 
Ahy...hphd (2) = Any...tp Ant (2) = Anyz..chp / f'(t)dt = / Dialing h (at 0; 
for arbitrary positive h,,...,hp,h such that +h, +---+h,+h€ D. Consequently 


f is p-convex. 
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Using Theorem 15.8.1 several times, we arrive at the following 


Theorem 15.8.3. Let D C R be an open interval, and let f : D— R be a continuous 
p-convex function (p > 1). Then f is of class C?-! in D, and for every r € N, 
1<r<p-1, the derivative f is (p — r)-conver. 


From Theorems 15.8.2 and 15.8.3 we obtain 


Theorem 15.8.4. Let D C R be an open interval, and let f : D— R be a continuous 
function. Then f is p-convex (p > 1) if and only if f is of class C?~+ in D and the 
derivative fem) is convex. 


Hence and from Theorems 7.5.1 and 7.5.2 we obtain 
Theorem 15.8.5. Let D C R be an open interval, and let f : D— R be a function of 
class C? in D. Then f is p-convex if and only if the derivative f ) is increasing in D. 


Theorem 15.8.6. Let D C R be an open interval, and let f : D — R be a function 
of class C+! in D. Then f is p-convex if and only if the derivative f+) is non- 
negative in D. 


15.9 Polynomial functions 


The main objective of this section is to prove the basic theorem about the represen- 
tation of polynomial functions with the aid of multiadditive functions (cf. 13.4). The 
results are due to S. Mazur-W. Orlicz [222] (cf. also McKiernan [223], Hosszt [146], 
Djokovié [71], Székelyhidi [310]). 

Given a function F : R?% — R, by the diagonalization of F we understand the 
function f : RN — R arising from F by putting all the variables (from R%) equal: 


f(a) = F(z,...,2), 2x ERY. 
— 
p times 
We start with some preliminary lemmas. 


Lemma 15.9.1. Let F : R‘N — R be a symmetric k-additive function, and let f : 
RN — R be the diagonalization of F. Then, for every x,h € RN, 


k-1 
k 
Anf(z) => (8) Fete (15.9.1) 
i=0 v — ee a 
Proof. It is enough to prove that 
* (k 
F(ath,....e+h) => (Cite asad (15.9.2) 
——— 7 = i=0 v =’ asa 


as (15.9.1) is an immediate consequence of (15.9.2). The proof will be by induction 
on k. For k = 1 relation (15.9.2) becomes 


F(x +h) = F(x) + F(h), 
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which is true in virtue of the additivity (i.e., l-additivity) of F. Now assume (15.9.2) 
true for a k € N, and consider a symmetric (k+1)-additive function F : R@+DN — R. 
We have for every fixed u € RY, according to the induction hypothesis, 


k 


F(ath,...,e¢+h,u) = ) ( 
ee c 

k 1i=0 

whence, on setting u = «+h and using the (k + 1)-additivity and symmetry of F, 


k 
k 
F(ath,...,c+h)= y (1) Pet olbae +h) 
—$ K——_ “a 


a 
1=0 


k+1 i ki 

Bk Rk 

=) (8) Peet ent t) +) (8) Fete 
= v7 —S—S—__@/ — y ee eee” 
oe i ki as i +1-i 
Bk Sk 

=5 (F) Fe entihnont) +) @iiceercee 
=p omar mae S—— 


i+1 -i me i k+1-i 
Replacing in the first sum i+ 1 by 7, and in the second i by j, and then making use 
k k k+1 
of the well-known identity ( . ) + ( ‘) = ( * ) we obtain 
io J J 


k 
k 
F(at+h,...,c+h) = F(a,...,2)+ ) e }Fe h,...,h) 
———S EO’ aes eee’ 


Sey = j-1 
k+1 k+1 j= j ktl—j 
E(k 
3 acter ne hae) 
= J ——— —— 
j k+1—j k+1 
k k 
=Fe..9+D((, )+ (FY) Pern tees) + Pl al) 
——"” = j-1 j ———S_@ ——’ 
k+1 I= j k+1—j k+1 
k+l 
k+1 
at = ) Pet Bad 
=H J SS ed 
i j k+1—j 


Thus we have obtained (15.9.2) for & + 1. Induction completes the proof. 


Lemma 15.9.2. Let F : R*N — R be a symmetric k-additive function, and let 
f : RN — R be the diagonalization of F. For everyn € N, n > k, and for every 
£,h,...,hn € RX we have 


ki F(hi,...,he) if n=k, 


; (15.9.3) 
0 if n>k. 


Ahy..and (£) = 
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Proof. The proof is by induction on k. If k = 1, then F' = f is an additive function, 
and 


Anf(a) = fla+h) — flax) = f(a) + F(R) — F(a) = F(A) 


for every x,h € RN. Hence also, for n > 1, 


Any..chn df (®) = Ahy..ty Ahn f(®@) = Ahy...rn_i f (hn) = 9, 


since f(h,), as a function of x, is constant. 

Now assume that (15.9.3) is true for 1,...,& € N, and consider a (k+1)-additive 
function F : R“&*+) _, R, and its diagonalization f : RN — R. We have by Lemmas 
15.9.1 and 15.1.1, for arbitrary 7,h,..., heii € RY, 


Ans Recs (2) = Pin Helin f(2) 


k 
k+1 
= 5" ( % | Aiea Giese Aeai,--+;Meq1)- 

= a SS 

ae i k+1-i 
For every 7,1 <i<k, the function F(a,...,2, heyi,..-,he+41) is i-additive, whereas 

—SS—S_—@ 
i k+1-i 

for i = 0 the expression F'(hg41,...,he+1) (as a function of x) is constant. By the 


induction hypothesis we have (0 <i < k) 


Aisha F (Qo 29% a or {t F(hy,...,he41) : es 
i k+1—4 
Hence 
Aig. inaa F (8) = (RA) ALP (tgs oy beg) = (RAD! Pay epi): 
For n > k +1 we have hence, since F(h,...,hx+41) (as a function of x) is constant, 


for arbitrary 2, h,,...,hn € RX, according to Corollary 15.1.1 


Bes ie (2) = Bia ci Oita OF De he ie) =O. 


Consequently (15.9.3) is true also for k + 1, and induction completes the proof. 


Corollary 15.9.1. Let F : R*N — R be a symmetric k-additive function, and let 
f : RX —R be the diagonalization of F. If f =0 in RY, then F =0 in RX. 


Proof. Since f = 0, we have also for arbitrary x, 71,...,7, € RX 
Agy..axf (2) = 0, 
whence by Lemma 15.9.2 F(a1,...,2%) = 0. 


In the sequel by a 0-additive function we understand a constant. A diagonaliza- 
tion of such a function is also the same constant. Observe that Lemma 15.9.2 remains 
valid for k = 0. 
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Lemma 15.9.3. Let F, : R’Y — R,k = 0,...,p, be symmetric k-additive functions, 
and let fo,..-,fp be the diagonalizations of Fo,..., fp, respectively. Let the function 
f: RX SR be given by 


P 


f(e)=> 0 frlx), 2eER”. (15.9.4) 
k=0 
If f is bounded in R‘, then Fy =0 fork =1,...,p. 
Proof. By Theorem 13.4.1 we have for every x € RY, \ € Q, and for k = 0,...,p 
f(x) = * f(x). 
Hence 


f(Av) = So * f(z). (15.9.5) 
k=0 


For every « € R® expression (15.9.5) is a polynomial in A, which, according to the 
assumptions of the lemma, remains bounded for all rational values of A. But this is 
possible only if the polynomial is constant, i.e., if 


f(z) =0 for k=1,...,p. (15.9.6) 
(15.9.6) holds for every 2 € RY. In virtue of Corollary 15.9.1 this implies that 


F,=0 for k=1,...,p, 


which was to be shown. 


Theorem 15.9.1. Let Fy, : RYN > R, k =0,...,p, be symmetric k-additive functions, 
and let fo,...,fp be the diagonalizations of Fo,..., Fp, respectively. If the function 
f: RX —R is given by (15.9.4), then f is a polynomial function of order p. 


Proof. By (15.1.4) and Lemma 15.9.2 we have for every x, h € RN 
AP* f(x) = 0, k=0,...,p, 


whence by Lemma 15.1.1 PS ia f(x) = 0, which means that f is a polynomial function 
of order p. 


The converse is expressed by the following 


Theorem 15.9.2. Let f : RY — R be a polynomial function of order p. Then there 
exist unique k-additive functions Fy, : R‘N — R, k = 0,...,p, such that (15.9.4) 
holds, where fo,..., fp are the diagonalizations of Fo,..., Fp, respectively. 


Proof. ° First we prove the existence of F,, k = 0,...,p. The proof will be by induc- 
tion on p. If p= 1, then f satisfies A? f(x) = 0 for every z,h € R%, which means, 


5 Albert-Baker [11] 
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as was pointed out in 15.3, that f satisfies the Jensen equation (13.2.1). By Theorem 
13.2.1 
f(z) = fa(z) + fo, 
where f; : RN — R is an additive function, and fy € R is a constant. Consequently 
f admits representation (15.9.4). 
Now assume that for every polynomial function g : RN — R of an order p—1 € N 


there exist symmetric k-additive functions F, : R’Y — R, k = 0,...,p—1, such that 
p-1 

g(a) = 0 fla), (15.9.7) 
k=0 

where fo,..., fp—1 are the diagonalizations of Fo,...,Fp-1, respectively. Let f : 


RN — R be a polynomial function of order p, and define the function fy: RN >R 
by 
1 
Pyle nc) = Ag iat Oe 201 agteeR”: (15.9.8) 

By Corollary 15.1.1 F), is symmetric, and we have by Corollary 15.1.1, Lemma 15.1.1, 
Lemma 15.1.3 and Theorem 15.3.3 for every i, 1 <7 < p, and for every 71,...,%p, 
Yi€ RN 

Fy (1 ,+++, 85-104 + Ys, Vig, Lp) — Fp (H1,...,0p) — Fp (1,.--,Li-1, Ys Li41,---,Lp) 

1 1 

Fer tiatin tty [Aci+y,f (0) — Az, f(0) — Ay, f(0)] = Aer-tont(0)=0, 


which means that F;, is p-additive. Also, for arbitrary x, 71,...,%p) € RY we have by 
Lemma 15.1.1 and Theorem 15.3.3 


Does Gad (2) = Agios f (0) = Ag ...tp [f (x) as f(0)] 
= Re. Ae iO) 
= De wees (0) = 0, 
whence by (15.9.8) 
Pa comes 0) Pel Manse sp): (15.9.9) 


Now let f, : RY — R be the diagonalization of F,, and put g = f — fp. We have 
by Lemmas 15.1.1 and 15.9.2 and by (15.9.9), for arbitrary x, hi,...,hp € RY, 


Ahy..-hpGg(@) = Any..np f(@) — Any...tp fp(@) = Any...npf(#) — pl Fp(h1,.-., hp) = 0. 


This implies that g is a polynomial function of order p— 1. By the induction hy- 
pothesis there exist symmetric k-additive functions F, : R'N — R, k = 0,...,p—1, 
such that (15.9.7) holds, where fo,..., fp—1 are the diagonalizations of Fo,..., Fp—1, 
respectively. Hence we obtain (15.9.4), which ends the induction. 

To prove the uniqueness suppose that f has also a representation 


f(x) = © gx(a), (15.9.10) 
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where each gz, is the diagonalization of a symmetric k-additive function G; : R’Y > 
R, & = 0,...,p. Every function Fy — Gy is symmetric and k-additive (cf. Lemma 
13.4.1), and f, — gz is the diagonalization of F, — Gy, k = 0,...,p. By (15.9.4) and 
(15.9.10) 


P 
S~ (fe(x) — ge(x)) = 0, (15.9.11) 
k=0 

whence by Lemma 15.9.3 Fy, = Gy for k = 1,...,p, and (15.9.11) reduces to fo — go = 
0. Hence Fo = fo = go = Go so that Fy = Gy for k = 0,...,p, which completes the 
proof of the uniqueness. 


Corollary 15.9.2. Let f : RY — R be a polynomial function. If f is bounded in RN, 
then f =const in RN. 


Proof. This results from Theorem 15.9.2 and Lemma 15.9.3. 


Since the general construction of symmetric multiadditive functions is known (cf. 
Theorem 13.4.2 and Corollary 13.4.1), Theorems 15.9.1 and 15.9.2 yield implicitely 
the general construction of polynomial functions. Let us note also that R. Ger [100] 
proved that for every p € N there exists a set H, C RY such that every function 
g: H, > R can be uniquely extended onto R% to a polynomial function of order p. 


Every polynomial function of order p is, in particular, p-convex, therefore every 
condition implying the continuity of a p-convex function (cf. 15.5) implies also the 
continuity of a polynomial function of order p (cf. also Gajda [94] concerning ana- 
logues of Theorems 9.3.7 and 9.8.1). For continuous polynomial functions we have the 
following 


Theorem 15.9.3. A function f : RY — R is a continuous polynomial function of order 
p if and only if 

[t1,...,€p423 f] =0 (15.9.12) 
for every system of p+ 2 distinct collinear points x1,...,Tp+2 € RX. 
Proof. A function f : RN — R is a polynomial function of order p if and only if it 
is p-convex and p-concave, or, equivalently, if and only if the functions f and —f are 


p-convex. If f is moreover continuous, then, by Theorem 15.6.1, this is equivalent to 
the condition that 


[t1,..-,@p4a;f]>0 and [x1,...,¢p42;—f] 0 (15.9.13) 


for every system of p+ 2 distinct collinear points 71,...,%p+2 € R%. But, as is easily 
seen from Theorem 15.2.1, we have 


[Piges epro —F |) = tinea epee y |'5 


and so condition (15.9.13) is equivalent to (15.9.12). Conversely, if f : RY — R 
satisfies (15.9.12), then, by Theorem 15.6.1, it is continuous and p-convex, and also 
—f is p-convex, whence f is p-concave. Consequently f is a continuous polynomial 
function of order p. 
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Actually we can say much more. First we prove the following 


Lemma 15.9.4. If a function f : RN —R, 
f(t) = f(é1,---5€n) 


is a polynomial separately in each variable £;,1 = 1,...,N, then f is a polynomial 
jointly in all variables. 


Proof. The proof runs by induction on N. If N = 1, the lemma is trivial. Assume 
it true for an N—1 EN, and let f : RN — R be a function which is a polynomial 
separately in each variable. Let p be the maximal degree of f with respect to particular 
variables. Thus we have 


Pp Pp 
fé,--.€w) = D0 ANG... Ewe = = DOANE, Ew). (15.9.14) 
i=0 1=0 
In particular, 
Pp : Pp ; 
SO AN (f,.  Ew ey = 0 APG. Ena, Ew EN (15.9.15) 
1=0 1=0 


ee in (15.9.15) = &1,...,€n-2 = €n-2 and €y = 0, we obtain that 
ARE caste 2,€n-1) is a polynomial in €y_1. Setting next in (15.9.15) & = 


ete re 2 = En_ 2, and €y in turn l,...,p, we obtain a system of linear equa- 
tions for AN (&,...,€v—2,€w-1), i= 1,...,p, whose determinant is 
ee 
QP 
; #0, 
p ... pP 


and the right-hand sides are polynomials in €\)—1. Consequently also the solutions are 
polynomials in €y_1. Using other equations in (15.9.14) we obtain that all AN, i = 
0,...,p, are polynomials in each variable separately. By the induction hypothesis 
AN ,i=0,...,p, are polynomials. Thus we see from (15.9.14) that also f is a poly- 
nomial. 


Theorem 15.9.4. A function f : RY — R is a continuous polynomial function of order 
p if and only if f ts a polynomial of degree at most p. 


Proof. Consider a monomial f : RY — R of a degree k € N: 


Fle) = Fle. Ew) = 0G Ex ay+-:-+an=k. 
Put ag = 0, and define the function F : R*% — R as 


Oj -1+Oj 


F(a1,...,0~) = F(€11,...,61n,---5€k1,+--,€kn) = oa II II mee 


j=l m=aj—-1+1 
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where the sum extends over all permutations (¢1,...,%,) of numbers (1,...,4), and 


e 

we assume the convention that [] = 1 for every r € NU {0}. It is easily seen that 
r+l 

the function F' is symmetric and adds, and f is the diagonalization of F’. 

In virtue of Theorem 15.9.1 f is a polynomial function of every order p > k. A 
polynomial of degree at most p is a sum of monomials of degrees < p, and thus of 
polynomial functions of order p. In virtue of Lemma 15.3.2 such a polynomial itself 
is a polynomial function of order p. Evidently every polynomial is continuous. 


Conversely, suppose that a continuous function f : RN > R, 


f(x) = f(&,.-.,€w), 


is a polynomial function of order p. Let 1 C R™ be an arbitrary straight line, and take 
arbitrary distinct points 71,...,¢%p41 € 1. By Lemma 15.2.4 and Theorem 15.9.3 we 
have for every x € I 


f(a) = P(a1,...,2p4i; f | x). (15.9.16) 


(By the continuity of f and P (15.9.16) holds also if x equals one of 71,...,%p+1). 
Consequently on every straight line f is a polynomial of degree at most p in the linear 
coordinate of x. In particular, f is a polynomial separately in each variable &,...,€y. 
By Lemma 15.9.4 f is a polynomial. It remains to estimate the degree of f. 

Let the degree of f be q, and let 


f(a) =>" oe@), (15.9.17) 


where, for k = 0,...,q, gx is the homogeneous part of f of degree k. Since the degree 
of f is q, we have g, 4 0, and consequently there exists an xo € RY, xo 4 0, such 
that gq(zo) # 0. Put h = (xo/|xo|) sgnavo and Ao = |xo|sgn zp. We have gg(xo) = 
Gq(Aoh) = Apgq(h), whence gg(h) 4 0. By (15.9.17) 


qd 


FAR) = SoM ge(h), 


k=0 


which is a polynomial in A if degree g. On the other hand, by (15.9.16), on the straight 
line 


l= {xe R |x=Ah, ER} 


f is a polynomial of a degree not exceeding p. Consequently q < p. 


Thus, as we see, the polynomial functions generalize ordinary polynomials, and 
reduce to the latter under mild regularity assumptions. Consequently relation (15.3.3) 
has often been used to define polynomials in abstract spaces, and functions fulfilling 
this and related conditions have been thoroughly investigated. In this connection cf., 
e.g., Fréchet [92], Mazur-Orlicz [222], Highberg [141], Hille-Phillips [142], Hyers [152]. 
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Exercises 


1. Let D C R be an open interval, and let f : D — R be a continuous p-convex 
function, p > 1. Show that for every r,1 < r < p—1, there exist at most 
r+1 points c1,...,¢-41 € D, co. < +++ < p41, such that, if D = (a,b), co = 4, 
Cr+2 = b, then the function f is either (p — r)-convex or (p — r)-concave in each 
interval (c;, ci41), i =0,...,r+1. (The statement is true also for r = p, if under 
0-convex [0-concave] function we understand increasing [decreasing] function.) 

2. Let D C R be an open interval, and let f, : D — R, n € N, be continuous 
p-convex functions. Show that if the sequence {fn},,cnj converges pointwise on 
a dense subset of D, then it converges uniformly on every compact subset of D, 
and its limit is a continuous p-convex function. 

3. Let D C R be an open interval, and let f : D — R be a continuous p-convex 
function. Without using the results of 15.8 show that f satisfies a Lipschitz 
condition on every compact subinterval of D. 

4. Let Fy : R&N — R be symmetric k-additive functions, k = 0,...,p, and let 
fo,..-, fp be the diagonalizations of Fo,..., Fp, respectively. Show that if the 


Pp 

function >> f,(x) is continuous in R%, then every function Fy, k = 0,...,p, is 
k=0 

continuous in R*%. 


Chapter 16 


Subadditive Functions 


16.1 General properties 


The Jensen inequality (5.3.1) is not the natural counterpart of the Cauchy equation 
(5.2.1). The natural counterpart of the Cauchy equation would be the inequality 


f(@+y) < fla) + Fy). (16.1.1) 


It seems so the more interesting and astounding that the convex functions and the 
additive functions share so many properties that such is not the case of additive 
functions and functions satisfying inequality (16.1.1). 

Functions! f : RN — [—o0, +00] satisfying (16.1.1) for all x,y € R% are called 
subadditive. Functions satisfying the converse inequality 


fla+y) 2 flax) + fy) (16.1.2) 


for all a,y € R% are called superadditive. 

Every additive function is, in particular, subadditive and superadditive?. Thus 
there exist non-measurable subadditive functions. Many less trivial examples of sub- 
additive functions may be found in Rosenbaum [269]. 

Subadditive functions (and superadditive functions) may also be considered 
which are defined not necessarily on the whole R%, but on subsets C of R% such 
that x + y € C whenever x,y € C, ie., 


CLCETC. (16.1.3) 


According to Lemma 4.5.2, if a non-empty set C C R% fulfils (16.1.3), then (C, +) 
is semigroup (a subsemigroup of (R, +)). An example of a set C C R% fulfilling 


1 So we admit also infinite values of f. Hereby it is understood that the expression f(x) + f(y) on 
the right hand side of (16.1.1) is always meaningful. Therefore a subadditive function cannot have 
both +oo and —oo in its range. For if we had f(x) = +oo0 and f(y) = —oo for some x,y in the 
domain of f, then f(x) + f(y) = co — oo would be meaningless. 

2 The converse is also true: a function f : RN — R which is both subadditive and superadditive is 
additive. 
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(16.1.3) is a cone? as defined in 4.1. If C C RN is a set fulfilling (16.1.3) and f : C 
[—oo, co] is a function satisfying inequality (16.1.1) resp. (16.1.2) for all x, y € C, then 
f also will be called subadditive resp. superadditive. Subadditive functions defined 
on sets C other than R will only briefly be mentioned in the present work. 


A function f : RN — R which is subadditive and satisfies 
f(nz) = nf (x) forn€N,x eR, (16.1.4) 


will be called sublinear (Berz [31]). Sublinear functions are considered in 16.4—-16.5. 


Except in the last section we will be mainly concerned with subadditive functions 
f:C—-R,iie., with functions with only finite values. Subadditive functions admitting 
also infinite values will be referred to as infinitary (cf. Rosenbaum [269], Hille-Phillips 
[142]). Such functions will be treated in the last section. 


First let us note the following two obvious lemmas. 


Lemma 16.1.1. If C C R% is a set fulfilling (16.1.3), fi, fo : C — [-co, co] are 
subadditive functions, and a,b € [0, co) are non-negative constants, then the function 
f =af, + bf, if well defined, is subadditive. 


Lemma 16.1.2. If C C R™ is a set fulfilling (16.1.3), and f : C — [-oo, oo] is a 
subadditive function, then the function —f is superadditive, and conversely, if f is 
superadditive, then —f is subadditive. 


Because of Lemma 16.1.2 we will not deal with superadditive functions. In the 
present section we prove some elementary general properties of subadditive functions 
(Hille-Phillips [142], Cooper [49]). 


Lemma 16.1.3. Let C C R% be a set fulfilling (16.1.3) such that 0 € C, and let 
f: CR be a subadditive function. Then f(0) > 0. 


Proof. We have from (16.1.1) for ¢ = y =0 


FO) < FO) + FO), 


whence f(0) > 0. 


Lemma 16.1.4. Let C C R% be a cone, and let f : C — [—00, oo] be a subadditive 
function. Then 


f(na) < nf(z), (16.1.5) 
f (<2) > * (2) (16.1.6) 


for alla eC andneN. 


3 All theorems in the present chapter where f is supposed to be defined on a cone C C RN remain 
valid if C is replaced by Co = C \ {0}. 
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Proof. For n = 1 (16.1.5) is trivial. Assume (16.1.5) to hold for an n € N and for all 
x € C. Then by (16.1.1) 


f((n+ Ia) = f(na +a) < f(na) + fle) <nf(@) + f(@) = (n+ Ifa). 

It follows by induction that (16.1.6) holds for all n € N and x € C. Replacing in 
1 

(16.1.5) x by 72 we obtain (16.1.6). 


Lemma 16.1.5. Let f : RN — R be a subadditive function. Then f(—x) > —f(x) for 
reR. 


Proof. We have by (16.1.1) and Lemma 16.1.3 for arbitrary 2 €¢ RY 
0< f(0) = f(a@—2) < f(x) + f(-2), 


whence f(—2) > —f(z). 


Lemma 16.1.6. Let C C R% be a set fulfilling (16.1.3), and let fa: C — [—00, +00], 
a€é A, be a family of subadditive functions. Let, for x € C, f(x) = sup, fo(x). If 
f(a) > —oo for all x € C, or f(x) < & for alla € C, then f is subadditive. 


Proof. Fix arbitrary x,y € C. By the subadditivity of fy and the definition of f we 
have 


falz + y) < fa(x) + foly) < f(2) a0 f(y) 
for all a € A, whence 


fa(xt+y) < f(x) + f(y) 


for all a € A. That the supremum over @ we obtain (16.1.1). 


Lemma 16.1.7. Let C C R® be a set fulfilling (16.1.3), and let fr : C — [—o0, +00], 
nEéN, be subadditve functions. Assume that for every x € C there exists a (finite or 
infinite) limit f(a) = lim f(x). If f(x) > —co for all « € C, or f(x) < © for all 
x €C, then f is subadditive. 


Proof. We have for all x,y € C 


fn(at+y) < fa(z) + fnly), neéN, 


whence (16.1.1) follows on letting n — oo. 


Lemma 16.1.8. Let f : RY — R be a subadditive function. If f is even, then f(x) > 0 
forx eR. 


Proof. By Lemma 16.1.5 we have for every x € RX 


i.e., 2f(x) > 0, whence also f(x) > 0. 
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Lemma 16.1.9. Let f : RY — R be a subadditive function. If f is odd, then f is 
additive. 


Proof. By (16.1.1) 


f(x) = flet+ty—y) <flet+y)+f(-y) = fle+y)— fly) 


for arbitrary x,y € R%, since, due to the fact that f is odd, we have f(—y) = —f(y). 
Hence 


f(x) + Fly) < f(v+y). 
This together with (16.1.1) yields (5.2.1). 


Lemma 16.1.10. Let f : RY — R be a sublinear function. Then 


f(0) =0 (16.1.7) 
and 
f(Ax) = Af (x) (16.1.8) 
for allz € RX and X€ QN 0, ov). 


Proof. Let A € QN(0, co), A = p/g, p, gE N. Then we have by (16.1.4), for arbitrary 
ceER, 


pf (x) = f(px) = f(qaz) = af (Az), 


whence (16.1.8) follows. In particular, for 4 = 2 and x = 0, we obtain 


f(0) = 2f(0), 


which implies (16.1.7). Thus (16.1.8) is valid also for 4 = 0, which completes the 
proof. 


Lemma 16.1.11. Let f : RY — R be a sublinear function. Then f is conver. 


Proof. We have by (16.1.1) and Lemma 16.1.10, for arbitrary x,y € RY, 


f(x) + f(y) 
2 >) 


(FEY) = prety < 5[0@) + Fu] = 


which means that f is convex. 


16.2 Boundedness. Continuity 
For a function f : RY — R the functions my : RY — [-coco) and My : RN = 
(—oo, +00] are defined by (6.3.1) and (6.3.2), respectively. We always have 

my(x) < f(z) < My(x), 2 eR, (16.2.1) 
and f is continuous at a point « if and only if m f(x) = My(z) (cf. Exercise 6.8). In 
this section K(t,r) denotes the open ball centered at t and with the radius r. 


Lemma 16.2.1. Let f : RY — R be a subadditive function. Then the functions mf 
and My also are subadditive. 
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Proof. We will prove the subadditivity of my, the proof for My is similar. Take an 
r > 0, arbitrary z,y € RY, and a,b € R such that 


a> oe if b> aoe if 


There exist u € K(a,r) and v € a r) such that 
a>f(u)> inf f, b> f(v) > inf f. 
flu) > int f flu) > int f 
Then we have u+v € K(x+y, 2r), whence 


ee gt OS Oa: 


Whena— inf fandb— inf f, we obtain hence 
K(a,r) K(y,r) 
inf < inf f+ inf f. 
K(at+y,2r) f K(a,r) f ae 


Letting r — 0, we get 
my (e+ y) < mg(x) + mg(y), 


i.e., my is subadditive. 
Lemma 16.2.2. Let f : RY — R be subadditive. Then, for every x € RN, 
0 < My(x) — my(x) < M,(0). (16.2.2) 


Proof. The first inequality in (16.2.2) results from (16.2.1). Now take an arbitrary 
r > 0, an arbitrary x € RN, and arbitrary a,b € R such that 


a> inf f, b< sup f. 
K(a,r) f K(a,r) f 
Then there exist u,v € K(x,r) such that 


ee haa eee b< f(u) < sup f. 


Hence 
b—a< f(v) — flu). 
On the other hand, f(v) = f(u+v—u) < f(u)+f(v—u), whence f(v)—f(u) < f(v—u). 
Thus b—a < f(v—u). But v—u € K(0, 2r), whence f(v —u) < Soup f and 
(0,2r 


b-—a< sup f. 
K(0,2r) 


Letting a tend to na f, and b tend to sup f, we obtain hence 
K(a,r) 


sup f-— inf f< sup f. 
K(x,r) K(z,r) K(0,2r) 


When r — 0, we get hence the second inequality in (16.2.2). 
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Theorem 16.2.1. Let f : RY — R be subadditive. If f is continuous at zero and 
f(0) =0, then f is continuous in RN. 


Proof. The continuity of f at zero implies in view of (16.2.1) that 
m (0) = M(0) = f(0) = 0. 


Condition (16.2.2) then yields My(x) = m,(zx) for every c € R%,ie., f is continuous 
in RX. 


Theorem 16.2.2. Let f : RN — R be subadditive. If f is locally bounded above at a 
point, then f is locally bounded at every point of RN. 


Proof. Let f be locally bounded above at a point tg € R%. Suppose that f is not 
locally bounded above at 0. Then there exists a sequence {tn}nen such that lim t, = 
n— co 


O and lim f(t,) = 00. But then lim (to + tn) = to, and by (16.1.1) 


f(tn) = F(to + tr — to) < f(to + tn) + f(—to), 

ie., f(to+tn) > f(tr) — f(—to), whence lim f(to + tn) = co. But this means that 

f is locally unbounded above at to, contrary to the hypothesis. Consequently f is 
locally bounded above at 0 so that My(0) < oo. 

By Lemma 16.2.2 My(x) — my(x) < 00, which implies that M;(x) < oo and 

m (xz) > —oo, for every « € RN. Consequently f is locally bounded (above and 

below) at every point 2 € RY. 


Theorem 16.2.2 is fully analogous to the situation for convex functions (cf. The- 
orem 6.2.3). But now the local boundedness of f does not imply its continuity, as 
may be seen from the following 


Example 16.2.1. Let QY Cc R% be the set of those 2 € R% which have rational 
coordinates, and let the function f : RY — R be given by 


0 if ceQ’, 
f(x) = N 
b if c¢Q’*, 
where b > 0. Then f is subadditive and bounded on R%, but discontinuous at every 
point of RY. 
The condition of local boundedness above in Theorem 16.2.2 may still be weakened. 


Theorem 16.2.3. Let f : RN — R be subadditive. If f is bounded above on a set 
T C R® such that m(T) > 0, or T is of the second category and with the Baire 
property, then f is locally bounded at every point of RN. 


Proof. Ift€T+T, then t=a2+ y, where x,y € T. Hence 


f(t) = f@+y) < fle) + Fy) (16.2.3) 


so that f is bounded above on T + T. By Theorems 3.7.1 and 2.9.1 int(Z’+T) 4 ©. 
The theorem results now from Theorem 16.2.2. 
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The operation S;,, is defined in 9.2. 


Theorem 16.2.4. Let f : RN — R be subadditive. If f is bounded above on a set 
T CR such that for a certain n € N we have mi(Sn(T)) > 0 or S(T) is of the 


second category and with the Baire property, then f is locally bounded at every point 
of RN. 


Proof. By a repeated use of (16.2.3) we find that f is bounded above on S,,(T), and 
the theorem follows from Theorem 16.2.3. 


If f : RY — R is a measurable subadditive function, then f is bounded above 
on a set T Cc R% of positive measure (cf. the proof of Theorem 9.4.1), and hence 
is locally bounded at every point of RY. But actually we can prove this result for 
functions whose domain of definition is not necessarily the whole RY. 


Lemma 16.2.3. Let C C R™ be a cone such that int C 4 @, and let f : C > [—00, 0) 
be a measurable subadditive function. Then f is locally bounded above at every point 
of int C’. 


Proof. Suppose that f is not locally bounded above at a point to € intC. We can 
find an r > 0 such that K(to,2r) C int C. Write 


D=K(0,r) int C. (16.2.4) 


C is a convex set, so we have by Theorem 5.1.6 clintC=clC, and 0€ CCclC =clintC. 
Consequently D#@. On the other hand evidently D is open, whence m(D)>0. 
There exists a sequence {t,}nen converging to to and such that 


f(tn) > 2n, neN. (16.2.5) 
For every n € N define the set FE, as 
E, = {t € K(to,2r) UD | f(t) > n}. 
Since f is measurable, also E,, is measurable for every n € N. For n sufficiently large, 
say n > no, we have t, € K(to,r). Takeann > no, anz € D\E,, and put yn, = tr—2. 
We have by (16.2.4) 
l¥n — to| = |tn — x — to| < |tn — to] + [2] < 2r, 

and so Yn € K(to,2r). Moreover, by (16.1.1) and (16.2.5) 

an < f(tn) = fltn —e +2) < fltn—2) + fla) = fly) + f(z). (16.2.6) 


Since « ¢ E,, we have f(x) <n, whence f(yn) > n. Consequently yn € En, ie., 2 = 
tn—Yn € tnh—En. Thus, if x € D, then for n > no either x € Ey, or x € th—E,, whence 


DC EnU(tn—-En), >No, 
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and by Corollary 3.2.2 
m(D) < m[Ep U (tn — En)| < m(En) + mth — En) = 2m(FE,), n> No. 
Hence 1 
m(E,) > 5 m(D), n> No, 


and (cf. Exercise 3.4), since E,41 C E, C K(to,2r) U K(0,r) so that m(E,) < 00, 
neéeN, 


m (n &,] = lim m(E,,) > =m(D) >0. 


n—0o 
n=1 


Thus A E, # @, and if an wp € A Ey, then x € E, for all n € N, and f(a) > 
for all n € N, which contradicts es fact that f < oo in C. 


Theorem 16.2.5. Let C C R™ be a cone such that int C 4 @, and let f : C — [—o0, «) 
be a measurable subadditive function. Then f is locally bounded at every point of int C. 


Proof. By Lemma 16.2.3 f is locally bounded above at every point of int C. Now 
suppose that f is not locally bounded below at a point to € int C. Then there exists 
a sequence {tn}nen such that lim t, = tp and limp. f(tr) = —oo. Let U C intC 


be a neighbourhood of to such that f is bounded above on U: 
f(a) <M for « € U. 


There exists an no € N such that 2tp — t, € U for n > no. Thus we have by (16.1.1) 
for n > no 


f(2to) = fin + 2to — te) < f(tn) + f(2to — th) < flte) + M, 
whence —f(tn) < M — f(2to), and 
oO = Jim, [ — f(tn)] < M — f(2to) < 00. 


The contradiction obtained completes the proof. 


Theorem 16.2.6. Let f : RN — R be subadditive. If f is either measurable, or bounded 
above on a set T C RN such that for a certain n € N either m;(S;,(T)) > 0, or Sn(T) 
is of the second category and with the Batre property, then f is bounded on every 
bounded subset of RN. 


Proof. By Theorems 16.2.4 and 16.2.5 f is locally bounded at every point of R. For 

every x E RY let K, be an open ball centered at x such that f is bounded on K,. Let 

A CRY be a bounded set. Then the set cl A is compact. Clearly clA C U Ke, so 
xeclA 


n 
there exists a finite sequence of points 71,...,% € cl Asuch that AC clAC U Kz,. 


i=1 


The function f, being bounded on every K,;,,7 = 1,...,n, is also bounded on [J Kz,, 


and hence on A. 
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Theorem 16.2.7. Let f : RN — [—ov, ox] be subadditive, and put \ = lim inf f(a). 
Then X > 0, or X= —on. If |A| = 00, then f is either non-measurable, or infinitary. 
Proof. There exists a sequence {xn }nen of points x, € R such that 


lim zr, =0 and lim f(a) =X. 


Tt-F OG n—-oco 


By Lemma 16.1.4 
A < liminf f(2z,) < liminf 2f(#,) = 2liminf f(r) = 2A. 


If \ is finite, this yields \ > 0. If f is measurable and finite, f : RY — R, then, by 
Theorem 16.2.5, f is locally bounded at 0, whence = lim inf f(x) 4 too. Hence if 


f is measurable and |A| = co, then f must be infinitary. 


For subadditive functions assuming negative values we have the following 
Theorem 16.2.8. Let f : RN — R be a measurable subadditive function, and suppose 
that there exists an xo € R™ such that f(xo) < 0. Then f(txo) < 0 for allt Ee R 
sufficiently large, and f(txo) > 0 for allt < 0. 

Proof. By Theorem 16.2.6 there exists an M > 0 such that 
|f(tzo)| <M for t € [1,2]. (16.2.7) 


Now take an arbitrary ¢ > 2, and let n = [t] be the integral part of t so that n <t < 
n+ 1. Hence t — (n— 1) € [1,2]. Thus by (16.1.1), (16.2.7), and by Lemma 16.1.4 
f(tzo) = f((n— 1)ao + (t—n4+1)a0) < f((n— 120) + f((t-— n+ 1)20) 
< (nm 1) (0) + M = (n-+ Df (00) + M—2f (0) < tf(w0) + M — 2f (20). 
Since f(2o) < 0, f(txzo) becomes negative for large values of t > 0. By Lemma 16.1.5 


f(—txo) = —f(tao), whence f(txo) > 0 for large negative values of t. Suppose that 
there exists a to <0 such that f(toxo) < 0. By Lemma 16.1.4 


f(ntoxo) <nf(toxo) <0 = forn EN, 


which contradicts the fact (already established) that f(tao) > 0 for large negative t. 
Thus f(tvo) > 0 for t < 0. Together with Lemma 16.1.3 this yields f(tao) > 0 for 
t<0. 


This proof shows also that, for large values of t, the function f(t) is majorized 
by a linear function of t. A better information about the behavior of f (ta) for t + oo 
(without any assumption about the sign of f(ao)) is obtained from the following 


Theorem 16.2.9. Let f : RN — R be a measurable subadditive function. Then for 
every x € R% there exists the limit 


F(x) = jim, /_ (16.2.8) 


The function F is finite, continuous in RX , positively homogeneous, and subadditives. 


4 And hence sublinear. 
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Proof. If x = 0, then F(0) = 0 exists and is finite. Now fix an x € RY, « #0, and 


put 
f(t) 
7 


For every t > 0 the expression f(ta)/t is finite, whence —co < 8 < oo. Take an 
arbitrary b > @ and choose a to > 0 such that f(tox)/to < b. Take an arbitrary 
t > 3to and let m = [t/to] be the integral part of t/to. Put n = m—2. Clearly n € N, 
and by Theorem 16.2.6 f is bounded on the segment 2px, 3to: 


6 inf 


|f(sx)| < M for s € [2to, 3to]. 
In particular, t — nto € [2to,3to]. Hence, by Lemma 16.1.4 
f(tx) = f((nto +t —nto)x) < f(ntox) + f((t— nto)x) < nf (tox) + M, 


and 
f(tw) — nto flow) , M _ nto, M (16.2.9) 
ea t~ ¢ t 


When n — oo, the expression nto/t approaches” 1, and we get from (16.2.9) 


@< timing A) pL <p 


t—oo 


< limsu 


t—0o 


Letting b — @ we obtain hence in view of (16.2.8) 


F(x) = 8 <o. (16.2.10) 
Now put 
a = sup f(a) 
t<o ott 
We have —oo < a < ow. But 
t ney, 
a = — inf HE@) = —F(-2) 
t>0 t 
So 
—F(-2x) > —0o (16.2.11) 


By Lemma 16.1.5 we have f(tx) + f(—tx) > 0, whence 


Ste) fw 


P(e) + F(a) = Jim | ; 


|>e 


Consequently F(a) > —F(—x) > —oo, by (16.2.11). Hence by (16.2.10) |F(x)| < co, 
i.e., F is finite. 


5 This follows from the inequalities n + 2 < t/to < n+ 3, whence ” < < —. 
n+3 t n+2 
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Take arbitrary 7,y € R%. We have for all t > 0 


f(t(a@+y)) = f(ta + ty) < f(tx) + f(ty), 


whence 

(x + t 

F(e+y) = Jim I a W) lim 4 DS ae = F(x) + F(y) 
Thus F is subadditive. 
Similarly, for arbitrary x € RN and u > 0 we have 
t t 
F(ux) = lim se) =u lim gue) = uF (2). 
too t too tu 


So F' is positively homogeneous, and, in particular, sublinear. By Lemma 16.1.11 F’ 
is convex. Since f is measurable, for every fixed t > 0 the function f(ta)/t (as a 
function of 7) is measurable. Consequently also function (16.2.8) is measurable. By 
Theorem 9.4.2 F is continuous in RY. 


Theorem 16.2.9 (Rosenbaum [269], Hille-Phillips [142]) shows that a subadditive 
function cannot increase too fast as x — oo. If f is defined only on a cone CC RN, 
the theorem, and the argument presented, remain valid, except that now we cannot 
prove that F(a) > —oo. In such a cone it can actually happen that F(a) = —oo. Let 
N = 1, C = (0, ov), let g: C > R be an arbitrary increasing positive function, and 
let f(x) = —ag(x) for « € C. Then f is subadditive, and by a suitable choice of g 
we can make f to tend to —oo, when x — ov, as fast as we wish. In particular, if 
Jim g(x) = ov, then for our f function (16.2.8) is identically —oo. 


16.3 Differentiability 


Theorem 16.2.1 shows that in the theory of subadditive functions the origin plays a 
distinguished role. In particular, if f(0) = 0, then we can infer from the continuity 
of f at zero about its continuity at any other point. With the differentiability the 
situation is similar (cf., in particular, Wetzel [322]). 


Theorem 16.3.1. Let f : RN — R be subadditive, and let g: RN — R be a function 
such that g(0) = 0 and g has the Stolz differential at 0. If 


f(z) <9(z), =z ER, (16.3.1) 
then there exists ac € RN such that 
f(z) = ca, ceR. (16.3.2) 
In particular, f is of class C1? in RN. 
Proof. Put c= Vg(0). Then 


g(a) = ca + r(x), zteER, (16.3.3) 
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where 


pees (16.3.4) 


(cf. 7.7). Now take an arbitrary 2 €¢ R’, x £0. We have for n € N by Lemma 16.1.4 
and by (16.3.1) and (16.3.3) 


f(@)/n < f(a/n) < g(a/n) = cx/n + r(a/n), 


whence 
f(a) — cx < nr(a/n). (16.3.5) 
y (16.3.4) 
r(a/n) _ 
Jim nr(2/n) = |x| Jim Ag fal , 


and so we obtain from (16.3.5), on letting n — oo, 
f(a) < cx. (16.3.6) 

Hence and by Lemma 16.1.5 
cx = —c(—2) < —f(—2x) < f(z). (16.3.7) 
From (16.3.6) and (16.3.7) we obtain (16.3.2). 


As an immediate consequence of Theorem 16.3.1 we obtain the following 


Theorem 16.3.2. Let f : RY — R be subadditive. If f(0) = 0 and f has the Stolz 
differential at zero, then there exists ac € R™ such that (16.3.2) holds. In particular, 
f is additive and of class C! in RN. 


Proof. Results from Theorem 16.3.1 on taking g = f. 


The following example shows that the assumption f(0) = 0 in Theorem 16.3.2 
is essential. 


Example 16.3.1. Let N = 1, and let f : R— R be defined by 


1 for x <0, 
f(z) -| _2? 


for x > 0. 


If z,y < 0, then also r+y <Oand f(x+y)=1< 1+1 = f(x) + fly). If« < 0, 
y > 0, and x+y <0, then f(x+y) =1<1l+e-% = f(z) + f(y). Similarly, if 
xc>0,y<0,andze+y <0, then f(x+y) < Fe )+ f(y). If « > 0, y < 0, and 
vty>0, then f(aty) =e @ty” <1 <e-® 4+1= f(x) + f(y). Similarly if x <0, 
y>0,andx+y>0, then f(a+y) < f(x) + fy ). Finally, if ¢ > 0 and y > 0, then 
also x+y > 0, and f(a+y) =e" @t9” <e-™ <e@ +e = f(x) + f(y). So f 
is subadditive, and f is differentiable® at zero, but f has not form (16.3.2) for any 
ceER. 


6 If N = 1, then the differentiability of a function at a point, and the existence of the Stolz differential 
at this point, are equivalent. 
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In the sequel of this section we assume that N = 1. 


Theorem 16.3.3. Let f : R— R be a measurable subadditive function, and let 


A= inf fl) B=sup fe) (16.3.8) 


t<o ¢ t>0 


If A resp. B is finite, then 


aes’, ORD) = jee EOD) 
A= lim resp. B= lim a (16.3.9) 


Formulas (16.3.9) remain valid for A and/or B infinite under the additional assump- 
tion that lim f(a) =0, or lim inf f(a) > 0. Moreover, in every case, 


A<B (16.3.10) 


Proof. We prove only the first equality in (16.3.9), the proof of the other one is similar. 
Evidently we have —oo < A < oo. Assume that A is finite, or A = —oo and 


lim f(x) =0. (16.3.11) 


x—0-— 


Suppose that A is finite and (16.3.11) does not hold. By Theorem 16.2.7 


lim sup f(x) > lim inf f(x) = liminf f(x) > 0. 


x—0— 
If we had lim sup f(«) = 0, then the above inequalities yield lim inf f(x) = 0, whence 
x—0- r—0— 
(16.3.11) follows contrary to the supposition. Thus we must have limsup f(x) > 0, 
x—0— 
which means that there exists a sequence {%,}nen such that 2, < 0 for n € N, 
lim 2, = 0, and there exists an a > 0 such that f(z,) > a for n € N. Then 


f(@n) < OL 


In In 


> OO, 


which shows that A = —oo. Consequently, if A is finite, relation (16.3.11) must hold. 
Thus we have (16.3.11) in either case. 
Now take an arbitrary a > A. There exists a point xp < 0 such that 


fo) 


vO 


<a, 


i.e., f(@0) > azo. Choose an arbitrary h such that xp < h < 0, and let n = [xo/h] be 
the integral part of x9/h so that n < x%o/h <n+1, whence nh > x > (n+ 1)h. Put 
6 = 2x9 — nh so that 

O>5>h. (16.3.12) 


Further, we have x9 = nh + 6. Hence by Lemma 16.1.4 
aro < f(xo) = f(nh +6) < f(mh) + fd) < nf(h) + £9), 
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whence, since zo < 0, 


flo) , nf), f() _ nh fH), £©) 


2 
XO Hore) XO Xo h XO 


We have f(h)/h > A and nh/ao > 0, whence 


eFC ig ACD ey wre A (16.3.13) 
Xo h xo Xo XO 


a> 


Now we let h > 0—. Then, by (16.3.12), also 6 — 0—, and by (16.3.11) f(6) > 0. 
On the other hand, nh/xo = 1 — 6/ap — 1. Thus we get by (16.3.13) 


f(h) 


h 
a > limsup —— > lim inf fh) > A. 
h-0— h h—0— h 


Letting a tend to A, we obtain the first equality in (16.3.9). 


If lim inf f(x) > 0 (which implies A = —oo), then there exists an a > 0 such 
that f(x) > a in a neighbourhood of zero. Then also 
h 
lim fh) =-co=A 
n0- h 


The second equality in (16.3.9) is established similarly. 
By Lemma 16.1.5 —f(—x) < f(x), whence for x > 0 


fea) © fe) 


and 
fies OD) fog TE) 2, TD) eg B. 


r<O £ z>0 —2 x>O0 —& xr>o0 « 


This proves relation (16.3.10). 


Theorem 16.3.3 may be formulated that for a measurable subadditive function 
f:R—R we have 
f(h) 


= inf —— 


provided that these quantities are finite (or, if they are infinite, provided that some 
further conditions concerning the behaviour of f near 0 are fulfilled). On the other 
hand, we have shown in the proof of Theorem 16.2.9 that 
h h h h 
ee ee Ome eee 1) 
hoo A h>o A h——oo h<0 h 
without any further assumptions except the measurability and subadditivity of f. 
In the next theorem there occur the Dini derivatives (cf. 7.5). 
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Theorem 16.3.4. Let f : R — R be a measurable subadditive function. Then, with 
notation (16.3.8), we have for everyx ER 
D¥ f(a) XB; D" f(x) < B, d* f(x) > A, d f(x) > A. (16.3.14) 
In particular, if A= B, then 
f(a) =Ax for ceER. (16.3.15) 


Proof. If B = ov, then the first two inequalities in (16.3.14) are trivial. Similarly, if 
A = —o, then the last two inequalities in (16.3.14) are trivial. 

Suppose that B < oo, whence by (16.3.8) B is finite. We have for arbitrary 
xe€Randh>0 


f@+h) < fla) + fh), 
whence 

eA i) ") —H@) -_ (16.3.16) 
and by Theorem 16.3.3 

_ f(a +h) — f(z) pee i ae 
DA) ae h = a ho os: 
Similarly, since 
f(x) < flh+a—h) < f(h) + flx—h), 

we get for h > 0 

fw) = f(a@=h) — f(A) 

4 < 7 (16.3.17) 
and by Theorem 16.3.3 
er Re bc 2 Ke A) AC eh Ce) eae Oa 
D" f(x)= ey 1h = pone h < im, AO B. 


Now let A > —oo (and so, by (16.3.8), A is finite). For h < 0 the inequalities in 
(16.3.16) and (16.3.17) are reversed, whence by Theorem 16.3.3 


at+h)— flax atea% f 
aha Ge lim inf fee ie) = lim inf Ha) = fle-b) 7 it ft - 
and 
a f(x) = Timing LEFF) soe, OD), 


0- h ie a ae a 


If A = B, then both these quantities are finite, and f’(x) = A for all « € R, 
whence f(x) = Ax + b, with a certain b € R. If we had b 4 0, then 


fh), b 
A= lim eo lim (4+5) 


h—0-— h—0— 


would be infinite. Consequently b = 0, and we obtain formula (16.3.15). 
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Theorem 16.3.5. Let f : R — R be a measurable subadditive function. If, with notation 
(16.3.8), A and B are finite, then f fulfils in R a Lipschitz condition. 


Proof. Take an L > max (|A|,|B|). It follows from Theorem 16.3.4 that for every 
x € R there exists an r; > 0 such that 


ae oe (16.3.18) 


for y € (t@ —Tz,2+1x), y # x. Take an arbitrary x,y € R, and let, e.g., 2 < y. We 
have 


[x,y] C U (> Tetras 
te[x,y] 


Since the interval [x,y] is compact, we can choose a finite cover 


n 


[x, y] Cc la -_ Te, 5 ti ae rt,)- 


i=1 
We may assume that x,y occur in the sequence {t1,...,¢,}. Suppose that x = t,. If 
we had 
n 
(@— Tze, t+) Ole. —Tr titre) =, 
i=2 
the interval [x,y] would be disconnected. So in the sequence {tg,...,t,} there is 


t; = x; such that (we write rz, = 11) 
(@— Te, 0 +e) O(t1—71,41 +171) 4D. 
Proceeding in this way, and writing « = x9, we may find a sequence 
T= TM] <M <3 KL Mn =yY 
such that (with the notation rz, =7;,1=0,...,n) 


(a, — Ti, i +14) O (Giga — Nig, Vig H+ Ti41) FD fori=0,...,n—1. 


Choose points yo,...,;Yn—1 so that 
YE (x; te ri) M (X44 — Ti41, Vida + Ti+1)s 7=0,...,n—-1, 


and 
L=%< Yo <%1 < Yt <0 KS Yn-1 < In = Y. 


Then we have by (16.3.18) 


If) - F@l< ¥ lf) — Fl + Sd — Feo | 
i=0 i=0 


n—1 n-1 
<LYO |tins — yl +L 90 ly — ail = Ly - al. 
1=0 1=0 


This means that f fulfils in R the Lipschitz condition with the constant L. (For x = y 
the inequality is trivial, and if y < x, we reverse the roles of x and y). 
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Theorem 16.3.6. Let f : R — R be a measurable subadditive function. If, with notation 
(16.3.8), A and B are finite, then f is absolutely continuous in R. 


Proof. Results from Theorem 16.3.5. 


16.4 Sublinear functions 


These are functions f : RY — R fulfilling (16.1.1) and (16.1.4). As we will show, there 
is a close connection between sublinear functions and additive functions (Berz [31]). 


Lemma 16.4.1. Let f : RY — R be a sublinear function, and let 79 € RN. There 
exists an additive function g: RN — R such that 


g(xo) = f(2o) (16.4.1) 


and 
g(x) < f(x) forz ER. (16.4.2) 


Proof. Let L = Qzo. L is a linear subspace of RY (over Q). We define the function 
go: L > R by 

go(x) = go(Axo) = Af (xo), AEQ. (16.4.3) 
By Lemma 16.1.10, if A > 0, we have go(a) = go(Aro) = Af (xo) = f(Avo) = f(a). If 
A <0, then by Lemmas 16.1.5 and 16.1.10 go(%) = go(Avo) = Af (ao) = —|Al f (a0) < 
[Al f(—20) = f(-|A|xo) = f(a). Thus 

go(x) < f(z) for x € L. 

Now, by Lemma 16.1.11 the function f is convex, and so it fulfils inequality (10.1.1). 
The set D = R% evidently is Q-convex and Q-radial at every point. It follows from 
(16.4.3) that go is a homomorphism from L into R. By Theorem 10.1.1 there exists 


an additive function g : RY — R fulfilling inequality (16.4.2) and the condition 
g | L = go. Hence by (16.4.3) 


9(x0) = go(xo) = f (xo), 


ie., g fulfils (16.4.1). 
Theorem 16.4.1. Let f : RN — R be a sublinear function. Then, for every x € RN, 
f(x) = sup {g(x) |g: RY — R is additive and g < f}. (16.4.4) 


Proof. Let 
h(x) = sup {g(x) | g: RN > R is additive and g < f}. 


Then, of course, 
A(z) < f(z) for cE RX. (16.4.5) 


On the other hand, by Lemma 16.4.1, for every x9 € R% there exists an additive 
function g: RN — R fulfilling (16.4.1) and (16.4.2). Hence 


h(ao) > f (20) for zo € RX. (16.4.6) 


Inequalities (16.4.5) and (16.4.6) yield (16.4.4). 
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Let F be the family of all sublinear functions f : RN — R. (F, <) is an ordered 
space. 


Theorem 16.4.2. Additive functions g: RY — R are the minimal elements of (F, <). 


Proof. Let g: RY — R be additive, let f : RNY — R be sublinear, and suppose that 
f <g. Hence we have for every x € RX 


—f(-2) 2 —g(-2) = g(2), 
whence by Lemma 16.1.5 
f(x) 2 -f(-2) 2 g(2), 
ie., f >g. Thus f = g, which means that g is a minimal element of (F, <). 
On the other hand, if f is a minimal element of (F, <), then, in particular, f is 


sublinear, and by Lemma 16.4.1 there exists an additive function g : RY — R fulfilling 
(16.4.2). Since f is minimal, (16.4.2) implies that f = g, i.e., f is additive. 


In the one-dimensional case N = 1 we have the following 


Theorem 16.4.3. Let f : R— R be a measurable sublinear function. Then there exist 
real constants a > b such that 


f(x) = ‘ joe 2M (16.4.7) 


ba for «<0. 


Conversely, every function f : IR — R of form (16.4.7), where a > b, is measurable 
and sublinear. 


Proof. Since f is measurable, by Theorem 9.4.1 every additive function g: R— R 
fulfilling (16.4.2) is continuous, and hence (Theorem 5.5.2) of the form g(x) = cg, 
x €R, with a certain constant c, € R. Hence, by Theorem 16.4.1, 


f(x) = sup {¢g2 | cgt < f(t) for t € R}. 
Put 


@ = sup {Cy | cgt < f(t) for t € R}, 
b= —sup{—cy | cgt < f(t) for t € R}. 


Then for x > 0 
f(x) =sup {cgz | cgt < f(t) for t © R} = xsup {cy | cgt < f(t) for t € R} = az, 
whereas for 7 < 0 


f(x) = sup { —¢g(—2) | cgt < f(t) fort € R} 
=—xsup{—c, | cgt < f(t) fort Ee R} = ba. 


This proves relation (16.4.7). Moreover, we have a = f(1), b = —f(-1), so the 
inequality a > b results from Lemma 16.1.5. 
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Conversely, let a function f : R — R be given by (16.4.7), where a > b. Then 
f(x) = max(az, bx), and by Lemma 16.1.6 f is subadditive. Further, if « > 0 and 
néN, then na > 0, and f(nx) = anz = naz = nf(ax). If x < 0 and n EN, then 
nx <0, and f(nz) = bnx = nba = nf(x). Consequently f satisfies (16.1.4). This 
means that f is sublinear. Clearly, a function of form (16.4.7) is continuous, and so 
the more measurable. 


Theorems 16.4.1, 16.4.2, 16.4.3 are due to E. Berz [81]. 
16.5 Norm 


Subadditive functions have many interesting applications in other branches of mathe- 
matics (cf., e.g., Hille-Phillips [142]). In particular, if EF is any linear space (over R), 
then every norm f = ||- || in & (if it exists) is a subadditive function (and even 
sublinear). So is also the function f = ||g||, where g : RN — E fulfils the Cauchy 
equation (5.2.1). P. Fischer [82] has expressed the following conjecture: 

If f : (0, «) — R is a non-negative subadditive function such that 


f(Ar) = Af(z) for x € (0, ov), A EQN (0, oo), (16.5.1) 


then there exist a normed space F and a function g : R — E satisfying equation 
(5.2.1) such that 
f(x) =|l9@|| for a > 0. (16.5.2) 


Whereas this conjecture is not true in general (cf. Moszner [232]), we have the 
following (Berz [31]) 


Theorem 16.5.1. Jf f : RY — R is an even sublinear function, then there exist a 
normed space E (over R) and a function g: RN — E satisfying equation (5.2.1) such 
that 


f(z)=llo@)||_ for e RN. (16.5.3) 


Proof. Let {gataca be the family of all additive functions g, : RY — R such that 
Ja < f, indexed by indices a from a certain set A. By Theorem 10.1.2 we have 
lal < f for a € A. So ga < |gal < f for a € A, whence by Theorem 16.4.1 


f(x) = sup ga(x) < sup |ga(x)| < f(z) 
acA acA 


so that 
f(x) = sup |ga(2)|. (16.5.4) 
acA 
Let E be the set of all families {ya}aea, where ya. € R for a € A, such that 
SUPye A |Ya| < 00. With the operations defined in the usual manner: 


{Yahaea + {Za}aeA == {Yo Za yeaa 


MYahaea = {\ya}aeA for \ € R, 
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E becomes a linear space over R. We introduce in EF the norm: 


ll{ya}ee all = sup lYo|- (16.5.5) 
acA 


With this norm E becomes a normed linear space. Let the function g : RY > Ebe 
defined by 
g(t) ={ga(z)}oca ERX. 


Then, since gq are additive 


g(x + y) = {gale + y)foea = (Gal) + galy) fac 
= {9o(r)}aca t+ {galy)}aca = 9(2) + 9(y), 


ie., g satisfies equation (5.2.1). By (16.5.4) and (16.5.5) we get (16.5.3). 


Theorem 16.5.2. Let f : (0, 00) — R be an arbitrary function. Then the following 
conditions are equivalent: 


(«) f can be extended onto R to an even sublinear function f* :R— R; 
(it) f fulfils condition (16.5.1) and (setting f(0) = 0) 


f(le+yl) <f(lel)+f(lyl) for zy ER; (16.5.6) 


(iti) there exist a normed linear space E (over R) and a function g: R — E satisfying 
equation (5.2.1) such that (16.5.2) holds. 


Proof. Suppose that f can be extended onto R to an even sublinear function f* : 
R—R. Then, by Lemma 16.1.10, f*, and hence also f = f* | (0, co), fulfils (16.5.1). 
Moreover, by Lemma 16.1.10, f*(0) = 0, so if we put f(0) = 0, then we have f = f* | 
[0, co). Since f* is even, we have f*(t) = f*(|t|) = f (||) for every t € R. Hence 


f(le+yl) = f*(let+yl) = f*@t+y) < f*(x) + f*(y) 
= f*(\el) + f*(lyl) = F (lal) + FC) 


for arbitrary z,y € R, ie., f satisfies (16.5.6). Consequently condition (7) implies (i). 
Conversely, suppose that f fulfils (ii) (we set f(0) = 0), and put 


f*(x)=f(\el) for ceER. (16.5.7) 


Formula (16.5.7) yields an extension of f onto R, and it is obvious that f* is even. 
By (16.5.1) f* fulfils (16.1.4). Moreover, we have by (16.5.6) 


f(a+y)=f(let+yl) < f(lel) + F(lyl) = f*(e) + FY) 


for arbitrary z,y € R. Consequently f* is subadditive, and hence sublinear. Thus (7) 
is true, and hence conditions (7), (ii) are equivalent. 
If (itt) is satisfied, then the formula 


f*(z) =|l9(@)|| for ce R 


16.6. Infinitary subadditive functions A75 


defines an even sublinear function f* : R — R, and by (16.5.2) f* | (0, co) = f. 
Consequently (iz) implies (7). The converse implication results from Theorem 16.5.1. 
Thus all the three conditions (2), (4), (¢#7) are equivalent to each other. 


Theorem 16.5.2 (Berz [31]; cf. also Moszner [232]) gives precise conditions when 
Fischer’s conjecture is true: a function f : (0,0co) — R fulfilling the hypotheses 
of Fischer’s conjecture admits representation (16.5.2) if and only if it satisfies also 
condition (16.5.6). 


16.6 Infinitary subadditive functions 


The following theorem shows that infinitary subadditive functions only exceptionally 
can assume the value —oo. 


Theorem 16.6.1. Let f : RNY — [—co, 00] be subadditive. If there exists an xo € RN 
such that f(xo) = —00, then f(x) = —o0o for all E RX. 


Proof. Since f(a9) = —0oo, we have f # +00 in R™, whence for arbitrary 7 € RN 
f(x) = f(t — 29 + x0) < f(x — 20) + f(xo) = f(x — 20) — 00 = —ow. 


Hence f(a) = —o0. 


Hence it follows that if f : RN — [—00, 00] satisfies equation (5.2.1) and assumes 
infinite values, then either f(x) = —oo for all x € RY, or f(x) = 00 for all x € RN 
(Halperin [131]). In fact, such a function is both subadditive and superadditive, and 
for superadditive functions Theorem 16.6.1 holds with —co replaced by +oo. 

If the domain of f is only a subset of RY, we must assume more. 


Theorem 16.6.2. Let C C R% be a set fulfilling (16.1.3) and let f : C — [—co, ox] be 
a subadditive function. If there exists a sequence {tn}nen of points tn € C such that 
lim ty, = 0 and f(tn) = —0o0 forn EN, then f(x) = —o0 for all x € int C. 


Proof. Let x € int C. Since f assumes the value —co, we have f #4 +00 in C. Further, 
there exists an n € N such that x — t, € C. Hence 


f(x) = fltn + u—tn) < f(tn) + fle — tn) = —00 + f(a — th) = —00. 


Thus f(a) = —oo. 


With the value +00 the situation is more complicated. A subadditive function 
may be equal +00 on a proper subset of RY. 


Example 16.6.1. Define the function f : RN — [—o00, 00] by (cf. Example 16.2.1) 


re a 
nay = {5 for 2 € QN, 


b for c € QY, 


where b > 0. Then f is subadditive and infinitary, but f(x) 4 co on a dense subset 
of RX. 
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Theorem 16.6.3. Let f : RN — [—00, 00} be a subadditive function. If there exists an 
r >0 such that |f(x)| < 00 for |x| <r, then |f(x)| < 00 for allx ERX. 


Proof. Take an « € R™. There exists an n € N such that |x/n| = |2|/n < r. Hence 
f(a/n) < co, and by Lemma 16.1.4 
f(x) < nf(a/n) < o. (16.6.1) 


If we had f(a) = —oo, then we would get by Theorem 16.6.1 f = —oo, which is 
incompatible with the assumption that |f(t)| < oo for |t] <r. Consequently f(x) > 
—oo, which together with (16.6.1) implies that | f(a)| < co. 


If f : RY — [-c0, ox] is a subadditive function, we put 
P; ={2 RN | f(x) < oo}. 


This definition allows that f(x) = —oo for some x € Py. But in view of Theorem 
16.6.1, unless f = —co, we have 


P; = {x € R¥ | |f(x)| < co}. 
The set Py is characterized by the following property. 


Theorem 16.6.4. Let C C R® be an arbitrary set. There exists a subadditive function 
f : RN = [-00, 0] such that Pp = C if and only if C fulfils (16.1.3). 


Proof. If f : RN — [-00, 00] is subadditive, and if u € Py + Py, then there exist 
x,y € Py such that u = «+ y, whence 
f(u) = f(a+y) < f(@) + f(y) <0, 


Le., uc Pr. Hence Pr + Pr C Py. 
On the other hand, if a set C C R% fulfils (16.1.3), then the function 


| oc. for ae C, 
i= {3 for rE C 


is subadditive, and Py = C. 
Lemma 16.6.1. Let B C R% be an open ball centered at a point x9 € RN. Then there 


[oe) 
exists an a > 0 such that tro € U kB fort >a. 
k=1 


Proof. Let r > 0 denote the radius of B, and let a € N be such that ar > |xo|. 
Take an arbitrary t > a, and let n = [t] be the integral part of t. Then n > a and 
|t — n| < 1, whence 


|tro — nxo| = |t — n||xo| < |ao| < ar < nr. 


But this means that tao belongs to the open ball centered at nag and with the radius 


co 
nr, i.e., tu EnBC U kB. 
k=l 
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Theorem 16.6.5. Let f : RN — [—co, cc] be a measurable subadditive function. If 
there exists a density point xo of Py such that’ xo € Py and sxo € Py for a certain 
s <0, then Pp = RN 


Proof. Since f is measurable, Pr € £. By Theorem 16.6.4 Pr + Pr C Py. 

By Theorem 3.7.2 2%9 = 2p + Xo € int(Py + Py) C int Py. Let BC R” be an 
open ball centered at 279 and contained in Py. By Lemma 16.6.1 there exists an a > 0 
such that tao € LU kB for t > a. Choose an m € N such that —ms > a. Then there 


exists an n € N such that —msxp € nB. The set U = msxp + nB is a neighbourhood 
of zero. If z € U, then z = msxp + nz, where x € B. Hence, by Lemma 16.1.4 


f(z) = f(mszo + nx) < f(mszp) + f(nz) < mf(sxo) + nf (x) < 00, 


ie., z € Pp. Consequently U C Py and there exists an r > 0 such that x € Py 
whenever |x| <r. If f(x) = —oo for an z € RN, then by Theorem 16.6.1 f(x) = —oo 
for every  € RY, ie., Pp = RY. If f > —co in RY, then |f(x)| < 00 for |z| <r, and 
by Theorem 16.6.3 |f| < oo in RY. Consequently Py = RY 


The same argument may be used to prove the following 


Theorem 16.6.6. Let f : RY — [—00, 00} be subadditive. If m;(Py) > 0, or Py contains 
a set of the second category, and with the Baire property, and if there exists® an 
Zo € int Py such that sx € Py for a certain s <0, then Pr = RY. 


Theorem 16.6.7. Let f : RNY — [—co, 0x] be subadditive. If there exists an xo € RN 
such that f (ao) = 00 and tao € Py for allt > 1, then f(txo) = 00 for allt <0. 


Proof. Since f(x) = oo, we have f 4 —oo in R%. Consequently |f(tao)| < oo for 
t>1. 
If t <0, then 1—t> 1, and 


co = f (xo) = f (to + (1— t)x0) < f(tao) + f((1 — t)20). 


But since | f((1 — t)zo)| < cv, this implies that f(txo) = co. 


Theorem 16.2.9 says that if a measurable subadditive function f : RY — R is 
finite-valued, then, for every 2p € RN, 


t 
gai Ao) (16.6.2) 
is finite (cf., in particular, formula (16.2.10)). This is no longer true if f is infinitary. 


But in such a case we have the following 


Theorem 16.6.8. Let f : RN — [—00, 00] be measurable and subadditive, and suppose 
that for a certain x9 € RN we have 8 = —oo, where 3 is given by (16.6.2). If 
| f(tao)| < co for allt > 0, then f (tao) = co for allt <0. 


7 The condition xo € Py is not indispensable and can be omitted. 
8 From Theorems 3.7.1, 2.9.1 and 16.6.4 it follows that int Pr A. 
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Proof. Suppose that there exists a to < 0 such that f(tox9) < oo. For every t < 0 
there exist a t’ € [—to, —2to) C (0,00) and a k € N such that t = t’ + kto. Hence by 
Lemma 16.1.4 


f (tx) = f(t'xo + ktoxo) < f(t'x9) + f(ktoxo) < f(t'x9) + kf (tox0) < OO. 


On the other hand, in view of Theorem 16.6.1, f(tao) 4 —oo, since f(Tao) 4 —oo for 
T > 0. Thus |f(tao)| < co for all t € R. Consequently the function y : R — R given 
by y(t) = f(tao), t € R, is finite, measurable, and subadditive, whence also 


oe 
ee a 


is finite (cf. the proof of Theorem 16.2.9), contrary to the supposition. 


We have also the following annex to Theorem 16.2.7. 


Theorem 16.6.9. Let f : RY — [—o0,00) be a measurable subadditive function. If 
A= liminf f(z) =-0o, 

then f =—oo in RN. 

Proof. There exists a sequence {tn}nen such that 


lim t, =O and lim f(t,) =—oo. 


n—-cCo n—- oo 


Take an arbitrary 2 €¢ RY. By Lemma 16.2.3 there exists a neighbourhood U of « 
and a constant M > 0 such that 


fi<M for t € U. (16.6.3) 
Further, there exist an no € N such that 
t—tnEU for n> no. (16.6.4) 
Now, we have by (16.6.3) and (16.6.4), for n > no, 


f(x) = f(tn+@—tn) < F(tn) + fle — tn) < f(tn) + M. 


Letting n — oo, we obtain hence f(x) = —oo. 


In the one-dimensional case (N = 1) we can get further information about the 
set Py. Theorems 16.6.10-16.6.12 say that if f : R — (—oo, 00] is subadditive and 
infinitary, then the set of those x € R at which f(z) = oo is rather large. 

In the sequel J, denotes either (0,00) or (—oo,0), and Jz = (R \ {0}) \ hi is 
either (—oo,0), or (0,00), respectively. 

Theorem 16.6.10. Let f : R — [—co, co] be subadditive. If In Pr 4 S, then either 
Ps =R, or f(x) = ona dense subset of I. 
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Proof. Suppose that the set 
{cel | f(x) =f =h \ Pr 


is not dense in J;. Then int(1; Py) 4 @, whence also int Py # @, and thus m,(Py) > 
0. Take an arbitrary vo € int(1;M Py) C int Py. By hypothesis there exists a y € InP. 
So s=y/zo < 0, and y = sz. By Theorem 16.6.6 Py = R. 


Theorem 16.6.11. Let f : R — [—o0,co] be a measurable subadditive function. If 
a€ JI, and f(a) =o, then 


m({x € I; | |2| < |a| and f(x) = w}) > 5 lal (16.6.5) 
Proof. Let 
A= {xé I; | |x| < |a| and f(x) = co} = (1.N (-|al, |al)) \ Py. 


Since f is measurable, also the set A is measurable. 
Let x € 1,1 (—|al, lal), and suppose that x ¢ Aso that x € Pr. Put y=a—a. 
Then y € 4,9 (—|al,|a]) and « + y =a, whence 


f(a) = fle+y) < fla) + Fy). (16.6.6) 


Since f(x) < co and f(a) = ov, (16.6.6) implies that f(y) = co. Consequently y € A 
and z=a-yéa—A. Soifze€1,9(-—|al,|a|), then either z € A, or r €a—A, 
whence I, M (— |al, jal) = AU (a — A), and 


|a| = m(1,9 (= |al, |a|)) < m(A) + m(a — A) = 2m(A). 


Hence we obtain (16.6.5) 


Theorem 16.6.12. Let f : R — [—o0, co] be a measurable subadditive function. Then 
either 1, 1 Pp = ©, or IgM Pp = @, or m(Pr) =0, or Py =R. 


Proof. Suppose that 1) Py; 4 @, Ian Pr 4 S, and m(Py) > 0 (Py is measurable since 
f is measurable). Then either m(J; 9 Pr) > 0, or m2 Pr) > 0. Let J denote that 
of sets I), Iz for which m(IM Py) > 0, and let J denote the other. By the Lebesgue 
density theorem (cf. also 3.5) the set [7 Py contains a density point xo of Py, whereas 
J Ps # SG, and hence there exists a y € JM Py. Then s = y/zp < 0, and y = sao. 
By Theorem 16.6.5 Py = R. 


Theorem 16.6.12 admits an extension to the N-dimensional case (Rosenbaum 
[269]), which we state here without proof. 


Theorem 16.6.13. Let f : RY — [—00, cx] be a measurable subadditive function. Then 
either there exists an (N — 1)-dimensional hyperplane x through the origin such that 
Py lies entirely on one side of 7, or m(Py) =0, or Pp = RY. 
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Exercises 


1. Let for x = (41,...,2~) € R% such that 2; > 0,i=1,..., N, the function f be 


defined by 
N 1/r 
f(a) = ps «| 
i=1 


with a certain r > 1. Show that f is subadditive. 

2. Suppose that {An}nen is a sequence of arbitrary sets A, C R%, and {en}nen 
is a sequence of arbitrary positive constants. Further, let a,b € R be such that 
O<a<2band0< b< 2a. Let the functions f,, : RY —. R be defined by 


a for x€ Ay, 
fala) = fi for x ¢ An, 


and put 


f(z) = S> Cn fn(2). 
n=1 
Show that the function f : RN — [0, +00] is subadditive. The condition b < 2a 
may be dropped if all the sets A,, n € N, fulfil the condition (16.1.3). 

3. Let f : (0,00) — R be a measurable subadditive function. Show that if f is 
convex, then f(x)/x is decreasing in (0,00) (Hille-Philips [142]). 

4. Let C C R® be a set such that for every x € C andt > 1 alsotz € C. A 
function f : C > R is called quasi-homogeneous iff f(t) < tf(x) for alla € C 
and t > 1.The function f is called weakly-quasi-homogeneous iff for every x € C 
and for every n € N there exists a t, > n such that 


f(tnt) < tn f(x). (*) 


Let f : (0,00) — R be a measurable function. Show that (Rosenbaum [269]): 
(i) If f is concave and lim f(x) > 0, then f is quasi-homogeneous; 


) 
(ii) f is quasi-homogeneous if and only if f(a)/a is decreasing in (0,00); 


) 

(iv) If f is subadditive, then f is weakly-quasi-homogeneous. 

5. Let f : RN — R be a continuous convex function. Show that f is subadditive if 
and only if f is quasi-homogeneous (Rosenbaum [269]). 
[Hint: To show that f is quasi-homogeneous, represent t > 1 as t = An + (1— 
)(n + 1), where n = [#] is the integral part of t.] 

6. Let f : RN — R be a weakly-quasi-homogeneous continuous convex function. 
Show that f is subadditive (Rosenbaum [269]). 
[Hint: Use the relation f(x + y) = Jim, f (tr (tnx) + (1 —t,")y), where tp are 


(iit) If f is quasi-homogeneous, then f is subadditive; 


chosen according to (*).] 
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10. 


11. 


12. 


. Let f : RY — R be a subadditive function such that lim, f(x) = 0. Show that f 


is continuous in RY. 


. Show that in Theorem 16.2.1 the condition f(0) = 0 is essential (Hille-Philips 


[142]). 
[Hint: Take in Exercise 16.2 N = 1, b 


1 
a 1, cn 2°", Ay = —(NU 
n 


o] 


Dol rR 


1 
—(N)) = —(Z\ {0}), n EN. Then f is discontinuous at the points x € Q \ {0}, 
nr 


1 
and continuous elsewhere. Actually we have lim f(y) = 5 for every « € R.| 
you 


. Let f : RR — R be a measurable subadditive function, and put 


h 
1 
I;(x) = lim sup = f(a + u)du, 


h-0 h 
—h 


h 
1 
re) = timing > f fe +u)du. 
Ah 


Show that the function I, 77 are subadditive, and 
0 < Ip(a) — is(x) < 15(0) 


for every x € R (Hille-Philips [142]). 

[Hint: Integrate the inequality f(«+y+(a+@)u) < f(at+au)+ f(y+ Bu) with 
a and £@ suitably chosen. | 

Let f : (0, co) — R be a measurable and subadditive function, and set M = 
as M 

J exp f(t)dt. Show that if M < oo, then f(x) < 2 log —— for « > 0 (Phillips 


0 
[255]). 


[Hint: Put g = exp f and show that 4g(x) < [g(a —y) + ay)’. Then use the 
x/2 

relation x[g(z)] a = 9 S [g9(2)] ay] 
0 


Let f : RY — R be an arbitrary function. Show that if the limit jim f(tx)/t 
00. 
exists for every « € RN and is a convex function of x, then f = y+, where y is 
subadditive and continuous, and jim W(tx)/t = 0 for every x € RN (Rosenbaum 
=O 


[269]). 

Let f : R — [-co,o] be a measurable subadditive function. Show that if 
lim f(x) = co, then f(a) = oo almost everywhere in (—0o,0) or almost ev- 
erywhere in (0,00) (Hille-Phillips [142]). 


BIRKHAUSER 


Chapter 17 


Nearly Additive Functions and 
Nearly Convex Functions 


17.1 Approximately additive functions 


Under nearly additive and nearly convex functions we understand two modifications 
of additive functions and of convex functions: approximtely additive functions and 
approximtely convex functions, where the defining equation (5.2.1) resp. inequality 
(7.1.1) is satisfied only with some degree of accuracy, and almost additive functions 
and almost convex functions, where (5.2.1) resp. (5.3.1) is postulated only almost 
everywhere in the domain in question. (An interesting combination of both these 
conditions was considered by R. Ger [114].) Similar considerations will be carried out 
also for some other related classes of functions. 

We start our considerations with approximtely additive functions. 

A function f : RY — R is called e-additive iff the inequality 


If(@+y)— fx) -fwl<e (17.1.1) 
holds for all x,y € R. A function f : RY — R is called approximately additive iff it 
is e-additive with a certain € > 0. 

The main result concerning approximtely additive functions is due to D. H. Hyers 
[150] (however, cf. Pélya-Szegé [257], Chapter 3, 3.1, Problem 99; cf. also Albert- 
Baker [11], Ratz [264]; and also Baker [15], Baker-Lawrence-Zorzitto [16], Cholewa 
[42], [43], [44], Forti [88], Moszner [233], Tabor [313], and further sections of this 
chapter concerning related results). 


Theorem 17.1.1. Let f : RY — R be an e-additive function. Then there exists a 
unique additive function g: RN — R such that 


|f(z) -— g(a)| <e (17.1.2) 
forx ERY. 
Proof. Setting in (17.1.1) y = x we obtain 
|f(2x) — 2f(x)| <e, 
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whence 
1 


1 
pf@e) - 10) 


< 56. (17.1.3) 


By induction we show that for every n € N we have 

|2-"f(2"x) — f(a)| < (1-27). (17.1.4) 
For n = 1 (17.1.4) reduces to (17.1.3). Assuming (17.1.4) true for an n € N, we have 
by (17.1.3) 


sf(2-2"2) — f2"2)| + 2" F2"2) — F(a) 


<2 Ve4 (L-aMe= (L-IWM Ye, 


git) santa) f(z) <2" 


and thus we obtain (17.1.4) for n +1, which completes the induction. 
Write 
gn(t) =2°-"f(2"2), 2ERN, nen. 


It follows by (17.1.4) that for arbitrary n,m € N and x € R® we have 
lgn-sa(2) — Gn(2)| = 27” [2-™ f(2™ -2%2) — f(2"2)| < 2-1 —B-Me <2 "e, 


which means that for every x € R™ the sequence {gn(x)}nen is a Cauchy sequence, 
and consequently converges. Let g(x) be its limit. We have by (17.1.1) 


27" |f(2"(e + y)) — F(2"x) — f2"y)| <2-"e, 


Le., 
cue £3 


lgn(x + y) — gn(@) — ny) S27", 
whence, on letting n — oo, we obtain 
g(a + y) — g(a) — gy) = 9, 


which means that g is additive. (17.1.2) results from (17.1.4) on letting n — oo. 
Now suppose that (17.1.2) holds with an additive function g : RY — R. By 
Theorem 5.2.1 g(nz) = ng(x) for n € N and x € RY, whence by (17.1.2) 


|f(na) — ng(x)| <e. 


Dividing by n and passing to the limit as n — oo we obtain 


g(x) = lim Ane)’ (17.1.5) 


n—0o n 


This proves the uniqueness of g. 


Corollary 17.1.1. Let f : RY — R be an e-additive function, and let g: RN — R be 
the additive function fulfilling (17.1.2). Then g is given by formula (17.1.5). 
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Let us observe that every function f : RY — R fulfilling inequlity (17.1.2), where 
g: RX — R is an additive function, is approximtely additive. In fact, we have for 
arbitrary x,y € R%, since g is additive, 


flat y)— f(z) — fly) = fle+y) — fle) —f@) — gle+y) + 9(%) +9), 


whence 


If(e+y) — F(z) — fF) < |fle+y) - ge +y)| + IF (2) — 9(@)1 + IF(y) — 9(y)] < 36. 
Consequently f is 3¢-additive. 


Theorem 17.1.2. Let f : RN — R be an e-additive function, and let g: RN — R 
be the additive function fulfilling (17.1.2). If f is measurable, or bounded above, or 
below, on a set T € A, then g is continuous. 


Proof. Inequlity (17.1.2) can be written as 


f(a) -—e < g(x) < f(x) +e. 


If f is bounded above, or below, on a set T C R%, then so is also g. If T € , then g 
is continuous in virtue of Theorems 9.1.2 and 10.2.2 and of the definition of the class 
%8. If f is measurable, then g is continuous in virtue of Theorem 9.4.1. 


17.2 Approximately multiadditive functions 


The result in this section are due to M. Albert and J. A. Baker [11]. 
Let p € N be fixed. 


Theorem 17.2.1. If a function f : R°N — R satisfies for every 21,..., 2p, Y1,-++,Yp € 
RY the system of inequalities 
| f(x, cee Diy LEAF Yi, Leds os +505) - f(x, aie Zp) 
— f(@1,..., Ci-1, Ya; Vi41, ++, Ep)| S Gs, GH An. 3D; (17.2.1) 


where €1,...,€p) are positive numbers, then there exists a unique p-additive function 
g: R°N —R such that 


|f(@1,...,Up) — g(%1,...,€p)| < € = min(eq,..., ep) (17.2.2) 


for all 71,...,%p € RX. Moreover, if f is symmetric, then g also is symmetric. 


Proof. By a suitable renumeration of the variables we may achieve, without violating 
(17.2.1), that 


min(é1,...,€p) = €1. (17.2.3) 
By Theorem 17.1.1 and Corollary 17.1.1, for every x1,...,%p € R* the limit 


; NE, 2.4508 
(01s) = jim Lees sp) 


486 Chapter 17. Nearly Additive Functions and Nearly Convex Functions 


exists, and with fixed r2,...,@, is an additive function of x; and 


|f(@1,-+-5@p) — g(a1,--+,@p)| Se 


for every 21,...,2» € R%, which together with (17.2.3) yields (17.2.2). For every 
i=2,...,p, and every 21,...,%p, yi € R we have by (17.2.1) 


|f (mai, a, ...,i-1, 04 + Ya, Fig1,.-.,Lp) — f(nv1,Le,..., 0p) — ++ 


vet F AiGceawey reweee sm eel eres Peepers | < Ei, 


whence, on dividing by n and passing to the limit as n — oo, we obtain that g is 
p-additive. After permutating variables so as to return to the original numeration, g 
remains p-additive, and (17.2.2) still holds. 

To prove the uniqueness, assume that (17.2.2) holds with two p-additive func- 
tions g; and go, and put g = gi — ga. Then g: R?™ — R also is p-additive (Lemma 
13.4.1), and 


|g(z1,-- -,£p)| = |gi(21,... , Lp) Sal Sas , Xp) 
< [Bi as suena) = f G1; s245 0p) | + PGi y te) = GalXis 4 Sp) 
Ke 


so that g is bounded in R¥. By Lemma 13.4.3 g = 0, i-e., g1 = go. 
Now assume that f is symmetric, and let (71,...,i,) be an arbitrary permutation 
of the numbers (1,...,p). Define the function h : R?% > R by 


A Cijess GX) S OlRei sess gag): (17.2.4) 
By Lemma 13.4.2 h is p-additive, and we have due to the symmetry of f 
|F(a1,.--;@p) — h(w1,.--,%p)| = |F(@any---) 2%) — 9(tas---1 4,1 Se, 
whence by the uniqueness part of the theorem 
h(a1,..-,2p) = g(@1,..., Lp). 
This together with (17.2.4) yields 


G(Zi,) + a3 is) = g(z1; aus cea) 


1e., g is symmetric. 


17.3. Functions with bounded differences 


Now we will derive analogous results for polynomial functions (Hyers [151]!, [152], 
Albert-Baker [11]; cf. also Whitney [3823], [324]). 


1 Added in the 2"¢ edition by K. Baron. 
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Theorem 17.3.1. Let f : RY — R satisfy (with a certain ¢ > 0) 
|Ani..hppid (x)| <e (17.3.4) 


for all x,hi,...,hp4i1 € RY, where p € NU {0} is fixed. Then there exist symmetric 
k-additive functions F, : R*N +R, k=0,...,p unique except for Fo, such that 


[f(z) — g(z)| <e (17.3.2) 
for all x € R®, where 
Pp 
g(x) = S° f(z), (17.3.3) 
k=0 
and fo,..., fp are the diagonalizations of Fo,..., Fp, respectively. 


Proof. The proof (Albert-Baker [11]) is similar to that of Theorem 15.9.2, and the 
proof of the existence of g will be by induction on p. 
For p = 0 f satisfies |A, f(0)| < € for every  € RN, ie., 


|f(x) — FO)| <e. 
With Fo = fo = f(0) we obtain hence (17.3.2) with (17.3.3). 
Now assume that the theorem is true for a p—1 € NU {0}, and let f: RY —R 
be a function fulfilling (17.3.1) for all 7, hi,...,Rp41 € RX. For every x € R% define 
the function F, : R?% > R by 


PECs oc op — ere aed (ae). (17.3.4) 
We have by Corollary 15.1.3, Lemma 15.1.3, and by (17.3.1), for every fixed x € RN 
and arbitrary i, 1 < i < p, and arbitrary 71,...,2%p,yi € RY, 
|Fe(x1, vee Di 1, LE + Ys, Lig, «+, Ep) — Fy (a1,..., 2p) 
— FY, (@1,...,Gi-1, Yi; Vig, --- , Zp)| 


— enemies [Ainigel @) a Az, f(x) = Ay, f(z) | 
= AN Mee tees cae tae) = (Ags seas h(e) 


By Theorem 17.2.1, for every 2 € RY, there exists a unique p-additive function 
G2 Re => R such that 


|F,(21,...,€p) — Gz(@1,...,%p)| Se (17.3.5) 


LE. 


for all x1,...,@p» € R%. Moreover, since by Corollary 15.1.3 function (17.3.4) is sym- 
metric, also the function G, is symmetric (Theorem 17.2.1). 

For arbitrary z,y € R% and arbitrary 71,...,%) € R% we have by (17.3.4), 
(17.3.1), and Lemma 15.1.1 


|Fy(@1,-++52p) — Fe(ai,---,%p)| = |An...2, (f(y) — F(2)] | (17.3.6) 
= |Ag,..2, [f(2 + (y—2)) — F(2)]| 
= Ae Ayan | 
= |Ap eet |< 


488 Chapter 17. Nearly Additive Functions and Nearly Convex Functions 


whereas by (17.3.5) 
|Fy(v1,...,€p) — Gy(a1,..., 2p) | <. (17.3.7) 
Relations (17.3.5), (17.3.6) and (17.3.7) yield 
IG, — G,| < |Gy — Fy|+|Fy — Fr| + |Fr -— Go| < 3e. 


Consequently the function G, — G, is p-additive (Lemma 13.4.1) and bounded in 
R?’. By Lemma 13.4.3 G; = G,. This shows that Gz is independent of x, and we 
may define a symmetric p-additive function F, : R?Y — R by 


1 
F,(#1,...,2p) = Be eae): (17.3.8) 


Let fp : RY — R be the diagonalization of F,, and define g, : RY > Ras gp = f— fp. 
We have by (17.3.4), (17.3.8), (17.3.5), and by Lemmas 15.1.1 and 15.9.2, for arbitrary 
hy,..., hp E RY, 
\Ane steal) | = aw eof = Aes eat) 
= | Fe(Aa, Rey hp) — plE, (hi, sey hy)| 
= | Fe (Ai, seey hp) _ G(hi, eaey hy)| <e. 


By the induction hypothesis there exist symmetric k-additive functions F, : R’N 
R, k=0,...,p—1, such that 


<e, (17.3.9) 


noes ¢e) 
k=0 


where fo,..., fp—1 are the diagonalizations of Fo,..., Fp-1, respectively. Define g : 
RY — R by (17.3.3). Then (17.3.9) goes into (17.3.2) in view of the definition of gp. 

To prove the uniqueness, suppose that besides Fo,..., Fp, there exist also sym- 
metric k-additive functions F, : REN -,R, k=0,...,p, such that 


|f(z) — g(a)| <e (17.3.10) 


in R%, where 


and fo,.. 4 are the diagonalizations of Fo,... Fe respectively. By (17.3.2) and 
(17.3.10) 
|9(x) — G(x)| < 2e. (17.3.11) 


We have ; 
g(x) — 9(x) = >~ (fala) - f(x), (17.3.12) 


17.3. Functions with bounded differences 489 


and every function fx — fe is the diagonalization of the symmetric k-additive function 
Fy, — Fy, k =0,...,p. Relation (17.3.11) says that function (17.3.12) is bounded in 
RY. By Lemma 15.9.3 F;, = Fy for k = 0,...,p. 


Theorem 17.3.2. Let f : RY — R satisfy (with a certain € > 0) 


Jag r(@)| <e (17.3.13) 
for all x,h € RN, where p € N is fixed. Then there exists a polynomial function 
g: RN —R of order p, unique up to an additive constant, such that 

|f(x) — g(x)| < 2?*e (17.3.14) 
for allz € RX. 
Proof. In view of Theorem 15.1.2 relation (17.3.13) implies that 
[Aha nenaef Ce) | DPT te 


for all x,hi,...,Rp41 € RX. By Theorem 17.3.1 there exist symmetric k-additive 
functions F;, : R*’ > R, k = 0,...,p, such that (17.3.14) holds in R%, where g is 
given by (17.3.3), and fo,..., fp are the diagonalizations of Fo,..., Fp, respectively. 
By Theorem 15.9.1 g is a polynomial function of order p. 

Now suppose that 91,92 : RN — R are polynomial functions of order p fulfilling 


IF(e) — gi(a)| <2?*e and |f(e)— go(2)| < 2? 


for all 2 € RN. Then 

|gi(z) — go(x)| < 2?te. (17.3.15) 
By Lemma 15.3.2 g1 — gg is a polynomial function, and by (17.3.15) g1 — go is bounded 
in RY. In virtue of Corollary 15.9.2 g; — gz = const. 


The estimation in (17.3.14) can be improved. Actually, it can be shown (Whitney 
[323]) that, under the conditions of Theorem 17.3.2, the function g fulfils the inequality 


(2) — o@)| < 2e/ mgs (?**) 


for alla € RX. 


Theorem 17.3.3. Let f : RY — R satisfy (17.3.13) (with certain e > 0 and p €N), 
and suppose that f is measurable or bounded on a set T C R%, where m;(T) > 0 or T 
is of the second category and with the Batre property. Then there exists a polynomial 
g: RX — R of degree at most p, unique up to an additive constant, such that (17.3.14) 
holds for all x € RN. 


Proof. If f is measurable, then the argument in the proof of Theorem 15.5.4 shows 
that f is bounded on a set of positive measure, so we need only consider the case where 
f is bounded on a suitble set T C R*. By Theorem 17.3.2 there exists a polynomial 
function g : RY — R of order p, unique up to an additive constant and such that 
(17.3.14) holds in RY. Consequently g is also bounded on T, and by Theorem 15.5.2 
g is continuous. By Theorem 15.9.4 g is a polynomial of degree at most p. 
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17.4 Approximately convex functions 


For convex functions we do not have a full analogue of Theorem 17.1.1 (cf. also 
Cholewa [43]). The corresponding result is weaker, and the proof (cf. Hyers-Ulam 
[153]) is much more complicated. 

Let D C RN be a convex and open set. A function f : D > R is called e-convex 
iff 

f(Av + (1 = A)y) < Af (x) + (1- A) f(y) HE (17.4.1) 

for every x,y € Dand 2 € [0,1]. A function f : D > Ris called approximately convex 
iff it is e-convex with a certain ¢ > 0. 


Lemma 17.4.1. Let D C R™ be a convex and open set, let n € N, let xo,...,2n € D, 
and let ag,...,Qn be non-negative numbers such that ag +-:- + Qn, = 1. Let x = 
A0Lo +--+: + Andy. If f: D— R is an €-convex function, then 


<> aif (xi) nes 2 é. (17.4.2) 


Proof. First note that by Lemma 5.1.3 x € D, so that f(x) is meaningful. The proof 
of (17.4.2) will be by induction on n. 
For n = 1 (17.4.2) reduces to (17.4.1). Assume (17.4.2) to hold for ann € N. 


Take arbitrary points 2o0,...,%n+41 € D and non-negative real numbers ao,..., Q@n+41 
such that 

n+1 

yo 6,1, (17.4.3) 


and put 2 = ao%o +--+ + An41%n+1. We may assume that the points x; have been 
numbered in such a way that an41 > a; fori = 0,...,n. If an41 = 1, then by (17.4.3) 
a; = 0 for? =0,...,n, © = p41, and the inequality to be proved 
(n+ 1)? +3(n+1) 
< n a Se 
is trivial. If aj41 < 1, then put 
A=1=- ani > 0, (17.4.4) 


Bi = ai/r, t = 0,...,n, 2 = Boro +--+ + Bran. All 6’s are non-negative, and by 
(17.4.3) and (17.4.4) 


iS 1 
Daas boa = 7 (1 - anti) = 1. 
i=0 
By the induction hypothesis 
” n?+3n 
f(z) <> Bf (wi) + é. (17.4.5) 
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On the other hand 
Az + (1 = A)ang1 = Q0XO +++ + Ontn + An4qiln41 = 4, 


whence by (17.4.1) 
f(a) <Af(z) + (1 — A) f (en41) +. (17.4.6) 


Since Qn41 > a; for i=0,...,n, we have by (17.4.3) 
n+1 


= S- a < (n+ andi, 
i=0 


whence Qn41 > 1/(n +2) and A= 1—an4i < (n+ 1)(n + 2). Relations (17.4.5) and 
(17.4.6) yield 


” n? + 3n 
f(z) < > aif (ti) + angi f(@n41) + ar 5 ete, 
whence “ah 
. n+1n?+3n 
< it (Xi — —— H+l]e. 17.4.7 
fle) < Si austen) + (Tay the (17.4.7) 
Since 
n+1n?%+3n — (n+ 1)? + 3(n+1) 
n+2 2n+2 Wat +2” 


relation (17.4.7) yields (17.4.2) for m+ 1. Induction completes the proof. 


Lemma 17.4.2. Let D C RN be a convex and open set, and let f : D — R be an 
e-convex function. Then f is locally bounded at every point of D. 


Proof. Let  € D. By Remark 5.1.1 there exists an N-dimensionl simplex S Cc D such 
that Z € int S. Let xo,...,x2y be the vertices of S so that S = conv{zo,...,2}. We 
have z,...,%y € Dand for every x € S there exist non-negative numbers ao,..., aN 
such that a9 +---+any =1l and ##=apx% + -::-+ ann. Let 


M = max{f(z0),..-,f(an)}- 
We have by Lemma 17.4.1 


N 
N?4+3N N?+3N 
2S ofa ee ee, 
f(a) eee ON Se ON ee 


which means that f is bounded above on S, and hence also on int S. But int S is a 
neighbourhood of %, and so f is locally bounded above at Z. 
Let B Cc D be an open ball centered at % and such that f is bounded above on B: 


flu <K for weB. (17.4.8) 
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Take an arbitrary « € B. Then also 2%—a = %—(a#—2Z) € B, and we have by (17.4.1) 
and (17.4.8) 


i(@) < fet 5K ts, 


fle) + 5/20) +e<5 


1 
2 
whence 

f(x) > 2f(z) — K — 2e, 


which means that f is bounded below on B. Consequently f is locally bounded below 
at Z. 


Corollary 17.4.1. Let D C R™ be a convex and open set, and let f : D — R be an 
e-convex function. Then f is bounded on every compact CC D. 


Proof. For every x € C let By, be an open ball centered at 2 and contained in D such 
that f is bounded on B,. The compact set C' can be covered by a finite number of 
balls B,, whence f is bounded on C. 


The next lemma is known in the theory of convex sets as the Carathéodory 
theorem (cf., e.g., Eggleston [74]). 


Lemma 17.4.3. Let A C R™ be an arbitrary non-empty set. For every x € conv A 
there exist points x,...,@- € A such that x € conv{xo,...,u~} andr <N. 


Proof. Let x € conv A. By Theorem 5.1.3 there exist ann € N, points 0,...,%n € A, 
and non-negative numbers ao,...,@n, such that ag +--+: +a, = 1 and © = apr + 

+> + An&n. If n < N, there is nothing more to prove, so suppose that n > N. The 
conditions 


Boxe i aac a Brn&n = 0, (17.4.9) 

Bot+-+++ Bn =1, (17.4.10) 

represent system of N + 1 homogeneous liner equations with n+ 1 > N+1 unknowns 
Bo,---, Bn. Consequently this system has a non-trivial solution. In other words, there 


exist numbers (o,..., 8n, not all zeroes and such that (17.4.9) and (17.4.10) hold. 
Let T be a set of all those real numbers t which satisfy 


a, +t@,20 fori=0,...,n. (17.4.11) 


Clearly 0 € T, and T # R, since at least one of (,..., Gn is different from zero. Let 
to be a frontier point of T. T is closed, consequently to € T, which means that t = to 
satisfies (17.4.11). Moreover, we have by (17.4.9) and (17.4.10) 


So (ai + tofi) = Yai to A= Soe 
1=0 1=0 


and 
nm 


n 
S (ai + toi) t= = ax; + to » Bit, = S- ayu;, = x. 
1=0 


i=0 
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Further, at least for one i = 0,...,n, we have a; + to; = 0. Consequently x can be 
represented as a linear combintion of n—1 points from A with non-negative coefficients 
summing up to l. 


Proceeding so further, we may reduce the number n to N. 


Corollary 17.4.2. Let AC R% be an arbitrary non-empty set. Then 
conv A = jeer" | 2 =agto +-:-+anan, 1; € A, a; > 0 
N 
fori=0,...,N, Yra=if. (17.4.12) 
i=0 


Proof. Let B denote the set on the right-hand side of (17.4.12). The inclusion B C 
conv A follows from Lemma 5.1.3, whereas the inclusion conv A C B results from 
Lemma 17.4.3. (Note that if x is a combination of a smaller number of points, we 
may always add terms with arbitrary 7; € A and a; = 0, so as to obtain a linear 
combination of N + 1 points.) 


Corollary 17.4.3. Let A C R% be an arbitrary non-empty compact set. Then the set 
conv A also is compact. 


Proof. Let 
E = {(ao,..., an) € Rt | ag >0,...,an > 0, So ai = 1) 
E is a closed subset of the compact set [0,1]‘+!, and hence it is compact. 
Now define a function F : © x AN+! — R% by 


F(ao,.--,QN,X0,---,UN) = Q0%9 +++ +aNnan. 


The function F is continuous and the set = x AN+! is compact, since = and A are 
compact, therefore also the set F(= x AN**) is compact. But by Corollary 17.4.2 


F(S x AN*}) = conv A, 


and so conv A is compact. 


Lemma 17.4.4. Let S CR be an arbitrary non-empty set, and let K = conv S. For 
every frontier point x of K such that x € K there exist points x0,...,un-1 € S 
and non-negative numbers ao,...,@n—1 such that ag +++: +an-1 = 1 and x = 
Qo%o +++: +AN-1XN-1- 


Proof. By Theorem 5.1.7 there exists a support hyperplane H ((N — 1)-dimensional) 
of K at x. If we had HN S = @, then S' would lie entirely in one open half-space a of 
RN determined by H and, since 7 is a convex set, we would have K = conv S C 7, 
whence HM K = @. But this is impossible, since x € HN K. 
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Consequently HM S 4 @. We will prove that 
conv(HNS)=HOK. (17.4.13) 


Since H and K are convex, the set HM K is convex by Theorem 5.1.2, and since evi- 
dently HNS C HOK, we have conv(HNS) C HNK. To prove the converse inclusion, 
take an arbitrary y © HONK. By Theorem 5.1.3 there exist points y),...,YyYn € S and 
positive numbers (),..., 3, such that 6; +---+ 6, =1 and Pry; +---+ Bnyn = Y. 
Let the equation of H be 

At+ B=0, 


where A € RX, B ER, and A, B are such that the closed half-space determined by 
HA and containing S' is described by the condition 
At+ B20. 


Hence Ay; + B > 0 for i=1,...,n, and since 


Ay+ B= S> Bi(Ay: + B), 
i=1 
the condition y € H, i.e., Ay + B = 0, implies tht Ay; + B = 0 for i = 1,...,n. 
Consequently y; € H, and so y, € HN S,i =1,...,n, whence by Theorem 5.1.3 
y € conv(H MS). This proves the inclusion HM K C conv(H™S), and concludes the 
proof of (17.4.13). 


Now, we may treat H as R¥~!. By Corollary 17.4.2, since  € HN K, there 
exist points %o,...,¥nN—-1 € HM S and non-negative numbers ag,...,a@y— 1 such that 
ago +---+an_1 =1 and apr +--- + @nN_-12N_1 = 2, which was to be proved. 


The following theorems are due to D.H.Hyers and S.M. Ulam [153] (cf. also 
Cholewa, [43]). 


Theorem 17.4.1. Let D C RN be a convex and open set, and let f : D — R be an 
e-convex function. Then there exists a continuous convex function g : D — R such 
that 


PO ROR Cn aS i 1) é (17.4.14) 


for alla e D. 


Proof. Let {Cnr}nenw be a sequence of convex and compact subsets of D such that 


C6 Cua men, (17.4.15) 

and i 
[J int C, = D (17.4.16) 

n=1 


(cf. Exercise 17.5). Put f, = f | Cn, and S$, = cl Gr(f,), Kn = conv S,,. By Corollary 
17.4.1 f is bounded on C,, so every function f,, is bounded, whence S;,, is a compact 
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subset of R+!. By Corollary 17.4.3, also Ky, is a compct subset of RY+1, n € N. For 
every n © N define the function gn : Cy, — R by 


Gn(x) = inff{y € R| (a, y) € Ky}. 


Since K,, is compact, we have (2, gn(2)) € K, for every x € C, and n € N. Conse- 
quently g,(x) is finite and gp, : C, — R is a function. 

Take arbitrary n € N, x,y € Cy, and A € [0,1]. We have (2, gn(x)) € Kn, 
(y,9n(y)) € Kn, and, since K;, is convex, 


Consequently, by the definition of gn, 
gn (Aa + (1 = Aly) < Agn (2) + (1 = A)on(y)- (17.4.17) 


This means that g, | int C,, (by (17.4.15) and (17.4.16) int C,, # @ for n sufficiently 
large, and by Theorem 5.1.5 for such n the set int C’, is convex) is a continuous and 
convex function (Theorem 7.1.1). Fix an n € N. Three cases may occur for x € C),: 


(i) (x, gn(x)) € Gr(fn), 
(i) (2, 9n(x)) € Sn \ Gr(fn), 
(iit) .(@yon(2)) © Ka: \ Sa: 
In case (2) we have g,(x) = frn(x) = f(x), and so, in particular, 


Gn(L) < f(x) < gn(@) +e < gn(x) + a + 1) é. (17.4.18) 


In case (it) there exists a sequence {(tm, 2m) }men of distinct points such that 
tm € Ch, (ms Za) © Gr fr); meEN, 


and 

lim tm=2, lim 2m = gn(2). (17.4.19) 

m—oo m— oo 
Note that if points (tm, 2m), (tm’,2m’) € Gr(fn) are distinct, then necessarily ty, 4 
tm, and consequently all points t,,,m € N, are distinct. Hence t,, 4 x for allm EN, 
except possibly one exceptional value of m. Removing this exceptional element from 
the sequence {(tm, 2m) }men, we do not spoil the remaining properties of this sequence, 
and we may assume that t,, 4 x for mE N. 
Let B Cc D be a closed ball centered at x and with a radius r > 0, and put 


Ym =“UL-T 


Thus ym € B for m € N, and 


L=Amtm+(1—Am)¥m, MEN, (17.4.20) 
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where 


Since B is compact, we may assume, replacing possibly the sequences {tm}men and 
{Y¥m}men by suitable subsequences, that the sequence {Yym}men converges 
lim Ym = Yo- 


m—- co 


Hence by (17.4.19) 
Lice CAN, (17.4.21) 


By (17.4.1) and (17.4.20) 
f(x) < Amf(tm)+(1—Am) £ (Ym) +E = Am%mt+(1—-Am)f(Ym)+e, m EN. (17.4.22) 


By Corollary 17.4.1 f is bounded on B so that the sequence {f(Yym)}men is bounded. 
Letting in (17.4.22) m — oo, we obtain in view of (17.4.19) and (17.4.21) 


F(z) < gn(z) +, (17.4.23) 
and since (a 12) € Gr(fn) C Sy C Kn, we have 
9n(t) < f(x) = f(z). (17.4.24) 


Relations (17.4.23) and (17.4.24) yield (17.4.18), which means that (17.4.18) holds in 
case (it), too. 
In case (iti), according to Lemma 17.4.4, there exist points (xo, uo),..., 


(ayv,un) € S, and non-negative numbers ao,..., ay such that 
N N N 
S- a; =1, So aii = 7, S- QjU; = Gn(2). (17.4.25) 
i=0 i=0 i=0 


Suppose that for a certain 7 we have u; # gn(x;). Since (a;,u;) € Sn C Kp for 
i=0,...,N, we must have u; > gn(x;) fori =0,...,N, and u; > gn(x;). Hence 


N N 
Ds O;U;, > S- QUGn(Li) 
i=0 i=0 


except when a; = 0, when we may replace u; by gn(x;) without violating (17.4.25). 
On the other hand, since gp, satisfies (17.4.17), we have by (17.4.25) and Lemma 5.3.2 


N N 
So ait = gn(x) < SY aign(ai). 
i=0 i=0 


This contradiction shows that uj; = gn(#;) fori =0,...,N. 


17.4. Approximately convex functions 497 


Now, since (25, 9n(xi)) € S, for i = 0,...,N, we have by (17.4.18) (case (2) 


and (it) 
f(ti) <gn(ai) +e, i=0,...,N, 


whence by (17.4.25) and Lemma 17.4.1 


N N 
N? +3N | N? +3N | 
< a v au nm a 
f(z) d, ofa) “oN 2° 2a Gn (Xi ) +e) + ——— INPD 
3 + DEIN 9 E (a) + NE DON i E 
= 5 Uj > = 9Jn > 
= 2N +2 ie 2N+2 


The inequality gn(a) < f(x) results from the definition of g,. Consequently for every 
x € Cy, we have in all cases (2), (iz), (dit) 


N?4+3N 
ces 1) (17.4.26) 


< < ————- 
aml) < (2) < ola) + (SES 

From (17.4.15) it follows that Gr(fn) C Gr(fn4i), whence S, C Sn41 and 
Ky C Kn41 for every n € N. Hence, for every x € Ch, 


Gn+i(z) =inf{y € R| (a, y) € Kn4i} < infty € R| (2,y) € Kn} = gn(2). 


For a fixed n € N the sequence {gm | int Cr}m>n is decreasing and bounded below, 
since f is bounded below on C;, and by (17.4.26) all g, are uniformly bounded below 
on C,. Consequently the sequence {gm | int C,,} converges, and by Theorem 7.10.1 
its limit is a continuous and convex function. In virtue of (17.4.16) we may define the 
function g: D — R by 

g(x) = lim gm(z), 


m—- co 


and for every n € N the function g | int C,, is continuous and convex. Take arbitrary 
x,y € D. By (17.4.15) and (17.4.16) there exists an n € N such that x,y € int C,,. By 
Theorem 7.1.1 we have for arbitrary  € [0, 1] 


g(Ax + (1— A)y) < Ag(x) + (1 — A)g(y). (17.4.27) 


Thus g satisfies (17.4.27) for all z,y € D and X € [0,1]. By Theorem 7.1.1 g is a 
continuous and convex function. 
Letting in (17.4.26) n — oo, we obtain (17.4.14). 


Theorem 17.4.2. Let D C R™ be a convex and open set, and let f : D — R be an 
e-convex function. Then there exists a continuous and convex function go: D— R 
such that 


1 (N?4+3N 
a 1) (17.4.28) 


2) — ola] < 5 (SEE 
for allx € D. 
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Proof. By Theorem 17.4.1 there exists a continuous and convex function g: D— R 
fulfilling (17.4.14) for all « € D. The function 


ee N?+3N | 4), 
x2) = g(x — (| ———_ 
a g 2\ ON+2 


satisfies the conditions of the theorem. 


Estimations (17.4.14) and (17.4.28) are not sharp. It can be shown (Hyers-Ulam 
[153]) that the function g constructed in the proof of Theorem 17.4.1 actully satisfies 


N?2+3N 


g(x) < f(x) < g(x) + ND” 


and then the proof of Theorem 17.4.2 shows that a continuous and convex function 
go: D — R exists fulfilling the inequality 


N2+4+3N 


|f(z) — go(x)| < “ANd” 


for « € D. 
The problem of extending the above results to functions f : D — R satisfying 


in D the inequlity 
7 (242) < fatty 


5} 5 ae 


remains still open (cf. also Cholewa [43])?. 


17.5 Set ideals 


Let X be an arbitrary set (space). A non-empty family J C P(X) of subsets of X is 
called an ideal iff it satisfies the two conditions: 

(t) If AG Zand BCA, then Be T; 

(it) If A,B ET, then AUB ET. 


If condition (4) is replaced by the stronger condition 


(ii) If A, €Z, n EN, then U Ay € TZ, 
n=1 

then TZ is called a o-ideal. The family J = {@} consisting only the empty set and 
the family Z = P(X) of all the subsets of X are trivial examples of o-ideals. Due to 
condition (i) we must have J = P(X) whenever X € Z. We wish to exclude such a 
trivial case. If an ideal [o-ideal] Z besides (i), (ii) [(é), (éi’)] satisfies also the condition 
(iti) X €T, 

? Added in the 2"¢ edition by K. Baron: This has recently been solved by Z. Kominek and J. Mrowiec 


in Nonstability results in the theory of convex functions, C. R. Math. Acad. Sci., Soc. R. Can. 28 
(2006), 17-23. 
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it is called proper. If we are given a proper ideal J C P(X) in X, then we say that 
a condition is satisfied Z-almost everywhere in X (written Z-(a.e.)) iff there exists a 
set A € Z such that the condition in question is satisfied for every x € X \ A. 

Now suppose that X is endowed with an inner operation + such that (X,+) 
is a (not necessarily commutative) group (cf. 4.5). We say that an ideal [c-ideal] 
I c P(X) is linearly invariant iff besides conditions (i), (#1), [(¢), (4i’)] it satisfies 
also the condition 
(iv) For every x € X and A €T the set x — A belongs to TZ. 

A proper linearly invariant ideal (i-e., a family ZC P(X) fulfilling (é)-(iv)) will 
in the sequel be referred to as a p.1.i. ideal. 


Lemma 17.5.1. If (X,+) is a group, andT C P(X) ts a linearly invariant ideal, then, 
for everyx€ X and AE T, we have 


-AeT, «x+AceTt, A+azel. 


Proof. -A=0-—A€T by (iv). Hence also r+ A = a — (—A) €T7. Finally A+ r= 
—(—a — A) € T by what has already been shown. 


Below we give some most important examples of ideals. 

I. Let X be an arbitrary set, and let Zy, be the family of all at most countable 
subsets of X. Then Zx, is a o-ideal. If (X,+) is a group, then Zx, is linearly invariant. 
Zy, is proper if and only if card X > No. If X = R, we write Te instead of Zx,. TR 
is a p.Li. o-ideal. 

II. Let X be a metric space, and let Z, be the family of all bounded subsets 
of X. Then J, is an ideal, but in general not a o-ideal. If (X,+) is a metric group, 
and the metric is invariant under translations, then Zp is linearly invariant. If X is 
unbounded, then Z, is proper. If X = R%, we write fin instead of Zp. ity is a p.Li. 
ideal. 

III. Let X be a topological space, and let Z> be the family of all subsets of X 
which are of the first category. Then Z is a a-ideal. If (X,+) is a topological group, 
then Zy is linearly invariant. If X is of the second category, then Zy is proper. If 
X =RN, we write Ty instead of Zr. oi is a p.Li. ideal. 

IV. Let X = RY, and let Z{Y be the family of all subsets of RY of N-dimensional 
measure zero. Ziv is a p.Li. o-ideal. 

V. Let X = R%, and let ZX be the family of all subsets of RY of finite N- 
dimensional outer measure: 


AéeTN S ACRN and m.(A) < ov. 


TN is ap.Li. ideal, but not a o-ideal. 
VI. Let (X,+) be a group (not necessarily commutative), let B C X be an 
arbitrary set, and let 


g(B)= {AC X| A= [w+ (BU-B) +) tome X7=1,....mi nent. 


i=l 
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Put 
T(B)= |) P(A). 
AE T(B) 
Then Z(B) is the smallest linerly invariant ideal in X containing B. In fact, if ZT is 
the smallest linearly invariant ideal in X containing B, then Z(B) Cc T by (4), (2), 
and Lemma 17.5.1. On the other hand, if U,V € Z(B), then there exist n,m € N and 
points x;,y;,7=1,...,n+m, such that 


te n+tm 
Uc|J [i+ (Bu(-B)) +], VC U [a+ (Bu(-B)) +i]. 
w= j=nt1 
Hence ile. 
uuVc LY [a+ (BU(-B)) + yi] € J(B), 


whence U UV € Z(B). Similarly, if Z CU C UL, [v1 + (BU (-B)) + i] € J(B), 
then Z € Z(B). Consequently Z(B) fulfils (¢) and (7), and thus it is an ideal. If x € X 
and U € Z(B), then 


n 


e-Uca—|) [a+ (Bu (-B)) +u] =U [te yi) + (BU( B)) as] J(B), 


i=1 i= 


ran 


and consequently « — U € Z(B). Thus Z(B) fulfils (iv), which means that Z(B) is 
linearly invariant. We have also BC BU(—B) =0+(BU(-B)) +0 € J(B), whence 
B €7T(B). Consequently Z(B) is a linearly invariant ideal containing B, and since Z 
is the smallest such ideal, we have J Cc Z(B). Consequently J = Z(B). 

T(B) is called the linearly invariant ideal generated by B. In general Z(B) need 
not be proper, nor a a-ideal. Some conditions on a set B C RN which guarantee 
that Z(B) is proper were given by M. Sablik [272]. Let us note (Sablik [272], Ger- 
Kuczma [116]) that a p.Li. ideal in RY may contain quite large sets, e.g., sets of 
infinite measure and of the second category?. 

Let X be a set (space). For any set AC X x X and x € X we write 


Ala] = {y € X | (x,y) € A} 


(cf. 2.1). Suppose that we are given an ideal Z; in X and an ideal Zz in X x X. We 
say that ideals Z; and Z2 are conjugate iff for every set A € Z2 we have 


Ala] €Z, T-(a.e.) in X, (17.5.1) 
i.e., iff there exists a set U € ZT, such that 
Alz] €Z, for ce X\U. 


This is an abstract version of the Fubini theorem. 


3 Such is, e.g., the ideal Z(B), where B C R? is the first quadrant. 
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We may consider the space R?% as the product RN x RY. It is immediately seen 
from the definition that the ideals Ty and Pico as well as the ideals TZ and Z?% 
are conjugate. The ideals Z{Y and Z}" are conjugate in virtue of the Fubini theorem, 
whereas Ty and zGN are conjugate in virtue of Theorem 2.1.7. Concerning ZN and 


T2N we have the following* (de Bruijn [64]) 


Lemma 17.5.2. Let a,3 be positive numbers, and let A C R?% be a set such that 
m2N(A) < 6. Then 


m2N ({a € RN | m2" (Alz]) > B/a}) <a. (17.5.2) 


Proof. By Lemma 3.1.2 there exists a measurable set B C R?% such that A C B and 
m2? (B) = m2N(A). By the Fubini theorem almost all> sections B[z] are measurable 
(in the sense of the N-dimensional measure), the function y(x) = m (B[z}) is defined 
almost everywhere in R% and is measurable, and 


Thus we have, since m (B[z]) > 0, 


B > m25 (A) = m?74(B) = [m8 (Bla) ae 


> m (Bla])dx 
{vERN|mN (Bla])28/a} 
> m™ ({o eR | m (Bix) > 8/a}), 
whence 
mN ({z € RN | m% (B[z]) > B/a}) <a. (17.5.3) 
Since A C B, we have A[z] C B[z] for every « € RY, and 
md (A[z]) < m2 (B[z]) = m*% (B[z}) 


for almost all x € R%. Hence 
fc ERY | mY (Ale]) > B/a} C {e ERY | m™ (Biel) > B/a} 
up to a set of N-dimensional measure zero, whence 


md ({x ER’ | me (A[z}) > B/a}) < mN ({a ERY | m (B[z]) > B/a}), 


and from (17.5.3) we obtain (17.5.2). 


4 We add superscripts to the symbols of the Lebesgue measure in order to indicate the dimension. 
5 In the present proof the expressions “almost all”, “almost everywhere” are to be understood in 
the sense of the ideal Titi 
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Corollary 17.5.1. The ideals ZN and I2% are conjugate. 


Proof. Take an arbitrary set A c R?%, A € 72%. This means that 3 = m2‘ (A) < oo. 
We have 


{a ER | Alz] € ZN} = {x ERY | m¥ (Alz]) = 00} c {x E R® | m¥ (Ala]) > 8}, 
whence by Lemma 17.5.2 (a = 1) 
mo ({a ERY | Ala] ¢ Ty }) < mal ({e € RY | m2’ (A[z]) > G}) <1, 


m 


{cER | Ale] ZN} ETN, or AlzleZN T-(ae.) in RY. 


This means (cf. (17.5.1)) that Z" and Z2% are conjugate. 


Let (X,+) be a group (not necessarily commutative), and suppose that we are 
given a p.Li. ideal Z in X. With the aid of Z we may define two families of subsets of 
X x X (Ger [105]): 

WZ) ={AcCXxX|Ac(Ux X)U(X xU), VET}, 
Q(Z)={ACXxX|Al[z]eZ T(ae.) in X}. 


The proof of the following simple lemma is left to the reader. 


Lemma 17.5.3. Let (X,+) be a group, and let IT Cc P(X) be a p.Li. ideal [o-ideal] 
in X. Then Il(Z) and Q(Z) are p.li. ideals [o-ideals] in X x X, and they are both 
conjugate with I. If Zz C P(X x X) is a p.Li. ideal in X x X such that T and Tz are 
conjugate, then Tz C Q(T). 


We have also the following 


Lemma 17.5.4. Let (X,+) be a group, and let I Cc P(X) be a pli. ideal in X. If 
U €T, then 
M={(a,y)EeXxXl|atyeU}e(Z). (17.5.4) 


Proof. For every x € X we have 


Mi[z]={yeX|et+tyecU}={yeX|y x+U}=-x2+U eT 


by Lemma 17.5.1. Consequently M € Q(Z). 


Let (X,+) be a group, and let Z C P(X) be a p.li. ideal in X, and let (S,+) 
be a subsemigroup of (X,+) such that 


S-S=X (17.5.5) 
and® 
S¢T. (17.5.6) 


6 Condition (17.5.5) does not imply (17.5.6). E.g., if X = R?, S = (0,00) x (0,00) is the first 
quadrant, and J = Z(S), then S fulfils (17.5.5) but not (17.5.6). (This example is due to M. Sablik; 
cf. Ger [112].) 
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The following three lemmas are due to R. Ger [112]. 
Lemma 17.5.5. Let (X,+) be a group, and let I Cc P(X) be a p.li. ideal in X, and 
let (S,+) be a subsemigroup of (X,+) fulfilling (17.5.5) and (17.5.6). Then, for every 
s,tE X, we have 
(s+ S)N(t+8) €T. (17.5.7) 


Proof. Suppose that (17.5.7) does not hold for some s,t € X. For arbitrary u,v € S 
we have (since ($,+) is a subsemigroup) u+ S$ C S$ and v+S Cc S, whence 


(stutS)N(t+v+S) C(s+S)N(t+ S$) eT 
nd 
: (stutS)N(t+v4+S)eT (17.5.8) 


by (2). By (17.5.5) we can find u,v € S such that —s+t = u—v, whence s+u=t+u, 
and by (17.5.8) 
t+v+Sef. 


By Lemma 17.5.1 


which contradicts (17.5.6). 
Corollary 17.5.2. Under conditions of Lemma 17.5.5 
(s+S)N(t+S)4@B (17.5.9) 
for arbitrary s,t € S. 
Corollary 17.5.2 may also be formulated as follows (cf. 4.5). 


Corollary 17.5.3. Under conditions of Lemma 17.5.5 the semigroup (S,+) is left re- 
versible. 


Lemma 17.5.6. Under conditions of Lemma 17.5.5 we have 
(S\U)-(S\V)=X (17.5.10) 
for every U,V €T. 


Proof. Take an x € X and sets U,V € T. By (17.5.5) « = s—t, where s,t € S. By 
Lemma 17.5.5 


[—s+(S\U)|n[-t+(S\V)] = [(-s+5)n(-t+5)] \ [(-—s+U)U(-t+V)] €Z, 
since (—s + U) U(—t4+ V) €T by (di) and Lemma 17.5.1. Thus, in particular, 
[—s+(S\U)]N[-t+(S\V)] #2. 


Consequently there exists a y € [—s+(S\U)]N[—t+($\V)], which means that 
s+yeES\U,t+yeS\V, and 


v=s—t=(s+y)—(t+y)€(S\U)-(S\V). 


This means that X Cc (S \U)— (5 \ V). Since the converse inclusion is trivial, we 
obtain hence (17.5.10). 
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Lemma 17.5.7. Under conditions of Lemma 17.5.5, for every U € TZ and every 
u, s’,t’€ S\ U, there exist s,t € S\U such thatt €@ut+ S, ands—t=s'—-?. 
Proof. Taking in Lemma 17.5.6 V = —u+U we obtain 

(S\U) —[S\(-u+U)] =X. 


This means that for every y € X there exist z € S\U and « € S\(—u+U) such 
that y= z—-—a,ie, yt+u=2zE€S\U. Take y = 5’ —t/+u and choose a suitable z. 
Put s=s’—t/+u+2andt=u-+za. Then s = s'—t'+t, whence s—t = 8’ —t’, and 


t=u+aceut([S\(-u+U)] =(u+ S)\\UCS\U, (17.5.11) 
since u+ S$ C S, and, on the other hand, (17.5.11) yields ¢ € w+ S. Further, 


s=s'—-t+ut+e=yt+ceS\U. 


Thus s and t have the required properties. 


Now suppose that X is an arbitrary set (space), and let J Cc P(X) be an 
arbitrary proper o-ideal in X. For every function f : X — [—o0, co] and an arbitrary 
set BC X, B ¢ T, we put (Smajdor [285]) 


T-infess f(x) = sup inf f(z). 17.5.12 
fess f(a) = sup inf, f(2) (17.5.12) 


For X Cc RY and ZT = ZN NP(X) this notion becomes the usual essential infimum of 
a function. 


Lemma 17.5.8. Let X be an arbitrary set, let T C P(X) be a proper c-ideal in X, 
and let f : X — [—co, oo] be an arbitrary function. Further, let BC X, B¢T, be an 
arbitrary set. Then there exists a set A € I such that 


T-infess f(x) = te) (17.5.13) 


Proof. If T-infess f(x) = —oo, then by (17.5.12) we have Een f(a) = —oo for every 
A €T and (17.5.13) holds with every set A € T. So let a = T-infess f(x) > —co, and 


take a sequence {an}nen of real numbers a, such that an < an41 < a for n € N, and 
lim a, =a. By (17.5.12) for every n € N there exists a set A, € Z such that 


Tt FO. 


inf 7 17.5.14 
Be aes (17.5.14) 


Put A= U Ap. By (2i’) A € T, and by (17.5.12) 
n=1 


> inf : 17.5.1 
a aor (17.5.15) 
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On the other hand, by (17.5.14), since A, C A, whence B\ AC B\ A, for n EN, 


a f(z) a _F@) >a 
whence, on letting n — ov, 
inf f(x) >a. 17.5.16 
BN f(x) 2a ( ) 


(17.5.13) results from (17.5.15) and (17.5.16) in view of the definition of a. 


17.6 Almost additive functions 


In the year 1960 P. Erdés [75] raised the following problem: Suppose that a function 
f :R-R satisfies the relation 


fle+y) = f(a) + fy) (17.6.1) 


for almost all (x,y) € R? (in the sense of the planar Lebesgue measure). Does there 
exist an additive function g: R — R such that 


F(a) = 9(e) (17.6.2) 


almost everywhere in R (in the sense of the linear Lebesgue measure)? A positive 
answer to this question was given by N.G.de Bruijn [64], and, independently, by 
W.B. Jurkat [159]. J.L.Denny [66] also proved an analogous result (cf. also Denny 
(67]). N.G.de Bruijn [64] has put this problem into a more general setting. 

Let (X,+) and (Y,+) be groups, and suppose that we are given two p.L.i. ideals 
T, and Tj in X and in X x X, respectively. A function f : X — Y is called Zo- 
almost additive iff relation (17.6.1) holds Z2-(a.e.) in X x X. De Bruijn’s result was 
that if the groups (X,+) and (Y,+) are commutative, and if the ideals Z,; and Z 
are conjugate, then every Z2- almost additive function is equal Z;-(a.e.) in X toa 
function’ g : X — Y satisfying (17.6.1) everywhere in X x X. The Erdés’ problem is 
the particular case X = Y =R, ZT, = Th, Tz = ZZ. 

We start with the following 


Lemma 17.6.1. Let (X,+) and (Y,+) be groups (not necessarily commutative), and 
let I Cc P(X) be a p.Li. ideal in X. Let gi, g2: X > Y be homomorphisms such that 
91 = 92 T-(a.e.) in X. Then gi = go in X. 


Proof. Let S € Z be such tht 
gi(x) = go(x) forwe X\S. (17.6.3) 


Take an arbitrary « € X. By (17.5.it) and by Lemma 17.5.1 we have SU(—S+2) € TZ, 
and consequently we can find a y € X\|SU(—$+z2)]. Hence by (17.6.3) 91(y) = g2(y) 
and gi(x — y) = go(a — y), whence, since g; and gz are homomorphisms, 


g(x) = gi(z@ — y) + gi(y) = g2(x — y) + gely) = ga(z), 


which means that gi = gz in X. 


7 Le., g is a homomorphism from (X,+) into (Y,+). 
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R. Ger [111] (cf. also Ger [112]) generalized de Bruijn’s result to the case of 
non-commutative groups. His theorem runs as follows. 


Theorem 17.6.1. Let (X,+) and (Y,+) be groups (not necessarily commutative), and 
suppose that we are given two conjugate p.l.i. ideals ZT; and Tz in X and in X x X, 
respectively. If f : X — Y ts an I2-almost additive function, then there exists a unique 
homomorphism g: X — Y such that (17.6.2) holds Z,-(a.e.) in X. 


Proof. Suppose that (17.6.1) holds for (a, y) € (X x X)\ M, where M € Ty. Since 71 
and Z» are conjugate, there exists a set U C X, U € Tj, such that 


M[a] €T, forve X\U. (17.6.4) 
For every z € X the set UU(—U +2) belongs to Z; (Lemma 17.5.1), and X \[UU(—U 
+ 2x)] 4. So there exists a w(z), 
w(x) € X\ [UU (-U+2)]. (17.6.5) 
Relation (17.6.5) means that w(a) ¢ U and « — w(a) ¢ U, whence by (17.6.4) 
M|w(x)] € Z, and M|x — w(zx)] € Zi, and consequently also 
Az = M[w(2)] U (- w(x) + M[x — w(2)]) € Th. (17.6.6) 


Now we prove that for every x € X the expression 


f(a+y) — f(x) (17.6.7) 


(considered as a function of y) is constant Z;-(a.e.) in X; more exactly, we will prove 
that for y € X \ Az expression (17.6.7) does not depend on y. Take a y € X \ Ag. 
Then y ¢ M[w(2)] and w(z) +y ¢ M[x — w(2)], ie, 
(w(x), y) ¢ M and (x — w(2),w(xz) +y) ¢ M. 
Hence 
f(at+y) = f(e@—w(2)) + f(w(e) + y) = f(x — w(x) + f(w(2)) + FY), 
or 
f(et+y)— f(y) = f(e-w(2)) + f(wa)), y ¢ Ae, (17.6.8) 
and the right-hand side of (17.6.8) does not depend on y. 
Now we define the function g: X — Y by 
g(x) = f(x@—w(a)) + f(w(z)), ceEX. (17.6.9) 


We will show that g is homomorphism. Fix arbitrary u,v € X. We may find z,s,t € X 
such that 
a¢ AyyyUUU[-(utv) +7], 
s¢(-x+A,)UM[z] UUU [-(v+2)+U], 
t¢[-—(vt+ats)+A,]UM[v+e4s]UM[s]U(—s+M[u+v+a)), 
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because by (17.5.2), by Lemma 17.5.1, and by (17.6.4) and (17.6.6) the right-hand 
sides of the above relations belong to Z;. Put y= a2+s5,z=v+a2+s+t. Then 
y ¢ A, and z ¢ A,, whereas x has been chosen so that « ¢ Ay». Thus by (17.6.8) 
and (17.6.9) 


glu) = f(ut+z)—f(2), g(v) = floty)—Fy), gute) = flutote)— f(x). (17.6.10) 


Further, s ¢ M[a], ie., (v,s) € M,andt ¢ M[v+a+sl,ie., (v+e+s,t) € M. This 
implies that 


f(y) = f(a +8) = f(x) + f(s) 
and 
fiz) =futa+s+t)=flute+s)+fO)=futy)t+f, 
whence 
—f(a)+ fy) = fs), —fl+y)+ fz) = FM). (17.6.11) 
Finally, ¢ ¢ M[s], ie., (s,t) ¢ M, and s+t¢ Mlu+v+al,ie, (ututa,s+t) ¢M. 


Hence 


f(s)+f(t) = f(stt), f(ututa)+f(s+t) = f(utut+a+s+t) = f(u+z). (17.6.12) 


Now, by (17.6.10), (17.6.11) and (17.6.12) we have 


glu + v) — g(v) — gu) 
= f(utvta)— f(x) — [fwty)— fy] - [fut 2)- Ff) 
= f(ut+u+a) — f(z) + fly) — flut+y) + fle) — fut z) 
=f(u+vt+a)+ f(s) + ft) — fut z) 
= f(utvt+a2)+ f(s+t)— f(u+z)=0, 


glu + v) = g(u) + g(v). 
This holds for arbitrary u,v € X, which means that g is a homomorphism. 


Now take an arbitrary « € X \ U. By (17.6.4) and (17.6.6) A, U M[a] € Z1, so 
we may find a y € X \ (A; U M[z]). Since y ¢ Az, we have by (17.6.8) and (17.6.9) 


g(a) = fle+y)— f(y), (17.6.13) 


whereas, since y ¢ M[a], i-e., (,y) € M, relation (17.6.1) holds. (17.6.13) and (17.6.1) 
yield (17.6.2). Thus (17.6.2) certainly holds for all « € X \U, i.e., Zi-(a.e.) in X. The 
uniqueness results from Lemma 17.6.1. 


Conversely, we have the following 


Theorem 17.6.2. Let (X,+) and (Y,+) be groups (not necessarily commutative), and 
suppose that we are given a p.l.i. ideal Z in X. If f : X — Y is a function, and 
g:X > Y is a homomorphism, and if (17.6.2) holds T-(a.e.) in X, then f is Q(Z)- 
almost additive. 
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Proof. Let (17.6.2) hold for « € X \U, where U € T. Let 
A={(a,y)EXxX|xeUoryeU orx+yecU}=(Ux X)U(X x U)UM, 


where M is defined by (17.5.4). Clearly (U x X)U(X x U) € Q(Z), whence A € N(Z) 
in virtue of Lemmas 17.5.3 and 17.5.4. For (a, y) € (X x X)\ A we have f(x) = g(x), 
f(y) = gly) and f(a + y) = g(@ + y), whence 


f@+y) = gle +y) = 9() + oy) = fF) + FY), 
so (17.6.1) holds for (x,y) € (X x X)\ A, ie., Q(Z)-(a.e.) in X x X. 


The result of Theorem 17.6.1 can further be strengthened in the case of some 
particular ideals Z2. Suppose that we are given a p.l.i. ideal Z in X. If a function 
f:X —Y is II(Z)-almost additive, then there exists a set U € Z such that (17.6.1) 
holds for all (x,y) € (X x X) \ [(U x X) U(X x U)], or, in other words, for all 
x,y € X \ U. Conversely, if there exists a set U € T such that (17.6.1) holds for all 
x,y € X \U, then f is II(Z)-almost additive. Actually we can say more, as is seen 
from the following theorem of S. Hartman [137] (cf. also de Bruijn [64]): 


Theorem 17.6.3. Let (X,+) and (Y,+) be groups (not necessarily commutative), and 
suppose that we are given a p.Li. ideal I in X. If a function f : X > Y fulfils (17.6.1) 
for allxz,y © X \U, where U € T, then f is a homomorphism. 


Proof. As pointed out above, f is II(Z)-almost additive. II(Z) is a p.l.i. ideal in X x X 
and Z and II(Z) are conjugate (Lemma 17.5.3). By Theorem 17.6.1 there exists a 
homomorphism g : X — Y such that (17.6.2) holds Z-(a.e.) in X, ie., for x Ee X\ S, 
where S € Z. Take an arbitrary « € X. By Lemma 17.5.1 —(S UU) € TZ and 
—x +(SUU) € TZ, whence also [— (SUU)U(—x+(SUU))] € Z. Thus there 
exists a y € X \|—(SUU)U(—2+(SUU))]. This means that —y € S and x+y ¢ 5, 
whence 
f(-y) =9(-y), f(a@t+y)=g9(e+y), 


and —y g U, x+y € U, whence 
f(z) = fl@ty—y)= fle+y) + fl-y). 


Hence 
f(x) = g(@+y)+9(-y) = ge +y—y) = g(@), 
since g is ahomomorphism. Thus f = g in X, which means that f is a homomorphism. 


Theorem 17.6.3 can be formulated as follows. 


Corollary 17.6.1. Let (X,+) and (Y, +) be groups (not necessarily commutative), and 
suppose that we are given a p.Li. ideal I in X. If a function f : X — Y is I(L)-almost 
additive, then f is a homomorphism. 


Corollary 17.6.1 shows that in Theorem 17.6.2 Q(Z) cannot be replaced by an 
arbitrary p.Li. ideal Zz in X x X. 
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A similar conclusion can also be obtained from the following (de Bruijn [64]) 


Theorem 17.6.4. Let f : RY — R be an I2%-almost additive function. Then f is 
TZN -almost additive. 


Proof. Suppose that (17.6.1) holds for all (x,y) € R?% \ M, where M € 724, and 
choose a 3 < co such that m2‘ (M) < (. Take an arbitrary a > 0. By Lemma 17.5.2 
me ({x ER | me (M[z]) > B/a}) <a 

Let U = {x € RY | mi (M[z]) > B/a}. Then 

m(U) <a, (17.6.14) 
and 
me (M[z]) <B/a for ce RY \U. (17.6.15) 


Take an arbitrary x € R%. Since 
ma (UU (a —U)) < mX(U) + mB (x — U) = 2mN(U) < 2a < c, 


there exists a w(x) such that w(a) € U and x — w(x) ¢ U. Hence for the set Az, 
defined by (17.6.6) we have 

m (Az) < 28/a. (17.6.16) 
The argument in the proof of Theorem 17.6.1 shows that (17.6.8) holds. Define the 
function g: RN — R by (17.6.9) (X = RY). By (17.6.14) and (17.6.16) U € Z" and 
A, € ZI) (for arbitrary « € R), and so we may repeat the argument from the proof 
of Theorem 17.6.1 to show that g is a homomorphism. For every 2 € R‘ \U we have by 
(17.6.15) M[a] € ZN, whence A,UM[z] € ZN, and there exists a y € RY \(A,UM[z]) 
so that we have (17.6.13) and (17.6.1). Hence g(x) = f(x) for z € RX \ U, ie., ZN- 
(a.e.) in RY. By Lemma 17.6.1 the function g is independent of U, and hence of a. 
Letting in (17.6.14) a — 0, we obtain (17.6.2) Zj’-(a.e.) in RY. 

Let U C RN be a set of measure zero such that 


f(x) = g(a) for x € RX \U. 
Let T : R?% — R2 be the linear transform 
T(z,y)=(z,y—2), 2,y eR. 
Put 
Z = {(z,y) eR’ |x+ye Uh}, ae ie 


Thus Zo is Lebesgue measurable and m? (Zo) = m‘ (R oe = 0. By Corollary 
3.2.1 the ae Z = T(Zo) is Lebesgue measurable and m? aN (Zo) = 0. Since 
evidently m?% [(UxR¥)U(RN xU)] = 0, we have (Ux! Ry eee € 72%, and 
the argument in the proof of Theorem 17.6.2 shows that f is Z}-almost additive. 
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In the case where X = RY, Y = R, a homomorphism from X to Y is an 
additive function. In such a case we can infer from a regularity of f to the continuity 
of g fulfilling (17.6.2) Z-(a.e.), at least for some p.li. ideals J. The reader will easily 
formulate the corresponding results (cf. also Exercises 17.12 and 17.13). 

Finally let us observe that the questions considered in the present section be- 
long to the area of conditional Cauchy equations, or Cauchy equations on restricted 
domains (cf. the end of 13.6). 


17.7 Almost polynomial functions 


Let Z be a proper ideal in R?%. We say that a function f : RY — R is Z-almost 
polynomial of order p iff 


my _ : 2N 
Ay f(z) =0 T-(ae.) in R™. (17.7.1) 
In virtue of Corollary 15.1.2 relation (17.7.1) can also be written as 


p+l 


Sele e ') fe +ky)=0 T-(ae.) in R?%, (17.7.2) 
k=0 


or, equivalently, in the form 


pti 


(—1)?*? f(z) = Soc-pP* Ca ') fe +ky) T-(a.e.) in R2%, 


k=1 


whence, after dividing both the sides by (—1)?*1 and observing that (—1)~*"! = 
(-1)*"?, 


p+1 


f(a) = 0(-1)*"? a ') f(e+ky) Z-(ae.) in R?%. (1073) 


k=1 


In the present section we are going to prove analogues of Theorems 17.6.1—17.6.4 
for almost polynomial functions (Ger [99]). 


Theorem 17.7.1. Let Z be a p.li. ideal in R fulfilling the condition 
IfAET anda€eR, then aA€e T. (2) 


Ifg: RX = R is a polynomial function of order p, and f : RN — R is a function 
such that 
f(x) =9(x) T-(ae.) inRY, (17.7.4) 


then f is an Q(Z)-almost polynomial function of order p. 


Proof. Suppose that 
f(x) = g(x) for ER \S, (17.7.5) 


where S € TZ. For every fixed k € NU {0} the set 
Ax = {(z,y) € R°™ | a+ ky € S} 
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belongs to Q(Z). In fact, if k = 0, then 
Ao = {(z,y) € RN |ce S$ =SxR, 


which is in Q(Z). If k £0, then 
1 
ae (eu) ER | kye S—2} = {(0,y) eR | ye 7(s-2)}, 


and so A;[2] = —(S — x) € T by (i) and by Lemma 17.5.1, for every x € R. This 


1 

k; 
p+l 

means that A, € 2(Z). Consequently also LU Ax € Q(Z). 

k=0 


p+l 
If (z,y) € R2% \\ U Ag, then x+ ky ¢ S for k =0,...,p +1, and by (17.7.5) 
k=0 


f(a+ky) = g(a+ky) fork =0,...,p+1. 
Hence, since g is a polynomial function, 


pti p+l 


Sones a f(a + ky) = S-(-1)?41-# & ') ale fi) 0: 


k=0 k=0 


p+ 
Thus A?*? f(x) = 0 for (x,y) € R?% \ U Ag, ie., O(Z)-(a.e.) in R24. 
k=0 


Lemma 17.7.1. Let Z be a p.Li. ideal in R% fulfilling condition (i). If 91,92: RN ~R 
are polynomial functions of order p such that 


gi(t) = go(x) T-(a.e.) inR, 
then gi = g2 in RN. 


Proof. Let 
gi(x) = go(x) for z €R* \ S, (17.7.6) 


prly 
where S$ € TZ. Take an arbitrary z € RN andayeER*\ U 7 (5-2). Then «+ky ¢ S$ 
k=1 


fork =1,...,p+1, and by (17.7.6) gi(a+ ky) = go(x + ky), k=1,...,p+1. Hence 
(comp. formula (17.7.3) 


p+l p+l 


ante) = So—ay4 (PP) an(e ty) = Sa (PE) ge + ky) = le 


k=1 k=1 


This shows that g; = gz in RY. 
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Theorem 17.7.2. Let Z; and Zz be conjugte p.l.i. ideals in RN and R?% , respectively, 
such that Z, fulfils condition (i). If f : RN — R is an Z2-almost polynomial function 
of order p, then there exists a unique polynomial function g : RN — R of order p such 
that (17.7.4) holds with T = Ty. 


Proof. Suppose that 
+1 _ 2N 
At f(x) =0 for (x,y) Ee R™ \ M, (17.7.7) 


where M € Zp. Since Z; and Zz are conjugate, there exists a set U C RN, U € T, 
such that 
M[z] €Z, for € RN \U. (17.7.8) 


By (i) and Lemma 17.5.1 we have for every « € RN 
p+l 

Ar=U 

k=1 


Thus there exists a function y : RN — RY such that 


(aie Ei (17.7.9) 


ed 


p(x) =0 fora ¢U, (17.7.10) 
pia) A, for xe U. (17.7.11) 
We put 
pri 
g(x) = Seen (Pt *) te bel). (17.7.12) 
k=1 


pti p+l 
Since 0 = (1-1)? = & (?7*)(-1)*, we have Das) = 1, whence by 
(17.7.10), for ERY \U 


es led 7 
ata) = Sy?) 1) =F) 


Thus f(x) = g(x) for  € RN \ U, ie., Zy-(a.e.) in R%. It remains to show that g is 
a polynomial function of order p. To this aim we show first that, for every x € RN, 


ptl 


g(a) = do(-)? (a ') £@ +ky) for y ¢ Ae. (17.7.18) 


Take an arbitrary « € R%. If x € U, then v(x) ¢ Ay by (17.7.11). If x ¢ U, then 
by (17.7.10) p(x) = 0. If we had 0 € Az, then there would exist a k € {1,...,p +1} 


such that 0 € ra — x) (cf. (17.7.9)), whence 0 € U — 2, and x € U, contrary to 
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the supposition. Thus v(x) ¢ Az for every x € RY. Take an arbitrary y ¢ Az. By 
(17.7.9) we have 


t+kyp(a) ¢U,a+ky¢U fork =1,...,p+1, (17.7.14) 


whence by (17.7.8) M[x+ky(x)] €Z, and M[x+ky] € Z; for k =1,...,p+1. Thus 
there exists a z € R% such that 


p+l 
z¢U [(Mla + ky] — 9(#)) U(M[x + ky(a)] — y)]. (17.7.15) 
k=1 


Relation (17.7.15) implies that y(x) + kz ¢ M[x + ky] and y+ kz ¢ M[x+ky(a)], 
k=1,...,p+1,ie, (c+ ky, g(x) + kz) ¢ M and (2 + ky(x)y + kz) ¢ M for 
k=1,...,p+1. Hence, by (17.7.7) and (17.7.3), 


pti 

f(x +ip(z)) = So(-p)Ft ‘e ') e+ ip(x) +k(y+iz)), i=1,...,p+1, 
k=1 
ptl 

f(a+ip(z)) = So(-pFt i ') se+ ky +i(y(z)+kz)), i=1,...,p+1. 
k=1 


(17.7.16) 
Similarly, we have by (17.7.7) and (17.7.3) 


p+ 
f(atky) = So)? i ') slerkui(ele)+ke)) k=1,...,p+l1. (17.7.17) 


i= 


We have by (17.7.12) and (17.7.16) 


=F -1y9(P22) Heayes (P41) she thy ile) + 2) 


= ie ee Peal ky + i(p(x) + kz)), 


whence (17.7.13) results in view of (17.7.17). 
Now we take arbitrary u,v € R%. Choose an x € R® \ A, (cf. (17.7.9)), and 


p+ 
yeR™\ {4 UU - [(Auteo — £) U (M[u + ka] — v)] ; (17.7.18) 
k=1 
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Since x ¢ Ay, we have by (17.7.9) u+ ka ¢ U for k =1,...,p+1, and by (17.7.8) 
M{u+ ka] € TZ; for k =1,...,p+1so that the set in brackets on the right-hand side 
of (17.7.18) belongs to Z; and such a choice of y is possible. By (17.7.18) we have 
xc+ky ¢€ Autry for k = 0,...,p+1 (for k = 0 this follows from the choice of z), 
whence by (17.7.13) 


= afer! 
g(u+ kv) = S°(-1) ( ; ) flu + ku + i(a + ky)) (17.7.19) 
p+1 
=3 y(t) su iat+k(ut+iy)), k=0,...,p+1. 


Similarly (17.7.18) implies that v + iy ¢ M[u + ia], ie., (u+ia,u+iy) ¢€ M for 
i=1,...,p+1. Hence by (17.7.7) and (17.7.2) 


p+l 


pe gama aa ') su ie k(u+iy))=0, i=1,...,p+1. — (17.7.20) 
k=0 


Now we have by (17.7.19), (17.7.20), and Corollary 15.1.2, 


Apttg(u) = So-1yet* (PEE) ut be 


k=0 
= Sica Ce ‘) Say (’ j ‘) f(ut ix + k(v + iy) 
= Sn @ ‘) Sy i ‘) su + iz + k(v + ty)) =0. 


This means that g is a polynomial function of order p. The uniqueness of g results 
from Lemma 17.7.1. 


Theorem 17.7.3. Let Z be a p.l.i. ideal in R™ fulfilling condition (i). If a function 
f: RY SR fulfils the condition 


+1 = 
Art! f(x) =0 (17.7.21) 
for all x,y RN \U (pEN fired), where U € T, then f is a polynomial function of 


order p. 


Proof. The function f is II(Z)-almost polynomial. It follows by Theorem 17.7.2 that 
there exists a polynomial function g : RY — R, of order p, such that (17.7.5) holds 
with an S € Z. Relation (17.7.21) can equivalently be written as (cf. (17.7.3)) 


pt+l 


p+1 
ene ee {ie +> (1) ee ‘) flat mn} ; (17.7.22) 
k=2 


and (17.7.22) holds for all x,y € RN \ U. 
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Take an arbitrary x € R%, and choose an & such that 
p+1 1 
rer™\ fisumuee-uY Asma h (17.7.23) 


Put y = 7 — &. By (17.7.23) GE S,Z+k 
k = 2,...,p+1, whence by (17.7.5) 


Keg 
II 
al 
+ 

> 
o 
| 
es! 
II 
ca 
8 
+ 
san 
| 
oe 
8 
mA 
H 


f(@) = 9(@), flE+ky) = g(@+ky), k=2,...,p+1. (17.7.24) 


Further, again by (17.7.23), @ ¢ U and y = «—& € U, whence by (17.7.22) we obtain 
in view of (17.7.24) 


p+l 
fle) = fla+y=— {a+ S-0(?")se+ mn} 


ae eS 
pt 
-— {a0 +c? y ate+ mn} = (2+ 9) = 912) 


since g is a polynomial function of order p. Thus f = g in RY, i.e., f is a polynomial 
function of order p. 


Theorem 17.7.4. Let f : RN — R be an T2N-almost polynomial function of order p. 
Then f is an T2N -almost polynomial function of order p. 


Proof. Suppose that (17.7.21) holds for (z,y) € R?% \ M, where m2%(M) < oo. 
Choose a 3 such that m2%(M) < 8 < ov, and take an arbitrary a > 0. Let 


U = {xe RX | m2 (M[s}) > B/a}. 


By Lemma 17.5.2 
mN(U) <a. (17.7.25) 


By exactly the same argument as in the proof of Theorem 17.7.2 we show that there 
exists a unique polynomial function g : RN — R, of order p, such that f(x) = g(2x) for 
x ER \U, i-e., ZN-(a.e.) in RY. By Lemma 17.7.1 the function g is independent of a. 
Letting in (17.7.25) a — 0 we see that f(x) = g(x) Z-(a.e.) in RY. An argument as 
at the end of the proof of Theorem 17.6.4 shows that f is an Z24-almost polynomial 
function of order p. 


17.8 Almost convex functions 


In order to extend the most important results of 17.6 to the case of convex functions 
we must make stronger assumptions about the occurring ideals. Suppose that Z, is 
an ideal in R”, Z is an ideal in R?%, and let T : R?% — R?% be a linear transform 


1 
T(x,y)=5(@t+y,e—y), cy eR”. (17.8.1) 


516 Chapter 17. Nearly Additive Functions and Nearly Convex Functions 


We assume that Z, and Z» fulfil the conditions: 
(i) If AE Z, andae€R, then aA € 7; 
(it) If A € Zo, then T(A) € Zo, where T is given by (17.8.1). 

Observe that the ideals Z; = 23’, Zz = T}% fulfil conditions (i), (4d) in virtue 
of Corollaries 3.2.1 and 3.2.2. Similarly, the ideals Z; = Ty, Tz = TN fulfil con- 
ditions (7), (27), since the multiplication by a number a ¥ 0, and transform T, are 
homeomorphisms. (For a = 0 (i) is trivial). 

Lemma 17.8.1. Let Z; be a p.l.i. -ideal in RN fulfilling condition (i). If D C R™ is 
a non-empty open set, then D ¢ Ty. 


Proof. Suppose that there exists a non-empty open set D C R% such that D € Jj. 
Let u € D. By Lemma 17.5.1 D— wu € J, and by (i) n(D — u) € J, for alln EN, 
whence, since Z, is a o-ideal, 


U n(D—u) ET). (17.8.2) 


Take an arbitrary x € R%. Since D — u is a neighborhood of zero in R, there exists 
ann € N such that «/n € D—u, whence x € n(D — u). This shows that 


U n(D—u) =R*, 
n=1 


and so (17.8.2) implies that RY € Z,, which contradicts the fact that Z, is proper. 


Lemma 17.8.2. Let Z,; and Z2 be conjugate p.Li. ideals in RN and R?%, respectively, 
and let A € Ig. Then 


Uz, ={heER® | (a,2+h)e AbeT, T,-(a.e.) in RN. 
Proof. h € U, means (4,7 +h) € A, or r+he Ala], i-e., h € Ala] — x. Thus 
U,z,=Alz|—a2, «eR. (17.8.3) 


Since A € Ty and Z, and Zp are conjugate, we have A[z] € Z, Z,-(a.e.) in RY whence, 
by Lemma 17.5.1, also A[z] — x € TZ; T1-(a.e.) in R%. Hence by (17.8.3) Ux € Ti 
T,-(a.e.) in RN. 


Lemma 17.8.3. Let Z, and Zz be conjugate p.l.i. ideals in RN and R?%, respectively, 
and assume that Tz fulfils condition (ti). Let A € Tz. Then 


V,={heER |(at+tha—h)e AbeT, T-(ae) nR. (17.8.4) 


Proof. Since transform (17.8.1) is invertible, we have (u,v) € A if and only if T(u, v) € 
T(A), for arbitrary u,v € RY. Thus h € V, means (x + h,x — h) € A,which is 
equivalent to T(a+h,x«—h) € T(A), or, by (17.8.1), to (x, h) € T(A), ie. h € T(A)[a]. 
Consequently 

Ve =T(A)[z], ceER. (17.8.5) 
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By (ii) T(A) € Z2, whence T(A)[a] € Z1 Z1-(a.e.) in RY, since Z; and Zz are conjugate. 
(17.8.4) now results from (17.8.5). 


Lemma 17.8.4. Let Z, be a proper c-ideal in RX, let DC RX, D ¢ Ty, and let 
f : D—= [-c,0o) and g: D > [—~w, 00) be functions such that 


f(x) = g(a) T-(a.e.) in D. (17.8.6) 
Then 

T,- infess f(x) = T,- infess g(x). (17.8.7) 
Proof. Let U € TZ, be such that 

f(x) = g(a) for «2 € D\U. (17.8.8) 
By Lemma 17.5.8 there exists a set A € Z, such that 


T,- infess fley= are): (17.8.9) 


We have AUU € J, whence by (17.8.9) 


- infess = inf < inf < T,- inf ; 
Ty infess f(z) oe Bota? © 1 infess f(z) 


whence 


Aas f(a) =Ti- infess f(z). (17.8.10) 


By (17.8.8) f(x) = g(x) for x € D\ (AUU) Cc D\U, whence by (17.8.10) 


-infess f(x) = _ inf — inf < T,-infess g(x). 
Ty infess f(z) mone f(z) pear iu 1 infess g(a) 


Since the roles of f and g are symmetric, we may interchange f and g in the above 
inequality, whence (17.8.7) results. 


Lemma 17.8.5. Let D CR be a conver and open set, and for every x € D put® 
D, = {hE RN |cx-heDandt+he D} =(4-D)n(D-2). (17.8.11) 


Let T, be a p.Li. o-ideal in RX, and let f : D — [—00, 00) and g: D = [-00, 00) be 
functions fulfilling (17.8.6). Then, for every x € D, 


é 1 : 1 
7, - infess 5 [f(a +h) + f(x —h)] = T,-infess 5 [9(@ +h) + g(a —h))]. 


8 Thus Dz is a non-empty (since 0 € Dz) open set, whence by Lemma 17.8.1 Dz ¢ Ti. 
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Proof. Let U € Z, be such that (17.8.8) holds. We have f(a +h) = g(x +h) for 
t+he D\U,i-e., for h € (D\U)—« = (D—«x)\(U—2). Similarly, f(a—h) = g(a—h) 
for h € (x«—D)\(a-U). If h € Dz\ |(U—2z)U(2—-U)], then h € D, = (D—2x)N(x—D) 
and h ¢ (U —x)N(«—U), whence h € [(D-—2) \(U—2)] N [(e@— D) \ (x —U)], and 
f(at+h)=g(a+h), f(a —h) = g(a — h). Consequently 


[9(a+h)+9(a—h)] for h € Dz\ |(U—2)U(«—-U)]. 


NlR 


5 [fla+h)+ f(e—A)] = 


By Lemma 17.5.1 U — x2 € TZ; and « —U € JT, whence also (U — x) U(x —U) € Ty. 
Thus the lemma follows from Lemma 17.8.4. 


Lemma 17.8.6. Let D C R% be a convex and open set, let Z, be a p.li. c-ideal in RN 
fulfilling condition (i), and let f : D— R be a convex function. Then 


‘ 1 
f(a) = T,-infess 5 [f(c+h) + f(x —h)]. (17.8.12) 
Proof. Fix an x € D, and let A € J, be arbitrary. By (7) 


BS U 2"[AU (—A)] € Zh. 


n=0 


For arbitrary h € D, \ B we have? +2-"h € D,\ A,n =0,1,2.... By Theorem 6.1.1 
(cf. also Exercise 6.2) 


lim f(a@+2-"h) = f(a), 


n—oo 


whence 


nNn—Co 


iit ; [fle +2-"h) + fle —27"A)] = flo), 
and ; 
Le 5 [f(w+h)+ f(x —h)| < f(z). (17.8.13) 


On the other hand, we have by the convexity of f 


f(z) < = [f(e@+h) + f(x—h)] 


for every h € D,, whence 


f(z) < ath 5 [f(c+h)+ f(x—h)]. (17.8.14) 


9 By Theorems 5.1.1 and 5.1.2 Dz is a convex set (Dz # @, since 0 € Dz), and clearly Dz is 
symmetric so that if h € Dz, then also —h € Dz. Hence, for every h € Dz and nE N, 


+2-"h =2-"(+h) + (1—27-")0 € Dy. 
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By (17.8.13) and (17.8.14) 


. [f(e+ h) + fle— hy]. 


= inf 
h€Dz\A 2 


f(x) 


This is valid for arbitrary A € Z,. Taking the supremum over all A € Z, we 
obtain (17.8.12). 


Corollary 17.8.1. Let D C R% be a convex and open set, let Z, be a p.li. o-ideal in 
RY fulfilling condition (i), and let f : D > R and g: D — R be convex functions 
such that (17.8.6) holds. Then f = g in D. 


Proof. By Lemmas 17.8.6 and 17.8.5 


f(a)= is ; [f(x +h)+ f(x- h)| 


= T,- infess ; [g(a + h) + g(a — h)] = g(2) 


for every « € D. 


Now let D C R% be a convex and open set, and let f : D — [—00,00) be a 
function. Let Zz be a proper ideal in R?%. If 


7 (248) < 410 


T2-(a.e.) in D x D, 


then f is called Z2-almost convex in D. 


Lemma 17.8.7. Let D C R% be a convex and open set, and suppose that we are given 
conjugate p.li. o-ideals I, and Iz in RN and R?%, respectively, such that Z, fulfils 
condition (i). If f : D > [—o0, co) is an T2-almost convex function fulfilling (17.8.12), 


then 
5 (24) < Me) + £0) (17.8.15) 


for every x,y € D. In particular, if f is finite, then it ts convex. 


Proof. By Lemma 17.5.8 for every x € D there exists a set A, € Z1 such that 


Tr-infoss 5 [fla +h) + fle h)] = int, 5 [Fe +h) + s@—h)], 


whence by (17.8.12) 
f(z) <=[f(e@+h)+f(e@—h)] for he Dz \ As. (17.8.16) 


Put 


z={(nneDxd|\s(2tt) > ery, (17.8.17) 
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Since f is Z2-almost convex, Z € Tz, and consequently, since Z; and Z2 are conjugate, 
Z|a] € Z, Z1-(i.e.) in D. Thus there exists a set U € ZT; such that 


ZialeZ, force D\U. (17.8.18) 


For every « € D we choose an arbitrary a, > f(a) and we put 


By = {he Ds 


1 
5 [f(a +h) + f(x —h)] <ayh. 
Suppose that for an « € D we have B, € J). For h € D, \ By we have 


[f(a+ h) + f(@—h)] 2 ae, 


ND] rR 


whence by (17.8.12) 


T,- infess : [f(eth)+fa@-h] > oe ; [f(e+h) + f(e—h)| 


20g > TQ) = Tr-infoss 5 [f(a+h)+ f(x —h)]. 


The contradiction obtained shows that B, ¢ TZ, for x € D, and thus, for every « € D 
and every set V € 7, we have 


B,\V#@, c€D, VET. (17.8.19) 
1 
Now take arbitrary x,y € D, and put z = 5 (a+ y) € D. By Lemma 17.5.1 and 
by (17.8.19) there exists an 
h’ € B, \ (ec -U)U(U—2)). (17.8.20) 


In particular, e — h’ € U and « +h’ € U, whence by (17.8.18) Z[x — h’] € TZ, and 
Z\a +h’'| € Z,. Again by Lemma 17.5.1 and by (17.8.19) there exists an 


h” € By \ [(y— Z[x—h']) U (Z[@ +h] —y) U (2A, —h’)]. (17.8.21) 


Hence y—h” ¢ Z[x —h'] and y+h" € Zia +h’), ie, (a@ —h’,y—h") € Z and 
(ath’,y+h") € Z. Hence by (17.8.17) 


WER" fe) + f=") 


Leo) S ; (17.8.22) 
fle ap h! 5 By < f(x + h’) 5 fy + a (17.8.23) 


1 
Further, it follows from (17.8.21) that 5 (h' + h"”) ¢ A,, whereas by (17.8.20) and 
(17.8.21) h’ € Bz, C Dz, hk" € By C Dy. This means that x — h’,x +h’ € D and 
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1 1 
y—h",y+h" € D, whence, since D is convex, a5 (h’ +h") = 5 [(cz—h')+(y—h")] 


1 1 1 
D, and z+ 5 (hi +h") = 5 [(x@ +h’) + (y+h”)] € D. Consequently 5 (h’ +h") € Dz, 


1 
and thus 5 (h’ +h”) € D, \ Az. Hence by (17.8.16) 


1 (2+ * )+r(-*)]. (17.8.24) 


Since h’ € B, and h” € By, we have 


ND] Fe 


fla < 


; Fetrye fle=h)| <a3 (17.8.25) 
; [fy th") + fy—h')] < ay. (17.8.26) 


Relations (17.8.24), (17.8.22), (17.8.23), (17.8.25) and (17.8.26) yield 


F(2) <Z[Fle =H) + Fly B+ F+W) + Fy HY] < 5 (ae +04). 
=f 


Letting az (x), dy — f(y), we obtain hence (17.8.15) in view of the definition of z. 


With the notation from Lemma 17.8.7, we put 
1 
g(a) = Ty- infess 5 [f(c@ +h) + f(x —h)], xe D. (17.8.27) 


Then 


g(a) = ink, 5 lle +h) + fea) < oo. 


Thus g is a function g : D > [—00, 0). 
Lemma 17.8.8. Let D C R% be a convex and open set, and suppose that we are given 
conjugate p.li. o-ideals I, and Zz in RN and R2%, respectively, fulfilling conditions 
(2) and (it). If f : D> R is an T2-almost convex function, and g : D — [—co, 00) is 
defined by (17.8.27), then (17.8.6) holds. 
Proof. Let Z denote set (17.8.17) so that Z € Z2, and let 

U, = {he D, | (a,x +h) € Z}, Vz, ={he Dz |(a@+h,x—h) € Z}. 


By Lemmas 17.8.2 and 17.8.3 U, € Z; and V, € Z; T1-(a.e) in D, ie., there exists a 
set S € Z, such that 


U, € Ly and Vz €T, forxeE D\S. (17.8.28) 
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Fix an arbitrary set A € Z; and put for every x € D\ S 


i U 2”[AU (—A) UU, U (—U;) UVa]. 


n=0 


By (i) and (17.8.28) we have B, € TZ; (w € D\S), since ZT; is a o-ideal. For every 
he D, \ By, we have 


+2°-"h¢d A, 42°"hEUz, 27hEVz, n=0,1,2,... (17.8.29) 


In particular, h ¢ V,, whence (a +h, —h) ¢ Z, and by (17.8.17) 
f(x) <5 [fle+h) + f(w—h)]. 


Consequently, in view of (17.8.27), 


fle) < ink, 5 [Fle +h) + fe) 
< Tr-infoss ; [fle +h) + f(@—A)] = 9(2). (17.8.30) 


On the other hand, we have by (17.8.29) for h € Dz \ Bz 


(a,2+2°-"h) € Z, m= 0,124.2, 


whence by (17.8.17) 


flee Mn) = (EASA) ees: n=0,1,2,... 


2 2 
Hence 
f(x+2-@*Yn) — f(x) < ; [f(2@+2-"h) — f(z)], n=0,1,2,..., 

and 

lim sup [f(@+2-"h) — f(x)] = lim sup [f(2@+2- Yh) — f(2)] 

< 5 limsup [f(a +2-"h) — f(a)]. 

Hence 

[limsup f(x 2-"A)] — fw) = limsup [f(x + 2-"h) ~ f@)] <0, 
or 


lim sup f(a +27"h) < f(z). 


n—oo 
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Hence also 


limsup 5 [f(a +2-"h) + f(x —2-"h)] < f(z). (17.8.31) 


n—-Co 


By (17.8.29) £2-"h ¢€ A, n =0,1,2,..., and so we obtain from (17.8.31) 


cp yg eth) + se m)] < J), 


and, since A has been arbitrary set from Z;, (cf. (17.8.27)), 


gle) = Tr-infess 5 [fle + h) + fle —h)] = 


= eUP atl [f(a+h) + f(x—h)] < f(a). (17.8.32) 


Inequalities (17.8.30) and (17.8.32) yield the equality f(x) = g(x), valid for x € D\S, 
ie., Z1-(a.e.) in D. 


Lemma 17.8.9. Let D C R% be a convex and open set, and suppose that we are given 
a p.l.i. ideal I, in R® fulfilling condition (i). If f : [-00,00) is an Q(Z,)-almost 
convex function, and g : D > [-co,00) is a function fulfilling (17.8.6), then g is 
Q(Z1)-almost conver. 


Proof. Let 
f(x) = g(x) for x € D\ S, (17.8.33) 


where S € 71, and put 
A={(az,y)€ Dx D|xeES, orye S, orxr+ye€2S}=(Sx D)U(Dx S)UM, 


where M is defined by (17.5.4) with U = 2S € T, (cf. (é)). Clearly (Sx D)U(Dx S$) € 
Q(Z1), whereas M € Q(Z,) in virtue of Lemma 17.5.4. Hence A € Q(Z,). Let Z be 
the set defined by (17.8.17). Since f is Q(Z,)-almost convex, Z € Q(Z,), whence also 
AU Z €Q(Z,). For (x,y) € (D x D)\ (AU Z) we have 


f(z)=9(2), fy=9%), fF (=) =9 (=) 


and 


Hence 


r (=) -f (=) é Moye ty) = soy ely) 


holds for (a, y) € (D x D)\ (AU Z), ie., Q(Z1)-(a.e.) in D x D. 
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The following two theorems (Kuczma [178])are analogues of Theorems 17.6.2 
and 17.6.1. 


Theorem 17.8.1. Let D C R® be a convex and open set, and let Z, be a p.li. ideal in 
RY fulfilling condition (i). If g: D — R is a convex function, and f : D — [—o0, 0) 
is a function such that (17.8.6) holds, then f is Q(Z,)-almost convez. 


Proof. We always have @ € Q(Z;1), so g is, in particular, 0(Z,)-almost convex. The 
theorem results now from Lemma 17.8.9 (the roles of f and g are interchanged). 


Theorem 17.8.2. Let D C R™ be a convex and open set, and suppose that we are given 
conjugate p.l.i. o-ideals I, and Zz in RN and R2%, respectively, fulfilling conditions 
(2) and (ii). If f : D > R is an T2-almost convex function, then there exists a unique 
convex function g: D—R such that f(x) = g(x) T1-(a.e.) in D. 


Proof. Define g : D — [—co, 00) by (17.8.27). By Lemma 17.8.8 relation (17.8.6) 
holds. By Lemma 17.8.5 and (17.8.27) 


g(x) = T1-infess ; [f(e+h) + f(x—h)] 


heDz 


: 1 
- Z,- infess 5 [g(a +h) + g(a —h)]. (17.8.34) 


By Lemma 17.5.3 we have Zz C Q(Z;), whence it follows that f is Q(Z,)-almost 
convex. By (17.8.6) and Lemma 17.8.9 the function g is 2(Z,)-almost convex. Using 
Lemmas 17.8.7 and 17.5.3 we infer from (17.8.34) that 


; (: : s) Z 4 (17.8.35) 


for all 2, y € D. 
In virtue of (17.8.6) there exists a set S' € Z, such that (17.8.33) holds. Take an 
arbitrary « € D. We may find a y € D\ [SU (2S — z)]. Then y € D\ S and, since 


D is convex, on € D\ S. Hence g(y) = f(y), g (=) - (“=*), and by 


(17.8.35) 
ote) > 29 (EH) — ty) = 27 (SE) — fy) > -2e 


Thus g is finite, and hence (cf. (17.8.35)) it is a convex function g : D — R. The 
uniqueness of g results from Corollary 17.8.1. 


17.9 Almost subadditive functions 


The results concerning almost subadditive functions (Ger [110]) are at least satisfac- 
tory among those in this chapter. Let Zz be a p.L.i. ideal in R? fulfilling the following 
condition. Let T : R?% — R?% be the linear transform: 


T(a,y)=(e+y,y), wy eR’. (17.9.1) 
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We assume that: 
(i) For every A € Zz also T(A) € Z2, where T is given by (17.9.1). 
However, let us observe that most important ideals in R? (listed in 17.5) fulfil 
condition (¢). 
Let CC R® be a set fulfilling condition (16.1.3). (This means that (C, +) is a 
subsemigroup of (R‘, +)). A function f : C > R is called Zp-almost subadditive in 
C iff the inequality 


fla+y) < fla) + Fy) (17.9.2) 
holds Z2-(a.e.) in C x C. For every x € C write 


Cp =CN(@—-C) ={hEC|x—-heEc}. (17.9.3) 


We will need the following 


Lemma 17.9.1. Let C € R™ be a set fulfilling (16.1.3). For every 2,y € C andh € Cy, 
we have 
Cpe Cis: (17.9.4) 


Proof. Take arbitrary x,y © C,h € Cz, and t € Cy. By (17.9.3) t,y—t,h,w-he C, 
whence also 
t+heC and y-t+2-hed, 


since C' fulfils (16.1.3). Hence t € C—handte€ (x+y—C) —hA, ie., 


te [CN (a@+y—C)] —h=Coyy—h. 


Hence (17.9.4) follows. 


In the sequel we assume that Z; is a p.Li. o-ideal in RY fulfilling the condition 
C,¢ Ti for every x € C, (17.9.5) 

where C,, is defined by (17.9.3). Condition (17.9.5) implies, since C, C C, that also 
CéTy. (17.9.6) 


Lemma 17.9.2. Let C C R% be a set fulfilling (16.1.3), and suppose that we are given 
conjugate p.l.i. o-ideal TZ, in R% fulfilling condition (17.9.5) and p.l.i. ideal Zz in R2. 
Let f : C > R be an T2-almost subadditive function. Then the functionp:C—R 
defined by'® 

p(z) = —T,-infess [f(h) — f(a +h), rec, (17.9.7) 


is subadditive, and fulfils the condition 


p(x) < f(z) T,-(a.e.) in C. (17.9.8) 


10 The expression —Z1- infess | — F(x)] is also denoted by Zi-supess F(x) = inf sup F(x), and is 
B B AceT, B\A 


referred to as the essential supremum (with respect to Zi) of F on the set B ¢ Ty. 
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Proof. By Lemma 17.5.8 for every x € C there exists a set A, € Z; such that 


p(a) = a [f(x +h) - f(h)]. (17.9.9) 

Take arbitrary x,y € C. Then we have by (17.9.9) 
p(x) > f(a +h) — f(h) for he C\ Ag, (17.9.10) 
vly) = f(y+k) — f(k) for ke C \ Ay. (17.9.11) 


Let B = A, U(A, — 2) so that B € Z). By (17.9.6) C\ B # @, and thus there exists 
at€C\ B. For such at we have t ¢ A, and «+t ¢ A,, whence, taking in (17.9.10) 
and (17.9.11)h=1landk=2+t, we get 


p(x) > f(x+t) — fd), gly) 2 flyt+e+t)— fet t), 


and 
g(x) + ply) = f(@+ytt) — fd). 
Hence 


y(z)+9(y) > sup [f(e+y+t)— flO] 
teC\B 


gage [F®) -fa+y+?)] 


> pol (- pt Ue sera +o) 


seat ne [f() — f(e@t+tyt+d] 


= —T,- infess [f() — fa@+y +] =e@+y). 
Thus vy is subadditive. 
Since f is Zj:-almost subadditive, there exists a set M € Z2 such that (17.9.2) 


holds for all (x,y) € (C x C)\ M. Since Z; and Z2 are conjugate, there exists a set 
U CRY, U €Q, such that 


M{a] = {y ERX | (2, y)€ M} eT, for c ER \U. 
Take an x € C\U C RN \U. Then for h € C\ M[z] we have f(x+h) < f(x) +f(h), 
and 
ola) = Zr-infess [f(h) — Fle + h)] 


a a 


< sup [f(e«+h)—f(A)| 
heEC\M [a] 


< sup [f(«)+ f(A) — f(A)] = f(a). 


hEC\ M [za] 


Thus ¢ satisfies (17.9.8). 
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It remains to show that y is finite. Take an arbitrary « € C and anh € C, \ 
[U U (« — U)], where C, is given by (17.9.3). Such an h exists in virtue of (17.9.5). 
Then he C,x—-heC,h¢€U,x«—h¢€U. As we have just proved, this implies that 
p(x) < f(x) and y(a — h) < f(x —h). Since ¢ is subadditive, we have 


p(x) < p(w —h) + v(h) < f(@—h) + f(h) < 00. 
On the other hand, by (17.9.9) we have for arbitrary h € C'\ Az 


p(x) 2 fla +h) — f(h) > —oo. 


Thus vy is finite. 


Lemma 17.9.3. Let C C R% be a set fulfilling (16.1.3), and suppose that we are given 
conjugate p.Li. o-ideal Z, in R% fulfilling condition (17.9.5) and p.l.i. ideal Zz in R?N 
fulfilling condition (i). Let f : C > R be an Tg-almost subadditive function. Then the 
function ® : C — R defined by 


(x) = T-infess [f(«@—h) — f(h)], reC, (17.9.12) 


is subadditive and fulfils the condition 
f(a) < ®(x) T-(a.e.) inc. (17.9.13) 
Proof. By Lemma 17.5.8 for every x € C there exists a set A, € Z; such that 


®(x)= inf [f(~—h)+f(h)]. (17.9.14) 


Relation (17.9.14) implies that 
P(x) < co for 2 EC. (17.9.15) 


Let M € Ty and U € JT, have the same meaning as in the proof of Lemma 17.9.2. 
Take arbitrary x,y € C and a > ®(x), b > ®(y) (cf. (17.9.15)). Since U U (a — 
U) €Z, and C, ¢ TZ, (cf. (17.9.5)), we have by (17.9.12) 


[f(w—h) + f(A], 


a> ®(x) > inf 
heEC,\[UU(«—-U)| 


and so there exists an h € C, \ [UU (a —U)] such that 
fae hh) + fh) a. (17.9.16) 
By Lemma 17.9.1 we have (17.9.4), whence also 


Cy \ [M[h] U (y — M[x — hj) U (Ac+y — 2)] 
C (Coty — h)\ [M[A]U (y — M[x — h]) U (Arty — A)] 
> Ce ray \ Acty) — h| \ [M[h] U (y — M{z — h)]. 
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Hence, since h € U andx—h¢€U, 


b> By) > inf —k k 
(y) keCy\[M[AJU(y—Ml2—h)U(Anty—h) Fy) + £08)] 
> inf —k) + f(k)), 
kE[(Co4y\Aety)—A]\IMIA]U(y—M[w—h)] Lu) + £0) 


and so there exists a k € [(Cr+y \ Ae+y) — A] \ [M[A] U (y — M[x — A])] such that 


f(y —k) + f(k) < 6. (17.9.17) 
We have by (17.9.14) 
BU ag a [fi@+y—t+ f@], 


whence, since h+k € Cy+y \ Az+y, we get 
®(x+y) < f((w+y)—(R+k)) + f(h+h). (17.9.18) 


Since k ¢ M[Al, i-e., (hk) ¢ M, we have 


f(h+k) < f(h) + f(k), (17.9.19) 
and since k ¢ y— M[x — hl, ie., (w — h,y — k) € M, we have 
f(@t+y)—(h+h)) =f(@—h+y-k)<f@—h)+fy—k). — (17.9.20) 
Relations (17.9.18), (17.9.20), (17.9.19), (17.9.16) and (17.9.17) imply 
O(n +y) < f(w@—h)+ f(y—k) + f(h) + fk) < a+b, 


whence, on letting a — ®(x) and b — ®(y), we obtain 


O(a + y) < P(x) + Py). 


Consequently ® is subadditive. 
By (%) we have T(M) € Zo, where T is given by (17.9.1), whence T(M)[a] € 
T, T,-(a.e.) in RY. Consequently there exists a set V € Z; such that 


T(M)[a] € Zi for « ¢ V. (17.9.21) 


But h € T(M)[z] means (2, h) € T(M), or, equivalently, T~!(x,h) € M. According 
to (17.9.1) T~1(a, h) = (« — h,h). Therefore (cf. (17.9.21)) 


{hERN |(2@-h,h)e MJ} eT, forr¢ V. (17.9.22) 
Now take arbitrary x € C\ V and a > ®(x). Then by (17.9.22) 


W = {he Cy | (x—h,h) € M} C{hERN | (x—h,h) € M} ET), 
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whence by (17.9.12) 


a > ®(z) gre [f(a —h) + f(A)]. 


So we can find an h € C; \ W such that 
f(z@—h) + f(h) <a. (17.9.23) 
But since h ¢ W, we have (a —h,h) ¢€ M, ie., 
f(w—h)+ f(h) = f(e@-—ht+h) = f(a). (17.9.24) 
Relations (17.9.23) and (17.9.24) yield 
f(x) <a, 


whence on letting a > ®(x) we obtain f(a) < ®(x). Hence (17.9.13) results. 


It remains to show that ©® is finite. Take an arbitrary x € C. Since V € Jj, 
we have V — x € J, and by (17.9.6) C \ (V — x) ¢ Z,. Therefore there exists a 
y€C\(V— 2). This means that «+ y ¢ V, whereas by (16.1.3) «+ y € C. Thus 
x+y e€C\V, which implies, as we have just shown, that 


O(a+y) > f(x@+y) > —o0. 
Since ® is subadditive, we have 
—o < O(4+ y) < O(x) + By), 


which shows that ®(a) > —oo. This together with (17.9.15) implies that ©® is finite. 


In order to prove a weak analogue of Theorem 17.6.1 we must make still stronger 
assumptions. For any function f : RY — R and any € > 0 put 


Ay(e) = {2 € RN | f(x) <e and f(—2) < e}. (17.9.25) 


Theorem 17.9.1. Let Z, and Zz be conjugate p.li. o-ideal in RX and p.l.i. in R?% 
fulfilling condition (i), respectively. Let f : RN — R be an T2-almost subadditive 
function fulfilling the condition 


Ay(e) ¢ Ti for every e > 0, (17.9.26) 


where A;(e) is given by (17.9.25). Then there exists a subadditive functiong: RN —R 
such that 


f(x) = g(a) T,-(a.e) in RN. (17.9.27) 
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Proof. In this case C = R%, whence by (17.9.3) 
C, =CN(#-C)=R* 1 (2- RY) =R* ORY =R” EX, 


since Z; is proper. Hence condition (17.9.5) is satisfied, and we can use Lemmas 
17.9.2 and 17.9.3. Let y and ® be defined by (17.9.7) and (17.9.12), respectively, with 
C = RN. Our theorem will be proved when we show that 


p(x) = ®(2z) T,-(a.e.) in RN. 


Then we may take as g any of y and ®. Then g is subadditive and satisfies (17.9.27) 
in virtue of Lemmas 17.9.2 and 17.9.3. Clearly we have by (17.9.8) and (17.9.13) 


p(x) < (xz) T,-(a.e.) in RY. 


Thus 
S={rERN | p(x) > O(z)} ET. 


We will show that y(x) = ®(x) for « ¢ S. For an indirect proof suppose that there 
exists an x € S such that y(x) # ®(x). By the definition of S we must have v(x) < 
®(x), and we can find an ¢ > 0 such that 


v(x) + 2e < B(x). (17.9.28) 


Put 
Zo = {heER | f(v@+h) — f(h) + 2e> f(x—h) + f(A}, 


and suppose that Z ¢ Z1. Let A; and Ag be sets from Z, such that 


Ty-infess | f(h) — f(c+h)] = inf [f(h)— f(x+Ah)], 


hERN hERN\Ay 
Pee se TO ee) 


(cf. Lemma 17.5.8). Then we have A; U Ag € Z1, whence Zp \ (Ai U Ag) ¢ Zh. For 
hE Zo \ (Ay U Ap) we have 


f(@+h)—f(h) < sup [f(e+h) — f(A)] 


hEZo\A1 
< sup |f(a@+h)— f(A) 
hERN\Ai 
=~ int, FO -f@+h)] 
= —T,-infess [f(h) — f(x + h)] = (a), 


whence by (17.9.28) 


f(@+h) — f(h) + 2€ < v(x) +: 2e < @(z). 
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Further, for such h, 


f(e-h)+f(h)> inf [f(e—h) + f(A)] 


2 
hEZo\Az2 


nf [f(a —h) + f(h)] 


Pen as 
= T\- infess [f(e—h) + f(h)] = B(2). 


2 


Thus, for h € Zp \ (Ai U Ag), 


fle +h) — f(h) + 2 < flw—h) + f(h), 


which contradicts the definition on Zp. Consequently Zp belongs to Z;, and so also 
the set 
Z = ZU (-Zo). 


By (17.9.26) Ay(e) \ Z ¢ Zi, and hence there exists an h € A,(e) \ Z. For such an h 
we have « — f(h) > 0, e— f(—h) > 0, f(a +h) — f(h) + 2¢ < f(a —h) + f(h), and 
f(x —h) — f(-h) + 2e < f(x +h) + f(—h), whence 


fl@+h) <f@+h)—flh)+e< f@—h)+ fh) -—e< f(a—h) 
< f(a@—h)— f(-h) +e< flet+h)+ f(-h)-e< f(a +h), 


which is impossible. Consequently we must have y(x) = ®(z). 


Note that there is no uniqueness statement in Theorem 17.9.1. 
Condition (17.9.26) is certainly fulfilled if the limit lim f(a) exists and is non- 


positive (cf. Exercise 17.7), but it can also be fulfilled for very irregular f (cf. Ger 
[110}). 
If the conditions of Theorem 17.9.1 are not fulfilled, then the estimation 


p(z) < f(x) < ®(2) T\-(a.e.) in C 
resulting from Lemmas 17.9.2 and 17.9.3, can be very rough (cf. Exercise 17.15). 


Exercises 


1. Let M € N be fixed, and let EF = {t € R| t = n/M,n = 0,...,M}. Let 
f : RN —R bea function such that 


flcet+ty)—fla)-—fywek for every x,y € RX. (*) 


Show that f can be represented as f = g+ fo, where g: RY — R is additive, and 
fo: RY — R fulfils (+) and the condition | fo(x)| < 1 for x € RY. (Forti [89].) 
2. Let f,g:R* — R be functions such that for a certain p € N and ¢ > 0 


JAR f(@) — g(A)| <€ 
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holds for all 2, h € RY. Show that there exist a polynomial function y : RY - R 
of order p and a symmetric p-additive function F : R?’% — R such that 


f(x) — y(x)| < 2?*e,  |g(x) — v(2)| < (1+ 2°”) e for all x € RY, 


where y: RN — R is the diagonalization of F (Albert-Baker [11]). 


. Let f : RY — R be a function such that for a certain p € N and e > 0 


|An f(x) — plf(h)| <e 


holds for all z,h € R%. Show that there exists a unique symmetric p-additive 
function F : R?N — R such that 


|f(z) — p(a)| < (1+ 2?"?) € for all z € RY, 


where y: RN — R is the diagonalization of F (Albert-Baker [11]). 


. Let D C RN be a convex and open set, and put, for every € > 0, 


D. = {x € RN | d(z,R™ \ D) >}, 


where d is the Euclidean distance in R™. Show that if D. 4 @, then D, is 
convex. 


. Let D C R% be an open and convex set. Show that there exists a sequence 


{Cr}nen of convex and compact sets such that C, C Cr+. for n € N, and 
loc) 
U int C, = D. 


n=1 
[Hint: Let B,, n € N, be the closed ball centered at the origin and with the 
radius n. Consider the sets B, 9 D, ‘Hes 


. Show that if A C R% is a closed, but not compact set, then the set conv A need 


not be closed. 
[Hint: Take A = Gr(f), where f : RY — R is given by f(a) =e7!*!, 2 € RN-1]] 


. Let Z be a p.Li. o-ideal in R“. Show that Z contains no non-empty open sets. 
. Let (X, +) be a group, and let Z be a p.Li. ideal in X. Show that if the sets 


P,Q Cc X are such that Q ¢ Z and X \P €T, then P+ Q = X. (Ger [106]). 


. Let (X, +) be a group, and let (K, +) be a subgroup of (X, +). Let Z bea p.Li. 


ideal in X. Show that if X \ kK €Z, then K = X. (Ger [106].) 

Let (X, +) be a group, let (K, +) be a subgroup of (X, +), and let K’ = X\ K. 
Let Z be a p.Li. ideal in X. Show that if S,T € Z, then (K\S)+(K'\T) = kK’. 
(Ger [106].) 

Let (X, +) and (Y, +) be abelian groups, and for every set A C X x X write 


Ar = {(a,y) © X x X | (y,z) € A}. 


Let Z, and Z be conjugate p.l.i. ideals in X and in X x X, respectively, such 
that Ar € Z2 for every set A € Zo. Let f,g,h: X — Y be functions such that 


f(a+y) = g(x) + hy) To-(a.e.) in X x X. 
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12. 


13. 


14. 


15. 


16. 


Show that there exists a unique homomorphism F : X — Y and constants 
a,b €Y such that 


f(z) = F(x) +a+b T-(a.e.) in X, 

g(x) = F(x) +a T-(a.e.) in X, 

h(x) = F(a) +6 T,-(a.e.) in X. 
(Ger [105]). 


[Hint: Let Mo = {(a,y) € X x X | f(w@+y) # g(x) + Aly)}, and let M = 
Mo U(Mo)r. There exists a set U € Z; such that M[z] € Z, for x € X \U. Take 
an to € X\U. Then g(xo) +h(x) = g(x)+h(2o) = f(ao+x) for x ¢ M[xo]. With 
a’ = —h(zo), b' = —g(ao), this yields g(x) = f(ao +x) +a’, h(x) = f(ao+az)+0' 
T-(a.e.) in X. Hence f(x+y) = f(zo +2) + f(to ty) ta’ +0) Q(Z))-(ae.) in 
X x X. The function ®(z) = f(2x0 + x) +a’ +0’ is Q(Z,)-almost additive. ] 
Let D C RN be a convex and open set, and let f : D > R be a measurable rs 
almost convex function. Show that there exists a continuous convex function 
g: D—R such that f = g TiY-(a.e.) in D. 

Let D C R™ be a convex and open set, and let f : D — R be an Z?%-almost 
convex function which is bounded above on a set TC D, where T is of the 
second category and has the Baire property. Show that there exists a continuous 
convex function g: D > R such that f = g ZjY-(a.e.) in D. 

Let C C R™ be a set fulfilling (16.1.3), and let f : C > R be a subadditive 
function. Let Z be a p.l.i. ideal in R, and let f : C — R be a function such 
that f = g I-(a.e.) in C. Show that f is Q(Z)-almost subadditive. 

The function f :R — R given by f(x) = 3+sinz is subadditive, and hence, in 
particular, [?’-almost subadditive. Show that for this particular f the functions 
y and ® given by (17.9.7) and (17.9.12), respectively, (Zi = Z}’), are v(x) = 


2| sin =| and ®(x) = 6 —2|sin =|: (Ger [110].) 

With the notation and assumptions of Lemmas 17.9.2 and 17.9.3, show that the 

function ¢ : C — R given by g(x) = v(x) +Z- infess [f(h)—y(h)] is subadditive 
€ 


and satisfies p < ¢ < f T,-(a.c.) in C. Similarly, if c = min { Z,- infess [®(h) — 
€ 


f(h)], inf _ [®(s) + ®(¢) — (s+ t)]}, then the function ®:C >R given 
(s,t)ECxC 


by ® = © —c is subadditive and satisfies f < ® <  Z,-(a.e.) in C. (Ger [110].) 


BIRKHAUSER 


Chapter 18 


Extensions of Homomorphisms 


18.1 Commutative divisible groups 


Let (X, +) be a group, and (, +) a subsemigroup (i.e., a semigroup such that S C G 
and the operation + is the same as in X; cf. 4.5). Let (Y, +) ba another group, and let 
g: 5S — Y bea homomorphism!. The problem with which we shall deal in 18.1-18.4 is 
the following. Does there exist a homomorphism f : X — Y such that f | S = g? The 
main result in this section (cf. Dhombres-Ger [70], Balcerzyk [18]) reads as follows. 


Theorem 18.1.1. Let (X, +) and (Y, +) be commutative groups such that Y is divis- 
ible, let (S, +) be a subsemigroup of (X, +), and let g: S + Y be a homomorphism. 
Then there exists a homomorphism f : X — Y such that f | S = g. 


Proof. Let R be the family of all couples (R, h) such that (R, +) is a subsemigroup 
of (X, +), and h: RY is a homomorphism: 


h(x + y) = h(a) + A(y) (18.1.1) 


for all ,y € R. An order can be defined in R in the usual way: (Ri, h1) ~ (Re, he) 
iff (Ri, +) is a subsemigroup of (R2,+) and hz | Ri = hy. It is easy to see that every 
chain £ C R has an upper bound in R: this upper bound is the couple (Ro, ho) such 
that Ro= LU Randho| R=h onevery R such that (R, h) € £L. By the Lemma 
(R,h)eL 

of Kuratowski-Zorn (Theorem 1.8.1) there exists in R a maximal element (T, f) such 
that (S, g) ~ (T, f). The proof will be complete if we show that T = X. 

So suppose that T #4 X (of course, necessarily T C X), and let x € X \ T. 
Consider the set 


R={aeX|a=b+nz,bET, ne No =NU {OF}. 


Let a,a’ € Rso that a=b+nza, a’ =b'+n'z, b,b' € T, n,n’ E No. Thena+a’ = 
b+b' +(n+n’)x, where b+ b’ € T (since (T, +) is a semigroup) and n +n’ € No. 
Consequently a +a’ € R, which shows that (R, +) is a semigroup, and obviously a 


1 This means that g satisfies g(a + y) = g(x) + g(y) for all x,y € S. 
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subsemigroup of (X, +). Now we define an element y € Y. If (Nx) N(T —T) = @, 
then y may be an arbitrary element of Y. If there is an n € N such that naz € T—T, 
i.e., nx = t, — tg with ti, t2 € T, then 


ti) — f(t 
)— fed= fle) anda 
n 
which is meaningful, since Y is divisible. To show that definition (18.1.2) is correct, we 
must show that whenever nz = t; — tg, mz = 8, — 89, with n,m EN, ty, te, 81, 52 € T, 


then 
ye a 
F(ti) = f(te) _ F(s1) = fsa) (18.1.3) 
n m 
But then mt; — mtz = mnx = ns, — ns2, whence 
mt, + ns2g = ns, + mt. (18.1.4) 


It follows by induction from (4.5.15) that 
f(pu) = pfu) 
for every p € N and u € T. Hence and by (4.5.15) we get from (18.1.4) 
mf (ti) + nf(s2) = nf(si) + mf (te), 


and (18.1.3) follows. Consequently definition (18.1.2) is correct. 
Now we definea maph: R-Y.Ifae R,a=b+ nea with b€ T,n € No, we 
put 
h(a) = f(b) + ny. (18.1.5) 
Again we must show that definition (18.1.5) is correct. This amounts to showing that 


whenever 
b+nax=v'+n'a (18.1.6) 


with b,b! € T, n,n’ € No, then 
f(b) ny =f) + n'y. (18.1.7) 


If b = b', n = n’, this is obvious. If one of b, n is not equal to the corresponding 
element 6’, n’, then the other must be unequal, too, as results from (18.1.6). So now 
we may assume that n 4 n’, say n > n’. (If n’ > n, we interchange the roles of n and 
n'). From (18.1.6) we get 


(n—n')x =b'-bET-—T. (18.1.8) 
n—mn EN, so (18.1.8) means that (Nx) N (T — T) # @. But then we have in virtue 
of (18.1.2) 

b') — f(b 
IT) =a (18.1.9) 
n-—n 


and (18.1.7) results. Thus definition (18.1.5) is correct. 
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Let a,a’ € R, say,a = b+nz, a = UV 4+n'z, bb) € T, n,n’ € No. Then 
ata =b+4+0'+(n+n’)x (note that X is commutative), whence by (18.1.5) 


h(at+a’')= f(b+ 0) +(n+n')x = f(b) +f) t+nr+n's 
= f(b) tna + f(b!) + n't = h(a) + h(a’), 


since Y is commutative and f is a homomorphism. Consequently h is a homomorphism 
from R into Y. 

Finally note that T C R, for every b € T may be written asb = b+ 02 € R. 
Consequently (T’, +) is a subsemigroup of (R, +). For b € T (b= b+ 0x) we have by 
(18.1.5) 

h(b) = f(b) + Oy = (6). 
This means that h | T = f. 

Consequently (R, h) € R and (T, f) ~ (R, h), whereas clearly (T, f) 4 (R, h). 
But this contradicts the maximality of (T, f). Thus we must have T = X, ie., f is 
a homomorphism from X into Y. Since (S, g) ~ (T, f), we have f | S = g. This 
completes the proof. 


Note that the theorem fails to hold if (Y, +) is not divisible. E.g., take X = 
Y =Z, S = 2Z (the set of even integers). Those sets endowed with the operation + 
of the usual addition are commutative groups, but (Y, +) = (Z, +) is not divisible. 
Let g : 2Z — Z be the homomorphism defined by g(2k) = k for k € Z. There does 
not exist a homomorphism f : Z — Z such that f | 2Z = g, for otherwise we would 
have f(1) + f(1) = f(2) = g(2) =1, ie., 2f(1) = 1, which has no solution in Z. 

It can be shown (Dhombres-Ger [70]) that if S does not generate X, then the 
extension f of g furnished by Theorem 18.1.1 is not unique. On the other hand, if S 
generates X, then f is unique, as follows easily from Corollary 18.2.1 below. 


18.2 The simplest case of S generating X 
In this section we consider the case where S' generates X in such a way that 
X=S-S. (18.2.1) 
(It follows from (18.2.1) that S generates X, for then any group containing S must 
contain also S—S = X .) The results are due to Aczél-Baker-Djokovi¢-Kannappan- 
Radé [8]. 
We start with a lemma. 


Lemma 18.2.1. Let (X, +) and (Y, +) be groups, and let (S, +) be a subsemigroup of 
(X, +) such that (18.2.1) holds. Let g: S + Y be a homomorphism: 


g(a + y) = g(x) + gy) (18.2.2) 
for all x,y € S. Then, if x,y,z,2',y',z' € S are such that 
x-ytz=a'-yt+2, (18.2.3) 


then 
g(x) — g(y) + g(z) = o(2’) — gly’) + 9(2’). (18.2.4) 
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Proof. By (18.2.1) an arbitrary u € X may be represented as u = t—s, with t,s € S. 
Hence u+ s =t € S. So (18.2.1) implies that 


(«) for every u € X there exists an s € S such that u+s€ S. 
So, in particular, taking u = —y + z, we may find an s’ € S such that 


-y+z4+s'E€S. (18.2.5) 


Similarly, we can find an s” € S such that 


yt2ts' +s" ES. (18.2.6) 
With s = s’+ s” € S relations (18.2.5) and (18.2.6) yield 
-yt+z+seES, -y+2z+s8e€58. (18.2.7) 
On the other hand, relation (18.2.3) implies 
x-yt2+saa—-y tats. (18.2.8) 
Now, if u€ $ and —u+v € S$ (which implies that v = u+(—u+v) € S), then 
g(—u tv) = —9(u) +9(0), (18.2.9) 
since taking in (18.2.2) «=u, y= —u+v, we obtain g(v) = g(u) + g(—u+v), which 
implies (18.2.9). 
It follows by (18.2.8) and (18.2.2) that 
g(x) + g(-yt+2+s8)=9(2')+G(-y +2’ +8). 
Applying now (18.2.9) with u=y € S and v= z+s (by (18.2.7) -u+v€ S$), and 
also with u=y' € S, v= 2’ +s (again —u+v € S in virtue of (18.2.7)), we obtain 
hece 
g(x) — g(y) + 9(2 + 8) = g(a’) — gly’) + 92" + 8). 
Hence, again by (18.2.2) 


g(x) — g(y) + g(z) + 9(s) = g(a’) — gly’) + g(2’) + G(s). (18.2.10) 


Cancelling in (18.2.10) g(s) yields (18.2.4). 


Theorem 18.2.1. Let (X, +) and (Y, +) be groups, and let (S, +) be a subsemigroup 
of (X, +) such that (18.2.1) holds. Let g : S — Y be a homomorphism. Then there 
exists a unique homomorphism f :X — Y such that f |S = gq. 


Proof. Every « € X can be represented as 7 = t — s with t,s € S. For such an x 
define f(x) as 


f(z) = g(t) — g(s). (18.2.11) 
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To prove that this definition is correct we must show that whenever 
t—-s=t-s', t,s,t',s' € S, 


then 
g(t) — g(s) = g(t’) — g(s’). 
But this follows from Lemma 18.2.1 on choosing x = t, y= s+s,z2=s8, 27 =1, 
y’ = s'+s', 2’ = s’. Thus formula (18.2.11) unambiguously defines a map f : X > Y. 
We will show that f is a homomorphism. 
Take arbitrary z,y € X,x =t—s,y=t’—s',t,s,t', 8s’ € S. Thenr+y= 
t—s+t’—s’ is an element of X, andsoxv+y=t”" — s” with t”, s” € S. Hence we get 


t-stt =t"—s"4+3', 
and, by Lemma 18.2.1, 


g(t) — g(s) + g(t’) = g(t") — g(s") + g(s'), 


or 
g(t") — g(s") = g(t) — g(s) + g(t’) — G(s’). (18.2.12) 
According to definition (18.2.11) 
f(z) =g9(t)-9(s), fy) =9') -g(s’), (18.2.13) 
and 
f(aty) =g(t") — g(s”). (18.2.14) 
Relations (18.2.13), (18.2.14) and (18.2.12) imply that 
f(x+y) = f(x) + fly), (18.2.15) 


which means that f is a homomorphism. 
Let « € S. Then x = (4+ x) — x, whence by (18.2.11) and (18.2.2) 


f(x) = g(a + x) — g(x) = g(x) + g(x) — g(x) = g(2). 


Consequently f | S = g. 

In order to prove the uniqueness, let h : X — Y be an arbitrary homomorphism 
such that h | S = g. Take an arbitrary x € X. Then x = t — s with t,s € S, whence 
x+s=t. Relation (18.1.1) implies that 


h(t) = h(a) + h(s), 


whence 
h(x) = A(t) — R(s) = g(t) — g(s) = f(a), 


since h | S = g and f satisfies (18.2.11). This shows that h coincides with f on the 
whole of X, i.e., f is unique. 
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Theorems 18.2.1 and 4.5.1 yield the following 


Corollary 18.2.1. Let (X, +) be a commutative group, let (Y, +) be a group, and let 
(S, +) be a subsemigroup of (X, +) generating X. Let g: S > Y be a homomorphism. 
Then there exists a unique homomorphism f : X — Y such that f | S = g. 


Similarly, we obtain by Lemma 4.5.6 


Corollary 18.2.2. Let (X, +) and (Y, +) be groups, and let (S, +) be a subsemigroup 
of (X, +) such that for every x € X, x £0, either x € S, or —x € S (or both). Let 
g:S5—Y beahomomorphism. Then there exists a unique homomorphism f : X — Y 
such that f | S = gq. 


Corollary 18.2.2 generalizes a result of Aczél-Erdés [9] (cf. also 13.5). Theorem 
18.2.1 is also related to Theorem 4.4.1. 


18.3 A generalization 


Now we are going to consider the case, where 
X=S7(-1's (18.3.1) 
i=0 


(Grzaslewicz-Sikorski [125], Martin [221]). Here n is a fixed positive integer, n > 2. It 
is easy to see that also in case (18.3.1) S generates X. For n = 1 (18.3.1) reduces to 
(18.2.1). But now (n > 2) it is no longer true that every homomorphism g : S > Y 
can be extended to a homomorphism f : X — Y. Some additional assumptions are 
necessary. 

We will include also case (18.2.1) into our considerations, thus allowing n to be 
1. In this way Theorem 18.2.1 will become a particular case of Theorem 18.3.1 below. 

But again first we must prove a lemma. 


Lemma 18.3.1. Let (X, +) and (Y, +) be groups, and let (S, +) be a subsemigroup of 
(X, +) such that relation (18.3.1) holds for a certain firedn € N. Letg: S— Y be 


a homomorphism. Assume that for every X0,---,Ln—1, YO;---;Yn—-1 © 9, whenever 
n-1 ; n—-1 
So (-Diai = SO(-1)' yi, (18.3.2) 
i=0 i=0 
then also? 
n-1 ; n—-1 
S>(-1)'9(ai) = 55 (-1)'9(y)- (18.3.3) 
i=0 i=0 


Then, for arbitrary k © No = NU {0} and for arbitrary xo,..-,%n, Yo.---5Yntk ES, 
whenever 


n n+k 
DY ia = Vy, (18.3.4) 
i=0 i=0 


2 For n = 1 this condition becomes: x = y implies g(x) = g(y), so it is trivially fulfilled. 


18.3. A generalization 541 


then also 
n n+k 
D(-V'9(es) = > (-V)'9(vi)- (18.3.5) 


Proof. We proceed by induction on k. Let k = 0. Take arbitrary points x0,...,2n, 
Yo,+-+3Yn € S such that 


So(-1)'ai = SO(- 1). (18.3.6) 
1=0 1=0 
It follows that 
n n-1 
wo +S. (=1)'ai — (-1)"un = S0(- Dm. (18.3.7) 
i=1 i=0 


The expression following xo on the left-hand side of (18.3.7) is an element of X, so 
by (18.3.1) there exist zo,..., Zn € S such that 


n n 


So (-1)'ai - (-1)"n = SO (-1)'a. (18.3.8) 


i=l i=0 


Again, (18.3.8) may be written as 


n n—-1 
So (-1)'ai - (-1)" yn — (- 1)" 2m = a1 + 20 + So (-1)h%. (18.3.9) 
i=2 i=1 
From (18.3.7) and (18.3.8) we obtain 
n ; n—-1 ; 
Lot So(-1)xi = So (-)' yi, 
i=0 i=0 
whence 
n—-1 ; n—2 ; 
Lo + z+ So(-)iz = So(-)' yi +(—1)" "typ, — (—1)" zn. (18.3.10) 
i=l i=0 


Now we must consider separately the cases where n is even or odd. First assume 
that n is even. Then —(—1)"y, — (-1)"2n = —Yn — 2n = —(Zn + Yn), whereas 
(-1)"— 1 yn_1 — (-1)"2n = —Yn—1 — Zn = —(2n + Yn—1). Thus we obtain from (18.3.9) 
and (18.3.10) 


YD es — Gent an) = er +20) + 1), 
(xo + 20) + ene = So (-1)'y (Be Unt) 


i=0 
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By assumption (18.3.3) we get hence 


YD gl ee) — 92m + 4m) = 9(01 + 20) + (VY 9l20) 
ee uel a sae aea): 
i=l 1=0 


or, since g is a homomorphism, 


S(-1)*9(as) - 9(yn) = S"(-1)*9(zs), g(@o) + S“(-1)*9(%) = S*(-Dig(w)- 
i=1 1=0 1=0 1=0 


Hence we obtain, eliminating S>(—1)‘g(zi), 
i=0 


Yo (-1)'g9(ai) = S-Di), (18.3.1) 


ie., (18.3.5) for & = 0. 
Now let n be odd. Then —(—1)"Yn —(—1)"2n = Yn t+ Zn, whereas (—1)"~!yn_1— 
(-1)"Zn = Yn—1 + Zn and we obtain from (18.3.9) and (18.3.10) 


n 


Sy as + On + 2n) = (ar + 20)+ (Aas 


(Gan + 20) + So(-1)ie = So (1) + (Yn—1 oe Zn)s 
i=l i=0 
and by assumption (18.3.3) 
(1921) + 90m + Zn) = olor + 20) + D(-V'9l2, 
geo + 40) +S (-Diee) = (Dol) + olin + 0), 
i=l i=0 
or, since g is a homomorphism, 
S*-1a() +o(mn) = V(-A)el(e), o(00) + SD tole) = Y(-D'o(wo, 
i=l i=0 i=0 i=0 


whence, eliminating S>(—1)'g(z:), we obtain (18.3.11), i-e., (18.3.5) for k = 0. 
i=0 
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Now assume that the lemma is true for a k € No, and let 2o,...,2n, Yo,---, 
Yn+k+1 be arbitrary points from S such that 


n ; n+k+1 
DVViai= YS DH: (18.3.12) 
i=0 i=0 


nt+k+1 : 
S> (-1)'y is an element of X, so, according to (18.3.1), there exist points zo,..., 


w=1 
zn € S such that 


nt+k+1 , n 
S> (-)'yi = SO(-D' x. (18.3.13) 
le i=0 


Now take an arbitrary u € S. Again we must distinguish two cases, according 
as n+ k is even or odd. 

Suppose that n +k is even. We have u+ Yyniz+i € S (since S' is a semigroup) 
and u € S, and so (18.3.13) may be written as 


nt+k # 
So (-L)'yi — (Ut Ynte+1) + U = (Yi + 20) + So(-1! x. 
12 i=l 


By the induction hypothesis it follows 


nt+k n 
d(-V)'9(vi) = g(U+ Yn+k+1) + g(u) = g(yi + 20) + d(-V'9(2i): 


or, since g is a homomorphism, 


n+k+1 n 
» (Vig(v) = -V'9(). (18.3.14) 


If n+ & is odd, we have yniny1 +u € S and wu € S, and so (18.3.13) may be 
written as 


nt+k n 
So (=D iyi + (ungega tu) — w= (y+ 20) + Do (-Dix, 
1=2 i=1 


and by the induction hypothesis 


nt+k n 
d(-V)'9(ui) + g(Yn+k+1 + U) — g(u) = g(yr + 20) + d(-V'9(2i), 


and, since g is a homomorphism, we arrive again at formula (18.3.14). 
Thus (18.3.14) is valid in both cases. We get by (18.3.12) and (18.3.13) 


n 


So (-1)*a = (yo + 20) + So(-1)*a. 


i=0 i=l 
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Applying to this our lemma for & = 0 (which has already been proved), we infer hence 
that 


n 


Y5(-1)'9(@i) = g(yo + 20) + ¥3(-1)'9(%), 


i=0 i=1 
or, since g is a homomorphism, 


n n 


YoY ‘9(#s) = g(yo) + )o(- D9). (18.3.15) 


i=0 i=0 
Eliminating 5>(—1)’g(z:) from (18.3.14) and (18.3.15), we obtain 
i=0 


n nt+k+1 


dECY*9(2) = YO (-1)*o), 


i=0 i=0 


ie., (18.3.5) for & + 1. Induction ends the proof. 


Theorem 18.3.1. Let (X, +) and (Y, +) be groups, and let (S, +) be a subsemigroup 
of (X, +) such that relation (18.3.1) holds for a certainn € N. Letg: S > Y be 
a homomorphism. There exists a homomorphism f : X — Y such that f | S = g if 
and only if for every %o,..-,%n—1,Y0,-+-,Yn—-1 € 9 relation (18.3.2) implies (18.3.3). 
When this is the case, the homomorphism f is unique. 


Proof. First assume that condition (18.3.2) implies (18.3.3). It follows by (18.3.1) 


that for every x € X there exist xp,...,%» € S such that 
a= (-1)'ax (18.3.16) 
i=0 


For such an «x define f(x) as 


(—1)'g(a). (18.3.17) 


SY 
aia 
hy 
fl 
Me 


It follows by Lemma 18.3.1 (k = 0) that this definition is correct. So f is a mapping 
f : X — Y. In order to show that f is a homomorphism take arbitrary 7,y € X. 


There exist %,..-,;2n, Yo,---;Yn; 20,---,2n € 9 such that 
c=) (-1)'m, y= 0-1, z= > 0(-1)*e. (18.3.18) 
i=0 i=0 i=0 
According to definition (18.3.17) 
f(z) =SO(-1'9@), FM =YICV 9H), — F(e@+¥) = D5(-1)"*9 (ei). 
i=0 i=0 i=0 
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Clearly we have by (18.3.18) 


n n 


So (-1)'% = SO (-1)'a + SO(-1) (18.3.20) 


i=0 i=0 i=0 
If n is odd, this implies in virtue of Lemma 18.3.1 (k = n) 


n n n 


YE Y‘o(@) = DO-Y‘9(a) + 0-9), 


i=0 i=0 i=0 
i.e., by (18.3.19), we obtain (18.2.15). If n is even, we write (18.3.20) in the form 


n n n 


Dota = Aya + na 


i=0 1=0 


and, using again Lemma 18.3.1 and relation (18.3.19), we arrive at f(x) = f(a+y)- 
f(y), which yields (18.2.15). Thus (18.2.15) holds in both cases, which shows that f 
is a homomorphism. 

Now take an arbitrary x7 € S. If n is even, we have 


c= 5 -(-1)'a, 
i=0 


a 


whence by (18.3.17) 
If n is odd, we have 


and by (18.3.17) 


f(x) = g(@+2) + >> (-1)'9(x) = g(a) + g(a) — g(x) = g(a). 
i=1 
Thus in either case f(x) = g(x), which means that f |S = g. 

Now assume that a homomorphism f : X — Y such that f | S = g exists. It 
follows from (18.2.15) by induction that for every m € N and every wj,...,Um € X 
we have 

Flutr +--+ tn) = ft) Fo + tn): 
Also, (18.2.15) implies easily that f(—ax) = —f(x) so that f((—1)'x) = (—1)'f(2) for 
every i € No and x € X. Now, relation (18.3.2) implies 


Sr (-D isle) =f (Si-0's) =f (Sn) = S(-v Fw), 


1=0 i=0 
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whence, taking into account the fact that f | S = g and that zo,...,2%n-1, Yo,---; 
Yn—-1 € S', we obtain (18.3.3). 

Let h: X — Y be an arbitrary homomorphism such that h | S = g. Take an 
arbitrary « € X. Then z has a representation (18.3.16) with xo,...,%, € S. By the 
same argument as above we show that then 
(—1)'h(as) = }(-1)'9(@s), 


i=0 i=0 


=> 
— 
a 

II 
Me 


since h | S = g. So in view of (18.3.17) h = f, which proofs the uniqueness of f and 
completes the proof of the theorem. 


18.4 Further extension theorems 


The results in this section (Grzaslewicz [121]) are closely related to the problems 
treated in 18.1—-18.3. Here we will assume that (5,+) is a subgroup of (X, +). 


Theorem 18.4.1. Let (X,+) and (Y,+) be groups, and let (S,+) be a subgroup of 
(X,+). Letg: S = Y be ahomomorphism. There exists a homomorphism f : X > Y 
such that f | S = g and f(X) = g(S) if and only if there exists a normal subgroup 
(Xo, +) of (X,+) such that 


Kerg=SN Xo, (18.4.1) 
eos GA a (18.4.2) 
Here Ker g = g'(0) = {x € S | g(x) = 0} denotes the kernel of g. 


Proof. Suppose that a normal subgroup (Xo, +) of (X,+) fulfilling conditions (18.4.1) 
and (18.4.2) exists. Let elements of X/Xo be denoted by (a), 2 € X. By Lemma 4.5.7 
(Ker g, +) is a normal subgroup of (S,+). Let elements of S/ Ker g be denoted by [2], 
x € S$. In virtue of Theorem 4.5.3 (X/Xo,+) and (S/ Ker g, +) are groups, where the 
operations + are defined according to (4.5.14). 

By (18.4.1), (18.4.2) and Theorem 4.6.3 S/Kerg is a selective subpartition of 
X/Xo. Therefore for every (x) € X/Xo there exists a unique class [wu] € S/ Ker g such 
that [u] C (x). With these notations we define a function f : X — Y as 


f (2) = g(u). (18.4.3) 


From what has just been told and from Corollary 4.5.4 it follows that this definition is 
unambiguous. It is also immediately seen from (18.4.3) that f(X) C g(S). Conversely, 
for every t € g(S) there exists a u € S such that t = g(u). Since S/Kerg is a 
subpartition of X/Xo, there exists an « € X such that [u] C (x). But according to 
(18.4.3) we have then f(x) = g(u) =t. Sot € f(X), and g(S) C f(X). Consequently 
{(X) = g(8). 

Let x € S. Then, of course x € [x] M (x), and consequently [a] N (x) 4 @. By 
Lemma 4.6.1 we then have [x] C (x). But according to definition (18.4.3) this implies 
that f(x) = g(x). Thus f |S =g. 

Take arbitrary x,y € X, and let u,v € S be such that [u] C (z), [v] C (y). This 
means, in particular, that u € (a), v € (y), and so (u) = (2), (v) = (y), whence it 
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follows that (a+ y) = (x) + (y) = (u) + (vw) = (ut+v). Thus u+v € (x+y), and since 
evidently utv € [u+v}, we get [utv]N(a+y) 4 O. By Lemma 4.6.1 [u+v] C (x+y). 
Hence 

f(e@+y) = gute) = glu) + gv) = fle) + FY). 
This shows that f is a homomorphism. 

Conversely, suppose that there exists a homomorphism f : X — Y with the 
required properties. Put Xo = Ker f = {a € X | f(a) = 0}. By Lemma 4.5.7 (Xo, +) 
is a normal subgroup of (X,+). x € Kerg means x € S and g(x) = 0, whence, since 
f | S = g, also f(a) = 0, and x € Kerf = Xo. Thus Kerg C Xp. By definition 
Kerg C S. So 

Kerg C SN Xo. (18.4.4) 


Now take an arbitrary x € SM Xo. Then « € Xo = Kerf and so f(x) = 0. But 
since also 7 € S, we have f(x) = g(a), whence g(x) = 0, and x € Kerg. Thus 
SM Xo C Ker g, which together with (18.4.4) proves relation (18.4.1). 

Since both, S and Xo, are contained in X, we have $+ Xp CX+X CX. On 
the other hand, take an arbitrary x € X. Since f(X) = g(S), there exists au € S$ 
such that g(u) = f(a), whence, since f | S = g, we obtain f(u) = f(a). Since f isa 
homomorphism, we have 


f(x) = f(ut+ (-u+2)) = fu) + f(-ut+z) 


so that f(—u+ 2) =0 and —u+ 2 € Ker f = Xo. Hence r =u+(-u+2)€S9+ Xo 
and X C S'+ Xo, and ultimately we get relation (18.4.2). 


Theorem 18.4.2. Let (X, +) and (Yo, +) be groups, and let (S, +) be a subgroup of 
(X, +). Let g : S > Yo be a homomorphism from S onto Yo. Then there exists a 
group (Y,+) and a homomorphism f : X — Y such that (Yo,+) is a@ subgroup of 
(Y,+) and f | S = tf and only if there exists a normal subgroup (Xo, +) of (X,+) 
such that relation (18.4.1) holds. 


Proof. Suppose that there exists a normal subgroup of (Xo,+) of (X,+) such that 
relation (18.4.1) holds. We will employ the notation used in the proof of Theorem 
18.4.1. 

It follows from (18.4.1) that Kerg C Xo, whence, by Theorem 4.6.1, S/ Ker g 
is a subpartition of X/Xpo. Hence for every [u] € S/Kerg there exists a (unique) 
(x) € X/Xo such that [u] C (x). Therefore 


card S/ Ker g < card X/Xo (18.4.5) 


On the other hand, by Lemma 4.5.8, to every [u] € S/ Kerg there exists exactly one 
t € Yo such that g({u]) = {t}. Conversely, since the map g : S — Yo is onto, for 
every t € Yo there exists a unique [u] € S/Kerg such that g([u]) = {t}. Thus g 
induces a one-to-one mapping between the elements of S/ Ker g and these of Yo. Let 
this mapping be a: S/ Ker g — Yo, which is thus defined for [u] € S/ Ker g: 


a([u]) = t € Yo iff g([u]) = {¢}. (18.4.6) 


548 Chapter 18. Extensions of Homomorphisms 


As a consequence we obtain that 
card(S/ Ker g) = card Yo. (18.4.7) 
y (18.4.5) and (18.4.7) we obtain 
card Yo < card(X/Xo). 
Let Y be an arbitrary set such that Yo C Y and 
card Y = card(X/Xo). 


So we may define a new mapping y: X/Xo — Y (one-to-one and onto) in such a way 
that, whenever for some u € S and x € X we have [u] C (x), then 


v((x)) = a([u)). (18.4.8) 


(Note that by Theorem 4.6.2 $/ Ker g is a semiselective subpartition of X/Xo, and so 
for a given (a) € X/Xo there may exist at most one [u] € S/ Ker g such that [u] C (2). 
Thus condition (18.4.8) is meaningful.) 

Now we define an operation @ in Y. Take arbitrary t,s € Y. There exist unique 
classes (x), (y) € X/Xo such that 


t=((z)), s=((y)). (18.4.9) 


We put 

t@s=p((rt+y)). (18.4.10) 
It is easy to check that the operation © thus defined (Y,@) is a group®. Now suppose 
that t,s € Yo. Then there exist classes [u],[v] € S/Kerg such that t = a([u]), s = 
a([v]). Since S/ Ker g is a subpartition of X/Xo, there exist classes (x), (y) € X/Xo 
such that 

[u] C (x), [vo] C (y), (18.4.11) 


whence, by (18.4.8), y((z)) = a([u]) = t, y((y)) = a([v]) = s. According to (18.4.6) 
this means that g({u]) = {t}, g([v]) = {s}. In particular, 


Hence g(u+v) = g(u) + g(v) = t+ (here the operation + on the right-hand side 
denotes the operation originally existing in Yo), whence, again by (18.4.6), 


a([ut+v)]) =t+s. (18.4.12) 


Further, (18.4.11) implies that u € (x) and v € (y), whence (u) = (x) and (v) = (y). 
Thus ut+tv € (u+v) = (u)+(v) = (2) +(y) = (x+y). Since evidently u+vu € [u+v], we 


3 The neutral element of (Y,@) is (0 )), and, to a given t = e((z)) the inverse element is given by 


y({-2)). 
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hence [u+v]N(a+y) 4 @, whence it follows by Lemma 4.6.1 that [u+v] C (a+y). 
y (18.4.8) p((x+y)) = o([u + oJ), and by (18.4.10) a([u+ v]) =t@s. Now we 
ae by (18.4.12) 
t@s=t+s, 


which shows that on Yo both the operations, 6 and +, coincide. Thus in the sequel, 
without a fear of ambiguity, we may use the same symbol + to denote both these 
operations. 

The argument above shows that (Yo, +) is a subgroup of (Y,+). 

Now we define a mapping f : X — Y as follows: 


f(x) = y((2)). (18.4.13) 


For arbitrary «,y € X we have according to (18.4.13), (18.4.10) and (18.4.9) 


f(a+y) = ¢((e+y)) = o((x)) + o((y)) = F(x) + Fy). 


So f is a homomorphism. 
If « € S, then x € [a] MN (x), whence by Lemma 4.6.1 [a] C (x), and by (18.4.8) 
and (18.4.13) 
f(z) = a([z]). (18.4.14) 


But in virtue of (18.4.6) a({z]) = g(x), whence by (18.4.14) f(x) = g(x). Thus 
f|S=g. 

The proof of necessity of condition (18.4.1) is identical as the corresponding part 
of the proof of Theorem 18.4.1. 


Theorem 18.4.3. Let (X,+) and (Y,+) be groups, and let (S,+) be a subgroup of 
(X,+) such that with S’ = X\ S the following conditions are fulfilled: 
(t) For every x,y € S’ we have xr+yeES. 
(ii) There exists au € S’ such that* 2u = 0 and for every x € X we havex+u= 
Ut x. 


Let g: S — Y be a homomorphism. Then there exists a homomorphism f :X — Y 
such that f | S = g. 


Proof. Put for 7 € X 


_ J g(a), ifa@e S, 
Ha) = ie +u) ifveS’, eat) 


It is obvious from definition (18.4.15) that f | S = g. In order to prove that f is a 
homomorphism we must distinguish four cases. Take arbitrary x,y € S. 
l.2@é€S,yeS. Then alsox+y€S, and by (18.4.15) 


f(z)=g9(z), fy=aly), flet+y)=g(e+y), 


4 So u is an element of order 2. Similarly, it follows from condition (4) that (9, +) is a subgroup of 
(X, +) of index 2 (cf. Lemma 4.5.4; cf. also Exercise 4.7). 
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and 
f(e+y) = g@+y) = g(a) + gy) = F(x) + FY), 
since g is a homomorphism. 
2.2€S,yeS’. Thena+y€ S’ in virtue of Lemma 4.5.3, whence 


f(z)=9(2), fy=gytu), flety)=get+yrtu), 


and 


flet+y) = gla+y tu) = g(a) + gly + u) = f(x) + fy). 
3.2 €S’,y eS. Then again x + y € S” (Lemma 4.5.3), whence 


f(z) =g(e+u), fye=9y), flety)=getyr+u). 
and by (ii) 
fle+y)=gat+ytu) =gat+uty) =g(e+u) + g(y) = f(x) + fy). 
4.2€S’,y eS’. Then by (i) x+y €S and 
f(z) =g(et+u), fy=gytu), fety)=g(ety). 
By (ii) 


f(a+y) = g(at+y) = g(at+yt2u) = g(xtutytu) = g(a+u)t+g(yt+u) = f(x)+f(y)- 


Consequently (18.2.15) holds in all cases, which means that f is a homomorphism. 


K. Dankiewicz and Z. Moszner [52] showed that Theorem 18.4.3 can be derived 
directly from Theorem 18.4.1. They also proved a number of related results. 

We terminate this section with the following simple theorem (cf., e.g., Kuczma 
[183]). 


Theorem 18.4.4. Let (X,+) be a commutative group, and let (S,+) be a subgroup of 
(X,+) such that, for a certain n € N and every x € X, we have na € S. Let (Y,+) 
be a commutative group in which the division by n is performable, and let g: S — Y 
be a homomorphism. Then there exists a unique homomorphism f : X — Y such that 
f |S =g. This homomorphism is given by 


fey COD ieee (18.4.16) 


Proof. Let g : S — Y be a homomorphism, and let f be given by (18.4.16). The 
definition is meaningful, since nz € S for every x € X and the division by n is 
performable in Y. Take arbitrary x,y € X. Since X is commutative, we have n(x + 
y) = nx + ny, and since Y is commutative, 


gina), g(ny)\ _ gina) g(ny) 
p(B wen) _ ee 


= ;  aereei g(nx) + g(ny), 
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whence 


g(nx) + g(ny) _ g(nz) , ory) 


Consequently 


Hoty) = Let) _alnatny) _ g(na)+o(ruy) _ alm) 009) _ 40) 4 pry) 


n nm nm nr nm 


Thus f is a homomorphism. 
Now, we have by induction from (18.2.2) 


g(mz) =mg(x), meEN,ceES, 


whence, in particular, g(nz) = ng(x) for x € S. Hence, if x € S', we have by (18.4.16) 


This shows that f | S = g. 

Finally, if h : X — Y is an arbitrary homomorphism such that h | S = g, then, 
similarly as above, we have h(nz) = nh(x) for € X. As nz € S and h| S = g, this 
yields 

g(nz) =nh(x), cEX. (18.4.17) 


Relations (18.4.17) and (18.4.16) yield 


This shows that h coincides with f on the whole of X, which proves the uniqueness 
of f, and also formula (18.4.16). 


18.5 Cauchy equation on a cylinder 


Let (X,+) and (Y,+) be arbitrary groups, and let Z C Y be an arbitrary non-empty 
set. Suppose that a function f : X — Y satisfies the equation 


fle+y) = fla) + fy) (18.5.1) 


for all 2 € X,y € Z. Then (18.5.1) is a restricted Cauchy equation, the condition 
restricting the validity of the equation being (a,y) € X x Z. A set of the form 
XxZ,934ZC X, is called a cylinder, therefore the present problem is referred to 
as the Cauchy equation on a cylinder. 

Let f : X — Y be an arbitrary mapping. The set 


N;={yeX | f(at+y) = f(z) + f(y) for alla e X} (18.5.2) 


is called the Cauchy nucleus of f (cf. Grzaslewicz-Powazka-Tabor|[124]). The Cauchy 
equation (18.5.1) on a cylinder X x Z simply means that ZC Ny. 
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The following lemma (Kuczma [183], Dhombres-Ger [70]) is very useful. 
Lemma 18.5.1. Let (X,+) and (Y,+) be groups, and let f : X — Y be an arbitrary 
mapping. Then either Np = @, or (Ny, +) is a subgroup of (X,+). 


Proof. Suppose that Ny # @. Then there exists a y € Ny. With this y (18.5.1) holds 
for all  € X. Taking x = 0, we get f(y) = f(0) + f(y), whence f(0) = 0. Now again, 
with y an arbitrary element of Ny and x = —y, we get from (18.5.1) 


0= f(0) =f(-y) + fy), 


whence 
f(—y) = —f(y) for every y € Ny. (18.5.3) 
We have for arbitrary x € X and y € Ny 


f(z) = f((e@-y) +9) =f(e-y) + fy), 


whence 


f(x—y) = f(x) — fy), (18.5.4) 
or by (18.5.3) 


f(x+(-y)) = fle) + f(-y). (18.5.5) 
Relation (18.5.5) holds for every « € X, which means that —y € Ny whenever y € Ny. 
Hence we have, for arbitrary « € X and u,v € Ng, 


f(t (u-v)) =f((et+u)+(-v)) = f@+u)+ f-2), 
and by (18.5.3) 
f(e+(u-v)) = f@+u)— fr) = f(a) + fu) — f(r), 
since u € Ny. Relation (18.5.4) implies that f(u—v) = f(u) — f(v), whence 
f(zt+(u—v)) = f(a) + f(u-v). 
This holds for all x € X so that u—v € Ny. Lemma 4.5.1 completes the proof. 


If Ny # @, then relation (18.5.1) holds, in particular, for all z,y € Ny. This 
means that f | Ny is a homomorphism. Therefore, instead of (18.5.1), we will inves- 
tigate the equation 


fle+y) = f(x) + 9) (18.5.6) 
valid for « € X, y € S, where (S,+) is a subgroup of (X,+), andg:S—>Yisa 
homomorphism (Tabor [312], Dhombres-Ger [70]). 

Theorem 18.5.1. Let (X,+) and (Y,+) be groups, let (S,+) be a subgroup of (X,+), 
and letg: S > Y be a homomorphism. If f : X — Y is a function such that (18.5.6) 


holds for everyx € X, y € S, then there exist a lifting €: X/S > X and a mapping 
h: X/S —Y such that 


f(x) = h([2]) +9(-€([z]) +2), cEX., (18.5.7) 
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Conversely, every function f of form (18.5.7), where hh: X/S > Y is an arbitrary 
function and €: X/S > X is an arbitrary lifting, satisfies equation (18.5.6) for all 
ZrEX, YES. 


Proof. Let €: X/S — X be a quite arbitrary lifting °. Define a function h: X/S — Y 
by 

A([z]) = f(E([z])), [2] € X/S. (18.5.8) 
According to definition, a lifting is characterized by the property that [£([x])] = []. 
In other words, the elements €([z]) and x generate the same equivalence class (left 
coset), ie., they are equivalent with respect to S. This means that —€([x]) +ae€S8. 
Hence, writing x as x = €([x]) + (— €({z]) +z), we get by (18.5.6) and (18.5.8) 


f(x) = F(E([2])) + 9( - €([a]) + x) = A([e]) + 9( - €([2]) + 2), 


which proves relation (18.5.7). 

Conversely, suppose that the function f has form (18.5.7), where h: X/S > Y 
is an arbitrary function, and € : X/S — X is an arbitrary lifting. Take arbitrary 
x€ X,y €S. Then we have —x + (a + y) = y € S, which means that x and «+ y 
are equivalent with respect to S'. Thus [x] = [a + y]. Hence we have by (18.5.7), since 
g: 5 —Y is a homomorphism, 


f(et+y) =h([e+y]) +9(-€([e@ + 9]) ++) 
= h((a]) + 9(- €([x]) +2 + y) = A([x]) + 9( — E([a]) + 2) + gy) 
= f(z) + g(y), 


ie., f satisfies equation (18.5.6). 


Hence we derive the following result (Tabor [312], Dhombres-Ger [70}): 


Theorem 18.5.2. Let (X, +) and (Y, +) be groups, and let (S,+) be a subgroup of 
(X, +). If f: X 3 Y is a function such that (18.5.1) holds for every x € X,y € S, 
then there exist a homomorphism g: S > Y, a lifting €: X/S — X, and a mapping 
h: X/S —Y such that (18.5.7) holds and 


h(S) = g(E[S}). (18.5.9) 


Conversely, every function f of form (18.5.7), where g: S — Y is a homomorphism, 
€:X/S— X is a lifting, andh: X/S — Y is a mapping fulfilling condition (18.5.9), 
satisfies (18.5.1) for everyx Ee X, ye S. 


Proof. Suppose that a function f : X — Y satisfies equation (18.5.1) for x € X,y€ 
S. As we have pointed out after the proof of Lemma 18.5.1, the function g = f | Sisa 
homomorphism, and it is readily seen that f satisfies equation (18.5.6) for « € X, y € 
S. In virtue of Theorem 18.5.1 there exist a lifting € : X/S — X and a mapping 


5 As is clear from the final remarks in 4.5, the existence of such a lifting results from the Axiom of 
Choice. 
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h: X/S — Y such that relation (18.5.7) holds. It remains to show that also condition 
(18.5.9) is fulfilled. 

Since g = f | S is a homomorphism, we have (by (18.2.2)) f(0) = g(0) = 
Hence, setting in (18.5.7) x = 0, and taking into account the fact that [0] = S, we g 


0= A(S) + 9( -€(S)). 


Of course, £(S) € S, and, g being homomorphism, g( — £(S)) = —g(€(S)). Hence 
(18.5.9) results. 

Conversely, suppose that f is given by (18.5.7), where g : S > Y is a homomor- 
phism, €: X/S — X is a lifting, and h: X/S — Y is a mapping fulfilling condition 
(18.5.9). By Theorem 18.5.1 f satisfies equation (18.5.6) with g occurring in (18.5.7). 
If « € S, then [2] = S, and also €([z]) € S. Hence 


9( — €([2]) + 2) = -g(E([x])) + g(x) = -9(€(S)) + 9(2), 
and we get by (18.5.7) and (18.5.9) 


f(z) =g9(a) for eS. 


Thus (18.5.1) results from (18.5.6). 


Theorem 18.5.2 yields the general solution of equation (18.5.1) on the cylinder 
X x Z. Let (5, +) be the subgroup of (X, +) generated by Z. Then clearly ZC SC Ny 
(Lemma 18.5.1) so that every solution of (18.5.1) on the cylinder X x Z must also 
be a solution of (18.5.1) on the cylinder X x S$, and hence must be of form (18.5.7). 
Conversely, every solution of (18.5.1) on X x S is also a solution of (18.5.1) on X x Z. 

From Theorems 18.5.1 and 18.5.2 we deduce two corollaries (Tabor [312], 
Kuczma [183]). 


Corollary 18.5.1. Let (X,+) and (Y,+) be groups, and let (S,+) be a subgroup of 
(X,+). Let go : X — Y be a homomorphism, and let g = go | S. If f: X > Y is a 
function such that (18.5.6) holds for every « € X, y € S, then there exists a mapping 
h: X/S — Y such that 


f(x) = h([2]) + go(2). (18.5.10) 
Conversely, every function of form (18.5.10), where h : X/S — Y is an arbitrary 
function, satisfies equation (18.5.6) for allae X, ye S. 


Proof. Suppose that f : X — Y satisfies equation (18.5.6) for all « € X, y € S. By 
Theorem 18.5.1 there exist a mapping ho : X/S' — Y and a lifting €: X/S > X such 
that 


f(x) = ho([x]) + 9(— €([z]) + x) = ho([x]) + go( — E([z]) + 2) 
= ho([x]) + go( — €((x])) + go(2). 


With h(u) = ho(u) + go( — €(u)), wu € X/S, we obtain hence (18.5.10). 
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Conversely, suppose that f is given by (18.5.10), where h : X/S — Y is an 
arbitrary function. Then, for « € X, y € S, we have —(x+ y) +a =-y-av+a4= 
—y € S, which means that «+ y and x are equivalent with respect to S, whence 
[x + y] = [az], and 


f(a+y) =h([a + yl) + go(a + y) = A([x]) + go(x) + go(y) 
= h([a]) + go(x) + 9(y) = f(z) + 9(y), 


and so (18.5.6) holds. 


Corollary 18.5.2. Let (X,+) and (Y,+) be groups, and let (S,+) be a subgroup of 
(X,+). Let f: X — Y be a function such that (18.5.1) holds for alla € X,y € S. 
Suppose that there exists’ a homomorphism go : X — Y such that go | S =f | S. 
Then there exists a mapping h: X/S — Y such that (18.5.10) holds. Conversely, 
every function of form (18.5.10), where hh: X/S — Y is an arbitrary function and 
go: X > Y is a homomorphism such that go | S = f | S, satisfies equation (18.5.1) 
for allxaEe X,yeES. 


Proof. Let f : X > Y satisfy (18.5.1) for alla € X, ye S. Put g = f | S. Then go isa 
homomorphism from X to into Y, go | S = g, and f satisfies (18.5.6) for x € X, ye S. 
By Corollary 18.5.1 there exists a mapping h : X/S — Y such that (18.5.10) holds. 
Conversely, if f has form (18.5.10), then, by Corollary 18.5.1, f satisfies (18.5.6) for 
xé€ X,y€S. But for y € S we have g(y) = f(y), so (18.5.6) reduces to (18.5.1). 


One can also consider the problems symmetric to those dealt with the present 
section: the Cauchy equation (18.5.1) on a cylinder Z x X, and the equation 


fle+y) = 9(@) + fy) (18.5.11) 


for « € S,y € X. Such problems can be reduced to those treated in the present 
section as follows. Introduce in X and Y new operations & defined in the following 
way: 

ctO@y=yrt+e2 forz,ye X, 


t@s=s+t fort,sey. 


With these operations (X, @) and (Y, ®) are groups, and, whenever (.$, +) is a sub- 
group of (X, +), (S, ) is a subgroup of (X, 6). Then equation (18.5.1) on the cylin- 
der Z x X is equivalent to the equation 


f(x ®y) = f(x) @ fly) 


for z € X, y € Z, whereas equation (18.5.11) (x € S, y € X) is equivalent to 


f(x ®y) = f(x) @ gly) 


force X,yEeS. 


6 Some conditions for the existence of such a homomorphism are found in 18.1 and 18.4. Note that 
f | S in a homomorphism from S into Y. 
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18.6 Cauchy nucleus 


Let (X,+) and (Y,+) be arbitrary groups, and let f : X — Y be an arbitrary 
function. According to Lemma 18.5.1 the Cauchy nucleus Ny of f, if non-empty, is 
a subgroup of X. A natural question arises as to whether every subgroup of X is 
the Cauchy nucleus of a certain mapping f : X — Y? An answer to this question 
(Grzaslewicz-Powazka-Tabor [124]) is the subject matter of this section. 


Theorem 18.6.1. Let (X,+) and (Y,+) be arbitrary groups, and let (S,+) be a sub- 
group of (X,+). If the group Y contains an element t #4 0 which is not of order two, 
then there exists a function f : X — Y such that Ne = S. 


Proof. The assumption on Y means that 2t 4 0. Put 


0, forre S 
=-2° 18.6.1 
i2) ‘? forze X\S. ( ) 


Take arbitrary x € X, y € S. Then either x € S, or x € X \ S. In the former case we 
have x+y €S, and f(x) = f(y) = f(x«+y) =0 so that (18.5.1) holds. Ifa eX \S, 
then also «+ y € X \ S (Lemma 4.5.3), and f(x) = f(a+y) =t, whereas f(y) = 0, 
and again (18.5.1) holds. Thus (18.5.1) holds for every « € X, y € S, which shows 
that 

SC Ny. (18.6.2) 


Now take an arbitrary x € X \ S. Then, by Lemma 4.5.3, also —x € X \ S, and, 
since obviously 0 € S, 


f(-2 +2) = f0) =0£ 2t = f(-2) + f(a) 
so that « ¢ Ny. In other words, 


Ny CS, (18.6.3) 
which, together with (18.6.2), yields the desired equality Ny = S. 


Theorem 18.6.2. Let (X,+) and (Y,+) be arbitrary groups such that cardY > 1, 
and let (S,+) be a subgroup of (X,+), which is not of index 2. Then there exists a 
function f :X — Y such that Np = S. 


Proof. Since card Y > 1, then there exists a t € Y such that 
t#0. (18.6.4) 


We define the function f : X — Y by (18.6.1). The same argument as in the proof 
of Theorem 18.6.1 shows that relation (18.5.1) holds for all « € X, y € S, whence we 
obtain (18.6.2). 

If S = X, then (18.6.2) implies Ny = S. If S # X, then take an arbitrary 
y € X\S. Since S is not of index 2, there exists an x € X\ S such that x+y € X\S 
(cf. Exercise 4.7). Then by (18.6.1) and (18.6.4) 


flet+ty) =tAt+t= fla) + fy) 
whence y¢ Ny. Hence we get (18.6.3), which together with (18.6.2) yields Np=S. 
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If card Y = 1, then the only element of Y is 0, whence f = 0 is the only function 
f : X — Y. This function fulfills (18.5.1) for all z,y € X so that Ny = X, and no 
proper subgroup of X can be the Cauchy nucleus of any f: X — Y. If cardY > 1, 
then the only case not covered by Theorems 18.6.1 and 18.6.2 is when every element 
of Y has order 2, and S'is a subgroup of X of index 2. Then not every subgroup of X is 
the Cauchy nucleus of an f : X — Y (cf. Theorem 18.6.3 and Example 18.6.1 below). 


Lemma 18.6.1. Let (X,+) be a group. If every element xc #0 of X has order 2, then 
(X,+) is commutative. 


Proof. The assumption about X amounts to the fact 2” = 0, or 


xg =—a for every’xE X. (18.6.5) 


Take arbitrary 2, y € X. By (18.6.5) c+y = —(a+y) = —-y-—@ = y+2, which means 
that (X,+) is commutative. 


Let (X,+) and (Y,+) be groups. A homomorphism f : X — Y is called an 
isomorphism iff it is one-to-one and onto. If an isomorphism f : X — Y exists, then 
(X,+) and (Y,+) are said to be isomorphic. 


Theorem 18.6.3. Let (X,+) and (Y,+) be groups such that every element t 4 0 of 
Y has order 2, and let (S,+) be a subgroup of (X,+) whose index is 2. Then there 
exists a function f : X — Y such that Np = S if and only if there exists a normal 
subgroup (T,+) of (S,+) such that the group (S/T, +) is isomorphic to a subgroup of 
(Y,+), and either there exist x € S,u € X \ S such that 


xe-u-x2+uéT, (18.6.6) 
or there exist x € X \ S, andué X \ S such that 
—uta-—u—-“v¢€T. (18.6.7) 


Proof. Take arbitrary x,y € X \ S. Then also —2,—y € X \ S' (cf. Lemma 4.5.3), 
whence —x+y = (—x)—(—y) € S, since the index of s is two. Thus every z,y € X\S 
are equivalent with respect to S, which means that the set X/S' consists of two classes 
only: Sand X\S. 

Suppose that there exists a function f : X — Y such that Ny = S. By Theorem 
18.5.2 there exist a lifting €: X/S — X,a homomorphism g: S — Y, and a mapping 
h: X/S — Y fulfilling condition (18.5.9) and such that (18.5.7) holds. For « € S we 
have [z] = S' and 


f(x) = A([x]) + 9(—€([x]) +) = h(S) + g(- €(S) +2) = h(S) + 9(—-€(5)) +912), 


whence, since g is a homomorphism, and so g( — €($)) = —g(€(S)), we obtain by 
(18.5.9) f(x) = g(x). So in view of the preceding remarks, f can be written as 


J 9(2) for ES, 
H(z) = fe \S)+g(-u+a) forte X\S, eee) 


” For « = 0 formula (18.6.5) is evident. 
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where u = €(X \S) € X \S. Take ay € X \ S. In virtue of the condition Ny = $ 
there exists an x € X such that 


fle+y) F fla) + fy). (18.6.9) 


If « € S, then x+y € X \ S, since otherwise we would have —x € S and y = 
(—x) + (x+y) € S, and so we get by (18.6.8) and (18.6.9) 


h(X\ S)+9(-u+a+y) 4 g(x) +h(X \ S)+g(-uty) (18.6.10) 
=h(X\ S) + g(a) + g(-uty), 
since according to Lemma 18.6.1 (Y,+) is commutative. Thus we get by (18.6.10) 
gi-utaet+y) ££ g(a) + 9(-ut+y)=g(e@-—uty). (18.6.11) 


If € X \ S, then «+ y € S (Corollary 4.5.1) and we get by (18.6.8) and (18.6.9) 
and Lemma 18.6.1 


giaty) #A(X\ 8)4+ g9(-u+2z)+h(X \ S)4+ g(-ut y) (18.6.12) 
= 2h(X \ S)+ g(-—u+2)+9(-ut+y). 


But h(X \ S) € Y is an element of order 2. So we get from (18.6.12) 


g(at+y) 4 g(-u+2)+Q9(-ut+y) = 9(-ut+a-—u+t+y), (18.6.13) 


g being a homomorphism. 

Put T = Kerg. By Lemma 4.5.7 (T,+) is a normal subgroup of (.S,+). By 
Lemma 4.5.8 the function g is constant on every class from $/T (in the sequel, these 
classes will be denoted by (z), x € $), so the formula 


((2)) = g(2) 


unambiguously defines a mapping y: S/T — Y. If we put Yo = y(S/T) = g(S), this 
mapping clearly is one-to-one (cf. Lemma 4.5.8) and onto Yo. Take arbitrary u,v € Yo. 
Then there exist x,y € S such that u = 7((x)) = g(x), v =((y)) = g(y), and 


u-—v = g(x) — g(y) = (x —y) = y((e —y)). 
So u—v € Yo, and we infer from Lemma 4.5.1 that (Yo, +) is a subgroup of (Y, +). 
Finally, we have for arbitrary (x), (y) € S/T 
y((2) + (y)) = 7((a + y)) = g(a + 9) = g(x) + g(y) = r((2)) + 7((y)), 


which means that 7: S/T — Yo is a homomorphism, and being one-to-one and onto, 
is an isomorphism. Thus the groups (.5/T,+) and (Yo, +) are isomorphic. 
Now, condition (18.6.11) means that 


OF g(u—uty)—g(-utety)=g((x-uty)—(-utat+y)) 
=g(e-—uty—-y-—a“xtu)=g(a-—u-—a“+4), 


ie, c—u—ax+ué¢Kerg=T. So we get condition (18.6.6). 
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Condition (18.6.13) means that 


y)—g(e+y) =9((-u+ae—uty)—(e+y)) 
yy 2) = o(-ute—w—z); 


ie, —u+a—u-—2 ¢ Kerg=T. So we get condition (18.6.7). 

Conversely, suppose that there exists a normal subgroup (T7,+) of (S,+) such 
that (S/T, +) is isomorphic to a subgroup (Yo, +) of (Y,-+) and that there exist either 
xé€S,ue X\S fulfilling (18.6.6), or, z,u € X\S fulfilling (18.6.7). Let y : S/T — Yo 
be the isomorphism, and let 7 : S — S/T be the canonical homomorphism (cf. Lemma 
4.5.9). Put g = yor. It is easily seen that g : S — Yo C Y is a homomorphism. We 
have Ker g = g-1(0) = ~'(y-1(0)). But since y is one-to-one, we have y1(0) = 
{(0)}, whence Ker g = 7~1((0)) = a7 (T) =T. 

Let condition (18.6.6) hold for certain z € S, ue X \ S. Take arbitrary yo € Y 
and v € S. The formulas 

(X\S)=u, h(X\S) = yo, 
define a lifting € : X/S — X anda mapping h: X/S — Y fulfilling condition (18.5.9), 
and formula (18.5.7) defines a function f : X — Y satisfying, according to Theorem 
18.5.2, equation (18.5.1) on the cylinder X x S. Thus, for this particular f, inclusion 
(18.6.2) holds. 

By the same argument, as in the first part of the proof, the function f can be 
written in form (18.6.8). 


Take an arbitrary y © X \ S. Let x and u denote points occurring in condition 
(18.6.6). Then a+ y € X\S, and (x—u+y),(—ut+2+y) € S. Moreover, by (18.6.6), 


(a-uty)—-—(-u+ta+y)=xe-u-«x+u€T=Kerg 


so that 


g(a —uty)—g(-ut+et+y) =g((e-uty)—(-u+e+y)) £0, 


and consequently we get, in turn (18.6.11), (18.6.10) and (18.6.9). This means that 
y ¢ Ny, whence relation (18.6.3) follows, which together with (18.6.2) implies that 
N;=S. 

Now suppose that condition (18.6.7) holds for certain x, u € X\S. Take arbitrary 
yo € Y, v € S, and define the lifting € : X/S — X and the mapping h: X/S > Y 
fulfilling (18.5.9) by formulas (18.6.14). Then formula (18.5.7), which again can be 
written in form (18.6.8), defines a function f : X — Y satisfying the Cauchy equation 
(18.5.1) on the cylinder X x S, whence inclusion (18.6.2) follows. 

Take an arbitrary y © X \ S. Let x and u denote points occurring in condition 
(18.6.7). Then x+y € S,-ut+ax—u+ye€S, and, by (18.6.7), 


(-u+ta—uty)—(a@+y)=-utue-u-ax€¢T =Kerg. 
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Hence 


g—ute—ut+y)—get+y) =9((-ut+e—uty)—(e+y)) £0, 


and consequently we get, in turn, (18.6.13) , (18.6.12) and (18.6.9). This means that 
y ¢ Ny, whence relation (18.6.3) follows, which together with (18.6.2) implies that 
N;=S. 


Example 18.6.1. Let (X,+) and (Y,+) be arbitrary groups in which every element 
has® order 2, and let (S,+) be a subgroup of (X,+), whose index is two. By Lemma 
18.6.1 all these groups are commutative. So we have x -u-—ax2+u=0€ T and 
u+«2—u—x=0€T for every subgroup (T,+) of (S,+) and for every 7, u € X. 
By Theorem 18.6.3 there does not exist a function f : X — Y such that Ny = S. 


Example 18.6.2. Let X = Z, and let S = 2Z be the set of all even integers. With the 
usual addition of numbers (X,+) is a commutative group, and (.$,+) is its subgroup, 
whose index is two. Let T = 4Z be the set of all integers divisible by 4. (T,+) is 
a subgroup of (S,+), and all these groups being commutative, (T,+) is a normal 
subgroup of (S,+). Put Y = S/T. Then (Y,+) is group isomorphic to (S/T,+); the 
identity function yields an isomorphism of (S/T, +) onto (Y,+). Takeu=1lexX\S. 
Then -u+a—u-—a2=-2¢T for every x € X. It follows by Theorem 18.6.3 that 
there exists a function f : X — Y such that Ny = S. 


18.7 Theorem of Ger 


Let (X,+) and (Y,+) be arbitrary groups, and let (S,+) be a subsemigroup of (X, +) 
such that 


X=S-S. (18.7.1) 


Further, suppose that we are given two conjugate p.l.i. ideals Z,; and Z2 in X and in 
X x X, respectively (cf. 17.5), and 


S¢éTy. (18.7.2) 
Finally, suppose that we are given a function f : S — Y such that 
f(ety)=flx)+ fly) To-(ae.) in Sx S. (18.7.3) 
Let 


M = {(2,y)€5x S| fle+y) ¢ fle) + f(a}. (18.7.4) 


By (18.7.3) we have M € T2. Since Z; and Tz are conjugate, there exists a set U € ZT, 
such that 
Mt] ={yeEX|(a,y)e My eT, forx€v. (18.7.5) 


8 There exist quite large groups in which every element has order 2. Let n € N, let X be the set of all 
n X n diagonal matrices with only +1 and —1 on the main diagonal. If - denotes the multiplication 
of matrices, then (X,-) is a group, every element of which has order 2, and card X = 2”. Similarly, 
there exist groups (X,+) every element of which has order 2 and such that the set X is infinite. 
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Now, under the conditions specified above, and with the above notation, we have 
the following 


Lemma 18.7.1. For every x,y,u,v € S\U the equality x — y= u-—v implies f(x) — 
f(y) = flu) — fle). 

Proof. Take x, y,u,v € S\U such that «—y = u—v. By Lemma 17.5.5 (y+ S)N(v+ 
S) ¢ Z,, whence also (—v+y+S$)NS = —v+ [(y+$)N(v+5)] ¢ Z). On the other hand, 
since z,u ¢ U, we have M[z], M[u] € Z;, whence also (—v+y+M[x]) UM[u] € Th, 
and 

[-—v+y+t(S\ M[a])] 9 (5 \ M[u)) 
= |[(-v+ y+ S)NS$]\ ((-—vty+M[a]) UM[ul) Ti. 


Similarly, M[v] U (—v+y+ M[y]) € Zi, whence 


A=({[-v+y+(S\ M[z})] 9 (S\ M[u])) \ [Mv] U (- vty + MIy))] ¢ Ti, 


and, in particular, A # @. Thus there exists an s € A. For such an s, with the 
notation 
z=-ytoue+s, (18.7.6) 
we have 
sé€S,s¢Mlu],s¢ Mv], z¢5,2¢ Mz], z¢ M[yl, 

whence 

(u,s) ¢ M, (v,8) ¢ M, (a2) ¢ M, (y,2) EM. (18.7.7) 
On the other hand, we have 


L-YyYytv+s=u-vt+v+s=uts, 


ie., 


T+z=uts. 
Hence by (18.7.4) and (18.7.7) 


f(x) + f(z) = fla + 2) = flu+ s) = flu) + f(s). (18.7.8) 
Relation (18.7.6) yields y + z = v+ s, whence by (18.7.4) and (18.7.7) 
fy) + fz) = fy +2) = fot s) = flv) + f(s). (18.7.9) 


Now, (18.7.8) and (18.7.9) yield that f(x) — f(y) = f(u) — f(v). 
The following result is due to R. Ger [112]: 


Theorem 18.7.1. Let (X,+) and (Y,+) be arbitrary groups, and let (S,+) be a sub- 
semigroup of (X,+). Further, let I; and Tz be conjugate p.Li. ideals in X and 
in X x X, respectively, and suppose that conditions (18.7.1) and (18.7.2) hold. If 
f:S—/Y is a function fulfilling (18.7.3), then there exists a unique homomorphism 
g:X —Y such that 


g|\S=f TLi-(ae.) ins. (18.7.10) 
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Proof. Let the set M € Zz be defined by (18.7.4) and U € ZT, by (18.7.5). Take a 
z € X. By Lemma 17.5.6 there exist 2, y € S\ U such that z = x — y. Define g(z) as 


g(z) = f(x) — f(y). (18.7.11) 


In virtue of Lemma 18.7.1, definition (18.7.11) is independent of the choice of x, y € 
S\U fulfilling z = #— y. Consequently formula (18.7.11) unambiguously defines a 
function g: X — Y. 

Now we show that g is a homomorphism. Take arbitrary 7, y € X. There exist 
s',t’,u,v,p,qe€ S\U such that 


cg=s'-t, y=u-v, c£+y=p-gq. (18.7.12) 
By Lemma 17.5.7 there exist s,t € S\ U such that 
teut+Ss (18.7.13) 


and 
s—-t=s'-t=z. (18.7.14) 


By (18.7.12) and (18.7.14) p—-q=a+y=s8s—t+u-—v, whence 


s—t+u=p—q+tv. (18.7.15) 


By Lemma 17.5.5 (+ S)N (y+q+S) ¢ Zi, whence 


(-y+t+S)N(q+S)=-yt [t+ S)N(y+q+S)] ¢Hh, 


and, since by (18.7.12) -y+t=v—u+t, we have (v—u+t+S$)N(q+S) ¢Th, 
whence also 


A= (-u+t+8)N(-v+¢q4+S) =—-v4 [(v-u+t+$)N(q+$)] ¢Z). (18.7.16) 


On the other hand, since p,q, s,t, u,v ¢ U, we have according to (18.7.5) M[p], M[q], 
M(s], M[t], M[u], Mv] € Ti, and 


B=(-v+q+M[p]) U(-v+q+M[q) U(-—u+t+ Ms) (18.7.17) 
U(-utt+M[t]) UM[u] U M[v] € Ti, 


and (cf. (18.7.16) and (18.7.17)) A\ B ¢7Z;. In particular, A\ B # @, which means 
that there exists a w € A\ B. Thus, since by (18.7.13) -u+te 5S, 


we-utt+Scs, 


and with z] = —t+ut+uw, z2=—-q+v-+uw, we have 


z1€S\(M[s]UM[]), 22 €S\ (M[p]U M[q). (18.7.18) 
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Moreover, w ¢ M[u] U M[v], whence 


(u,w)¢€M and (v,w) éM, (18.7.19) 
whereas by (18.7.18) 
(s, 21) ¢ M, (t, 21) ¢ M, (p, 22) ¢ M, (q,22) ¢ M. (18.7.20) 
Relation (18.7.15) yields s + 21 = p+ 22, whence by (18.7.20) and (18.7.4) 
f(s) + fla) = f(s + a) = f(p + 22) = f(p) + f(z). (18.7.21) 


On the other hand, by the definition of z; and zg we have t+ zz; = u+w and 
q+ 2 =v+w, whence by (18.7.19), (18.7.20) and (18.7.4) 


f(t) + fla) = ft + a) = fut w) = flu) + fw), 


and 


f(a) + Flea) = Fat 22) = fv + w) = flv) + fw), 
whence we get by (18.7.21) 
f(s) — fF) + flu) + fw) = fe) — FQ + Fle) + fw) 
and 
f(p) — F(@) = f(s) — FE) + Flu) + Fe). (18.7.2) 
According to (18.7.12), (18.7.14) and definition (18.7.11), relation (18.7.22) means 
gla + y) = g(x) + g(y), 


i.e., g is a homomorphism. 

Now we prove relation (18.7.10). Take an arbitrary x € S \ U. In particular, 
x € X, whence by (18.7.1) there exist s,t € S such that x = s —t. We have U € T,, 
and, by (18.7.5), M[a] € Z1, whence also UU M{a] € T1, and 


(-s+U)U(-t+ (UUM[s))) eX), 
and in virtue of Lemma 17.5.5 


(—s+[S\U])N(-t+[S\ (UUM[z])]) 
=(-s+S)n(-t+S)\ [(-s+U)U[-t+(UUM[a])]] €Zi.  (18.7.23) 


In particular, set (18.7.23) is non-empty, and thus it contains an element y. Such a y 
fulfils 
styeES\U, t+yeS\(UUM[z)), (18.7.24) 


and clearly 
(s+y)—(t+y)=st+y-y-t=s—t=c. (18.7.25) 
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By definition (18.7.11) 

g(a) = f(st+y) —f(t+y). (18.7.26) 
On the other hand, we get by (18.7.25) «+ (t+ y) =s+y, whereas by (18.7.24) we 
have (x,t + y) ¢ M, whence by (18.7.4) 


f(z) + f(t+y) =f(st+y), 


Le., 
f(x) = f(s+y)— ft+y). (18.7.27) 
Relations (18.7.26) and (18.7.27) yield 
g(x) = f(z), (18.7.28) 


and (18.7.28) holds for every « € X \ U, ie., Zi-(a.e.) in S. This proves relation 
(18.7.10). 

It remains to show the uniqueness of g. Suppose that homomorphisms gj, g2 : 
X — Y both fulfil (18.7.10). Thus there exist sets Vi, V2 € Zi such that gi(x) = f(x) 
for € S\ Vi and go(x) = f(x) for x € S \ Vo. We have V = Vi UV, € Zi, and 


g(x) = g(a) = f(z) for ce S\V. (18.7.29) 


Take arbitrary x € X. By Lemma 17.5.6 there exist s,t € S\ V such that « = s —t. 
Since g; and gz are homomorphisms, we have according to (18.7.29) 


gi(x) = gi(s — t) = gis) — gi(t) = 92(s) — ga(t) = go(s — t) = go(z). 


Consequently g; = g; in X, which proves the uniqueness of g. 


Let us observe that if in Theorem 18.7.1 we take Z; = {@} and Zz = {@}, 
then we obtain Theorem 18.2.1, and if in Theorem 18.7.1 we take S = X, then we 
obtain Theorem 17.6.1. Consequently both, Theorem 18.2.1 and Theorem 17.6.1, are 
particular cases of Theorem 18.7.1. This indicates at the great generality (and hence 
also importance) of Ger’s Theorem (Theorem 18.7.1 above). 


18.8 Inverse additive functions 


Let (S,+) be a semigroup, and let (F';+,-) be a field. A function f : S > F is said 


to be inverse additive iff ‘ 7 ; 
oO one tt oo 18.8.1 
e+) Fa’ Fw ae, 


holds for all x,y € S' such that 
flat+y) £0, f(a) #0, fly) £0. (18.8.2) 


In order to bring equation (18.8.1) closer to Cauchy’s functional equation, we intro- 
duce the operation * defined for functions f : S — F as follows 


.y _ SUf(a) if fe) #0, 
j= {1 if f(x) =0, res. 


Thus f again is a function f : S — F, and the following lemma is obvious. 
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Lemma 18.8.1. Let (S,+) be a semigroup, let (F;+,-) be a field. The function fo : 
S — F is inverse additive if and only if the function fo satisfies the Cauchy equation 


flat+y) = f(x) + fy) (18.8.3) 
for all x,y € S such that fo fulfils (18.8.2). 


The passage back from < to fo is well possible, because the operation ~ is 
involutory: f= f. In other words, if g = < then f = 9. 

The problem of solving equation (18.8.1) under condition (18.8.2) was raised 
by J. Aczél [6], and was dealt with by R. Ger-M. Kuczma [116], and R. Ger [112]. 
Equation (18.8.1) (or, equivalently, (18.8.3)) with condition (18.8.2) cannot be solved 
unless we make some assumptions about the set 


Z=f 0) =4ee 8 | f@) =v. (18.8.4) 


In fact, if the set (18.8.4) is very large, then condition (18.8.2) is very seldom (possibly 
never) fulfilled, and equation (18.8.1) furnishes very few, or even no, information 
about the behaviour of the function f. This is well seen from the following example 
(Ger-Kuczma [116]): 


Example 18.8.1. Let S = F = R (with the ordinary operations of addition and 
multiplication). We define by induction a sequence of intervals J, = (Gn, bn) C R. We 
put J; = (a1, 61) = (1,2), and we define the sequences {a,,} and {b,,} by recurrence 
as follows 

An4+1 = 2bn, bn+1 = 2b,+1, neN. 


We clearly have 
Ll=a, < by < ag < bg < +++ < an < bn < Gn4i < bn4i,...,n EN, 
and 
bn =AQnt+1, neEN. 
Put 


U= U de 
n=1 


and take arbitrary x,y € U. There exist k,m € N such that x € Jz, y © Jm, and let, 
e.g., k < m. We have 
ap <2 < be, Gm <y<bm, 


whence 
bm = Am +1 <amtan<aty < bm + be < 2bm = Gm41.- 


Consequently, by < «2+ y < Gm+1, which means that 2+ y does not belong to any 
interval J,,, and hence does not belong to U. Consequently the set U has the property 


x,y € U implies x + y ¢ U. (18.8.5) 
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Define a function f :— Ras 


f(x) = 


0 for ER\U 
cabeine ae (18.8.6) 


arbitrary for x € U. 


According to (18.8.5), condition (18.8.2) cannot be fulfilled for any x,y € R, and thus 
function (18.8.6) is inverse additive. Other examples are found in Ger-Kuczma [116]. 


Instead of equation (18.8.1), we consider first equation (18.8.3) under condition 
(18.8.2). Of course, (18.8.3) with (18.8.2) is a conditional Cauchy equation (cf. the 
end of 13.6). Actually, now we do not need the operation of multiplication in the range 
of f, and so we may consider equation (18.8.3) with (18.8.2) for functions f: 5 — Y, 
where (Y,+) is an arbitrary group. 


Lemma 18.8.2. Let (S,+) be a semigroup, let (Y,+) be a group, and let ZC S' be an 
arbitrary set. Further, leth:S — Y be a homomorphism. Then the function 


‘, for x € Z, (18.8.7) 


h(x) forxe S\ Z, 
satisfies equation (18.8.3) with condition (18.8.2). 


Proof. Take arbitrary x,y € S fulfilling (18.8.2). In view of (18.8.7) this means that 
xv,y,c+y€S \ Z, and consequently f(x) = h(x), f(y) = h(y), f(aty) =h(e+y). 
Now (18.8.3) results from the fact that h is a homomorphism. 


In order to prove a result in the converse direction we will need the following 
(Ger [112]). 


Lemma 18.8.3. Let (X,+) be a group, and let (S,+) be a subsemigroup of (X,+) such 
that (18.7.1) holds. Suppose that a set Z C S satisfies the condition 


for every k © N and for every s,51,..., 8%, t1,...,tk € S there (18.8.8) 
exists at€ S4+s such thatt; +t¢ Z4+5;,65,;4 Z+t,+t,i=1,...,k. 


Then the linearly invariant ideal I(Z) generated? by Z is proper. More exactly, 

S¢T(Z). (18.8.9) 
Proof. For an indirect proof suppose that S € Z(Z), i.e., there exist a k € N, and 
Y1,---,Lk,Y1,---;Yk € X such that 


eG Cue eal 


i=1 


According to (18.7.1) to every x € Z there exists an s’ € S such that z+ 8’ € S$ 
(cf. the proof of Lemma 18.2.1, condition (i). We define si € S,i=1,...,k, as 


9 Cf. 17.5 
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follows: si € S is such that y; + s, € S, and if we know s/,..., s/ 


m L<m<k, then 
Sm+1 © 5 is such that (Ym41 +s) +--+ 8),)+Si.41 € S. Thus 


a 
yt > seS, i=1,...,k, 
j=l 


and with s = s, +---+s), € S, also 


i k 
SFHYTS= vit d— si + >> seS, Va Neen ek: 


j=l j=itl 
We have ‘ 
St+sc\)J [ait (Zu (-Z)) + si], 
i=1 
whence 


k 
-s—Sc\|J[-s + (ZU (-2Z)) - a]. (18.8.10) 


Repeating the above construction, we may find a t € S such that 
ti =—a, +t ES, (7 —-eeereere re 
whence by (18.8.10) 


k 
-s—S+t#c\J[-s +(Zu(-Z)) +4], 


or 
k 


-f#+S+sc\|J[-t#+(Zu(-Z)) +s]. (18.8.1) 


i=l 


Now take an arbitrary u € S. Then v = t+u € S, whence u = —t+v € -t+5S. 
Consequently S C —t+ S, and S+s C -t+ 5+, and by (18.8.11) 


k 
St+sclJ[-t+(Zu(-Z)) +s]. 


i=1 
Therefore for every t € S +s there exists ani € N, 1 <i <k, such that 
tE€-t;+Z+5; or te —-t;-Z4+s8;, 


Le., 


t,+tEZ+s, or s,€Z4+t, +t. 
But it contradicts (18.8.8). 


Corollary 18.8.1. Let (X,+) be a group, and let (S,+) be a subsemigroup of (X,+) 
such that (18.7.1) holds. Let Z C S' be an arbitrary set. Then conditions (18.8.8) and 
(18.8.9) are equivalent. 
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Proof. That (18.8.8) implies (18.8.9) is the contents of Lemma 18.8.3. Conversely, 
suppose that (18.8.9) holds, and take arbitrary s,51,...,5,,t1,...,th € S. The set 


k 
U [-ti+ (ZU(—Z)) +5;] belong to Z(Z), and since by (18.8.9) S$+s ¢ Z(Z), there 


exists at, 
k 
te(S+s)\(Jl-tt+ (ZU (-2)) + si. 
i=1 
This means that t € S+s,andt;+t ¢ Z+s;, 5; ¢ Z+t;+t,i=1,...,k. Consequently 
condition (18.8.8) is fulfilled. 


The importance of condition (18.8.8) lies in that it is expressed in terms of S' 
only, and it is meaningful even if we do not know the group (X,+), and hence also 
the ideal Z(Z). An example of verifying condition (18.8.8) may be found in Ger [112]. 


Theorem 18.8.1. Let (S,+) be a left reversible cancellative semigroup, and let (Y, +) 
be a group. Suppose that a function f : S — Y satisfies (18.8.3) for x,y € S fulfilling 
(18.8.2). If the set (18.8.4) fulfils condition (18.8.8), then there exists a homomor- 
phism h: S > Y such that (18.8.7) holds. 


Proof. By Theorem 4.5.2 there exists a group (X,+) such that ($,+) is a subsemi- 
group of (X,+), and condition (18.7.1) holds. By Lemma 18.8.3 condition (18.8.9) 
holds. Thus Z; = Z(Z) is a p.l.i. ideal in X fulfilling (18.7.2). Put 


M={(at,y)E€SxS|xeZoryeZorrzt+ye Z} 
=(Zx S)U(Sx Z)U{(a,y)E Sx S|a+ye Z}. 


Clearly Z x S € O(Z;) and S x Z € N(Z1), because we have 


f ZET. 
exsma)? see 
@e€T, otherwise, 
and 
ZET, forxeS, 


@€ET, otherwise, 


(S x Z)[2] = 


so that (Z x S)[a] € ZT, Zi-(a.e.) in X, and (S x Z)[az] € TZ, for all x € X. By Lemma 
17.5.4 {(a,y)EeSxSle+yeZ}c{(azyexxX|at+ye Z} € OZ), whence 
{(z,y)€Sx S|a+ye Z} € Q(T) and M € Q(Z,). Write Z2 = O(Z,). By Lemma 
17.5.3 Z; and Z» are conjugate p.1.i. ideals. 

Now, if (x,y) € (Sx S)\M, then x ¢ Z,y ¢ Z, and x+y ¢ Z, which means that 
condition (18.8.2) is fulfilled, and (18.8.3) holds. Consequently the function f satisfies 
equation (18.8.3) for all (7,y) € (S x S)\ M, ie., Zo-(a.e.) in S x S. By Theorem 
18.7.1 there exists a unique homomorphism g : X — Y such that (18.7.10) holds. 

Write 

E={xeES| f(x) # g(a)}. 
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By (18.7.10) £ € Z,, whence also T = EU Z € Tj. By (18.7.1) and Lemma 17.5.6 we 
have 
X=(S\T)-(S\T). (18.8.12) 


Take an arbitrary c € S\ ZC X. By (18.8.12) there exist u,v € S\ T such that 
x= u-—v. Thus u = «+4, and since u,v,z ¢ Z, we have f(u) 4 0, f(v) 4 0, 
f(x) £0, and by (18.8.3) 


f(u) = f(a+v) = f(x) + fr), 
whence 
f(x) = flu) — f(r). (18.8.13) 
Since also u,v ¢ E, we have f(u) = g(u), f(v) = g(v), and by (18.8.13) 
f(x) = g(u) — g(v) = g(u— v) = g(a), 
since g is a homomorphism. Consequently 


f(x) =9(a) forve S\Z. (18.8.14) 


Now, if we put h = g | S, then h: S — Y is a homomorphism, and (18.8.7) is a 
consequence of (18.8.4) and (18.8.14). 


Theorem 18.8.2. Let (S,+) be a left reversible and cancellative semigroup, and let 

(F;+,-) be a field. Let f : S — F be an inverse additive function. If the set (18.8.4) 

fulfils condition (18.8.8), then there exists a homomorphism!° h:S — F such that 
0 for x € Z, 


f=) 1 , 
ha) fe ES\Z. 


Proof. This results immediately from Theorem 18.8.1 and Lemma 18.8.1. 


18.9 Concluding remarks 


Even in so large a book it was impossible even to touch upon, leave alone to discuss 
more thoroughly, many topics connected with the Cauchy equation, or convex func- 
tions. So we did not considered extensions to more general spaces like, e.g., topological 
vector spaces, since otherwise we would have to include the whole functional analysis. 
Cauchy’s equation on restricted domains (conditional Cauchy equations) have only 
perfunctorily been mentioned. The interested reader will find further informations and 
references in Dhombres [68], Dhombres-Ger [69], [70], Kuczma [187], L. Paganoni-S. 
Paganoni Marzegalli [252]. 

Also of various generalizations of convex functions only p-convex functions have 
been discussed in the present book. Concerning may other generalizations consult the 
references quoted in 5.3. In connection with convex functions cf. also the monographs 


10 When we speak about a homomorphism h : S — F, we have in mind only additive structure of 
F, i.e., F is considered as a group (F, +). 
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Rockafellar [268] and Roberts-Varberg [267] as well as the article Beckenbach [22], 
and the numerous references given therein. 

Unfortunately, the lack of place detained us from discussing here extremely 
interesting in generalizations of additive functions and convex functions to stochastic 
processes. Cf. Nagy [235] and Nikodem [238]. 

Also set-valued additive functions and convex functions (Fifer [79], Godini [118), 
Henney [140], Nikodem [239], [240], [242], [241], Radstrém [261]) have not found place 
in this book. 

A generalization of additive functions to the case of relations is due to Szdz-Szaz 
[308]. Another generalization of additive functions was dealt with by Aleksandrov [12] 
and Forti [86], [87]. 

There may exist further results pertinent to the material dealt with in this book, 
which has been consciously or unconsciously omitted. We suspect that if we wanted to 
include here absolutely everything related to additive functions and convex functions, 
this book would have never been finished, because new results would arise faster than 
we could proceed with writing. So we must have stopped at some moment. 

This moment has just come, and we trust that, imperfect as it is, this book will 
prove useful to many readers. If such is the case, our task will be accomplished. 


Exercises 


1. Let X be the set of all differentiable functions y : R — R such that y(R) = 
R, y(0) = 0 and y’(xz) > 0 for alla € R. Let S = {ye X | y'/(0) > 1}. With 
o denoting the composition of functions, show that (X,0) is a group and (5,0) 
is its subsemigroup. Let g : S — R \ {0} (where R \ {0} is considered as a 
multiplicative group) be given by g(y) = ¢'(0). Show that f(y) = 9'(0), p € X, 
defines the unique homomorphism f : X — R \ {0} such that f | S = g. 

2. Let X be the set of all non-singular n x n matrices, n odd, and let - denote 
the usual multiplication of matrices. Then (X,-) is a group. Put S= {Ae X | 
det A > 0}. Then (S,-) is a subgroup of (X,-). Let g : S — R \ {0} (where 
R \ {0} is considered as a multiplicative group) be given by g(A) = 7(det A), 
where y : (0,00) — (0,00) is a function such that y(uv) = y(u)y(v) for all 
u,v € (0,00). Using Theorem 18.4.3 show that there exists a homomorphism 
f : X > R\ {0} such that f | S = g. Show that there exist exactly two such 
homomorphisms. 

3. Let X = {(a,b,c,d) € Q | ac # 0}, and define a binary operation - in X by 
(a, b,c, d) - (a’, b', 7, d’) = (aa’, ab! +b, cc’, dc’ +d’). Then (X,-) is a group. Put 
S = {(a,b,c,d) € X | a,b,c,d € Z}. Then (S,-) is a subsemigroup of (X,-). Show 


1 1 
that (1.5.40) ¢ S-S~' (and so X #4 S-S7"), (1.0.1.5) ¢ S~!.S (and 


UU 


so X # S-!-3), but (1,0, u,v) -(z,0,w,0)~!+(a,y, 1,0) = (=.2,=,=) for all 
zz) ww 
ry, 2, u,v, w € Z such that xzuw #0 (and so X = $-$~1-S) (Benz [27]). 
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